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At'*1  stated  the  bases  cf  operations  research  - science,  which  is 
occupied  by  the  quantitative  prcor  of  solutions  in  all  fields  of  the 
goal-directed  human  activity. 

In  the*  book  are  examined  fcasic  concepts  and  the  methodological 
principles  of  operations  research,  the  ma  t heraa  t ica  1 methods  of 
optimization  (linear,  dynamic  prog  ramming,  the  theory  of  janes  and 
statistical  solutions)  , and  also  the  methods  of  tae  mathemat ica l 
simulation  of  operations.  Considerable  attention  is  given  to  th^ 
applied  theory  or  the  'larkcvian  processes  (with 

ap'plication/appendices  in  the  range  of  the  jueutiag  theory,  theory  or 
reliability)  and  to  the  ma themat ical  description  of  the  processes, 
which  take  place  in  comilex,  miltiunit  systems  (method  of  + he 
dynamics  of  average).  Arc  examined  the  methods  of  the  statistical 
simulation  of  operations  by  ETsVI  [digital  computer]  and  the  bases  01 
the  method  of  statistic.il  simulation.  The  Look  contains  t h e number  of 
the  new  materials,  worked  out  ty  the  author  in  recent  years  anu  than 
nowhere  earlier  published. 

Presentation  is  conducted  at  a comparatively  elementary  level, 

completely  available  to  reader,  familiar  with  the  usual  nigher 
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This  book  is  written  or  the  basis  ci  1<  ct  uic.;  on  operations 
research,  read  by  the  iuthoi  over  a number  of  yOi rs  in  the  higher 
educational  institutions,  and  also  on  the  basis  or  an  experiment  in 
the  scientific  reseaicn  woLks  in  different,  tit  Ids. 

■ 


By  author's  task  was  gave  as  much  as  possible  idle  time  and  the 
clear  presentation  ot  idt as  ana  methods  ot  operations  research, 
without  using  bulky  mathematical  apparatus.  In  the  relation  of 
matheaat  ical  preparation  ct  reader  is  ujuii  jd  only  acquaintance  with 
the  usual  VTU7.  course  of  higher  mathematics,  ard  ilso  t lie  possessioi 
cf  the  cell/elements  of  the  probability  theory.  Kor  the  purpose  of 
clarity  presentation  is  accompanied  hy  nany  examples.  The  book  is 
intended  to  the  wide  circle  cf  the  readers  - mainly,  engineers  and 
scientific  workers,  who  are  interested  in  tt.o  tasks  or  t«a  proof  or 
solutions  in  different  ranges  ct  practice. 


The  author  expresses  deep  gratitude  to  i.  Va.  Diner,  L.  A. 

Cvcharov  and  A.  D.  Venttsel',  col laboratio r with  which  aided  it  in 
the  development  of  the  materials,  presented  in  the  book. 

The  book  contains  the  number  of  the  new  materials,  worked  out  be 
the  author  in  recent  years  and  than  no’-’here  earlier  published. 

Moscow,  1970  Ye.  Venttsel'. 
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INTRODUCTION. 

In  recent  years  the  science  pays  increasing  it  tent  ten  to 
questions  of  organization  and  control;  this  is  caused  by  a whole 
series  or  reasons.  Rapid  dev* lcj went  aid  the  complication  or 
technology;  an  increase  or  scales  and  ccst/values  of  the  conducted 
measures;  the  widespread  introduction  cf  automation  into  the  sphere 
cf  control  - all  this  load.;  to  the  nted  for  the  scientific  analysis 
of  the  complex  yoa  1-a  i rected  ; recesses  at  tn»-  visual  anjLe  of  their 
structure  and  organization,  ol  science  they  are  required  for 
recommendation  regarding  the  nest  (optinum)  control  of  such. 

I recesses. 

Those  necessities  of  practice  caused  tc  life  the  special 
scientific  methods  which  it  is  accepted  to  join  dy  the  niiue 
"Operations  research".  Under  this  is  implied  the  application/use  of 
mathemat ica l , quantitative  methods  tor  the  troof  of  solutions  in  all 
fields  of  the  goal -di rected  huuun  ac  ti vity. 

The  need  for  making  decisions  sc  is  old  .is  humanity  herself. 

From  time  immemorial  t o century  people,  beginning  the  realization  oi 
their  measures,  consider* d above  their  possible  consequences  and  made 

decisions,  choosing  in  seme  way  or  cthtr  the  depending  on  them 
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parameters  - methods  of  organ  i i ing  the  measures.  But  until  a certain 
tine  of  solution  we  could  fce  accepted  without  special  mathematical 
analysis,  it  is  simple  cn  the  basis  of  experiment  and  tne  common 
sens-?.  This  method  of  making  decisions  did  not  lose  its  value,  also, 
in  our  time. 


Let  us  take  the  example:  man  left  by  tne  morning  to  house  in 
order  to  go  to  work,  on  course  of  events  fer  it  M is  necessary  to 
take  a whole  series  of  the  solutions:  to  take  with  itself  umbrella? 

In  which  place  to  pass  street?  Which  fcim  ci  transport  to  use?  and  so 


It  goes  without  saying  tnat  all  these  aecisions  of  man  arc  made 
without  special  calculations,  simply  relying  on  the  available  he  has 
experiment  and  on  the  common  sense.  For  the  preef  of  suen  solutions, 
no  science  is  necessary,  yes  scarcely  it  will  te  required 
subsequent ly. 


However,  let  us  take  another  example.  Let  us  assume  that  is 
organized  tne  work  of  urban  transport.  Available  is  some  quantity  of 
conveying  devices.  It  is  necessary  tc  take  a series  of  tne  solutions, 
for  example:  which  quantity  and  of  which  conveying  devices  tc  direct 


alcng  cne  or  the  other  route?  As  to  change  tne  repetition  frequency 

of  machines  depend inq  cn  the  time  of  days?  where  to  place  cessations? 
and  so  on. 
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These  solutions  ar<  such  more  critical. 


jrfvious  example. 


Fjqe  h. 


than  * ho  sola  t ion  or  tn> 


Feca use  ot  the  complexity  c{  the  i hcnojctton  or  the  eonse juence  or 
each  ot  thorn  are  not  so/suct  clear  ; in  order  to  visualize  these 
consequencp.r,  it  is  n^ct’^sUry  to  load  cjleui.it  iona.  But  u^in,  on 
these  solutions  much  more  defends,  in  the  tirst  example  the  incori  vt. 
selection  ct  solution  will  aft  ect  the  interests  ot  one  person;  in  *-iu 
second  - it  can  be  reflected  m the  husmest  life  of  whole  city. 

It  is  certain,  and  in  the  second  example  when  select  in  i or 
solution  it  is  possible  tc  function  intuitively,  relyinj  on 
experiment  and  the  coiacn  sense.  But  solutions  will  render/show  much 
more  reasonable,  it  they  will  be  sui  potted  ty  quantitative, 
mathematical  calculations.  These  pre  1 i c in  ■>  i y calculat  ions  will  ail  to 
avoid  the  prolonjed  and  expensive  search  of  *■  he  correct,  solution  "hit 
cr  miss". 

lest  complied tedl y is  natter  with  the  acceptance  ot  the 
solutions  when  speech  occurs  about  the  features,  experiment  in 
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conducting  or  which  still  iat,  rot  .xitt  a^u,  tc  consoqjant  iy  common 
sc  use  rot  on  that  to  be  bailed  on,  t at  intuition  can  deceive.  Let,  ♦ oi 
example,  be  comprise!  *■(-*-  lcng-rurt<u  plan  cr  the  iovoloument  or 
weapon  system  or.  scv-tal  years  forward.  The  speci  me-n/sa  mplr  s of  the 
armaments  aoout  which  cat.  ji  the  s pt  ec  h , still  do  not  exist,  there  i.. 
no  experiment  in  f nen  coml  ,e  employment.  During  j li  1 i n j/p  la  nn  irj  it 
is  necessary  to  bo  fas.  i c :i  a larg*  quantity  of  data,  that  relate  not 
so  much  to  past  experiment,  as  to  the  foreseen  future,  rhe  selected 
solution  possit>ility  to  must  a^  fat  as  guarantee  us  from  tie  errors, 
connected  with  inaccurate  forecast  inq,  ind  to  be  ...  sufficient 
efficient  tor  the  wide  circle  or  corditions.  fer  the  proof  of  this 
solution,  is  g i von  int  > action  the  complex  system  of  .name  mat  i eu  1 
calculations,  yes  otherwise  ana  to  be  r.ct  must:  indeed  incorrect 
solution,  if  it  will  be  accepted  that  it  can  lead  to  the  heaviest 
conseg  uences. 

Generally,  the  more  complexly  organized  measure,  the  more  is 
packed  into  it  supplies,  the  wilier  the  spectrum  of  its  possible 
consequences,  the  less  peruiissitle  t h»->  so-called  "volitional" 
solutions,  wuich  are  not  based  on  scientific  calculation,  and  the 
larger  valu->  obtains  the  set  of  the  scientiric  methods,  which  make  it 
possible  to  previously  consider  the  consequences  oi  each  solution,  to 

previously  reject/throw  tin?  inadmissible  versions  and  to  recommend 
those,  that  are  represented  most  successful. 
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3y  .;uch  mat  ne  mat  ica  1 b y tue  c a leu  lat  i ci.  -s  , winch  facilitate  for 
people  m iking  coirect  lecisic  t..  , »nd  it  occupied  science-  " Operation:- 
lesparch".  This  - eexparativ  1 y young  sci-Mfc..  Its  tmerj  ^cp  usually 
is  related  tc  the  years  ct  the  Second  World  War  wnon  in  irmed  force., 
cf  USA  and  England  « re  tcu'  d speciil  scientific  groups  tor  the 
preparation  of  solutions  by  the  lothcds  or  organization  and  provision 
for  combat  operations  [ 1 ].  Validity  requires  tc  note  that  by  similar 
research  (true,  not  under  this  name)  they  w,_ce  occupied  to  the  war, 
in  particular,  in  our  country  where  wore  widely  developed  the 
mathem at ic al  methods  of  * h _ evaluation  cf  the  efficiency  of  shooting, 
representing  by  themselves,  in  cen tempera r y understanding  the  part 
ct  operations  research. 


After  conceivinj  in  tnc  range  of  predominantly  military 
problems,  operations  research  in  the  course  or  time  left  this  narroi 
sphere.  At  present  operations  research  - one  of  tne  rapiily 
developing  sciences  themselves,  the  conquering  ev  ?l  ♦aster  fields  of 
application  industry,  agriculture,  trade,  transport,  public  health, 
etc. 


Fage  9. 
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The  tasks  of  operations  research,  to  whatever  range  they  were 
related,  have  common/general/t ctal  features,  and  during  tneir 
solution  are  applied  similar  a*et hodologica  1 methods.  For  example,  t 
methodology  or  gua  ntir.at  i ve  study,  manufactured  tor  the  analysis  of 
the  processes  of  queueing  in  the  systems  of  mass  maintenance 
(barbershop,  repair  shops  ami  so  forth),  car.  almost  without  changes 
to  be  postponed  oy  some  tasks  cl  electronics  ccmputationa i 
engineering,  and  also  tasx,  connected  with  the  organization  of  air 
defense  system  (PVO  [Air  Defense]). 

In  order  nearer  to  le  introduced  to  tiie  specific  character  of 
the  tasks  of  operations  research  and  their  characteristic  features, 
let  us  give  several  examples  cf  such  tasks. 

Example  1.  Plant  is  issued  the  specific  typo  of  article.  For 
providing  the  high  quality  c£  these  articles,  is  organized  the  syst 
cf  sampling.  It  is  required  ty  rational  form  tc  organize  this  check 
i.e.,  to  select: 

- size/di  mens  ion  cf  control  party/batch; 

- sequence  of  control  operations; 

- rule  of  the  rejection  of  spoilage  of  the  articles 
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requite  1 to  select,  the  parainet 


gr id/net  wo  r k 


number  of  point 


the ir  a r ran  gome n t/pos i t ion 


juantity  of  personnel 


sel lings-pr ice  of  the  good 


so  forth  so  a 


to  ensure  the  :,iaxiinuu>  economic  efficiency  ot 


3.  I si  organized  the  air  raia  ot  tae  group  ot  bom  be  1 
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quantity  of  aircra  tt  with  known  tactical  flight  data  ana  armanirn 
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Example  -«f  r>.  Comp  l • ■ x technical  equina*  n t / j,-  v ic:e  ft  >m  • iiti1  to 
time  can  re  jeet  (q  o ou  t c f 1 1 do i ) • Fo  t eliminating  of  t*uior  qe  nc  y , it 
is  necessary  to  localise  malfunction  (to  discover  its  reason),  [ t.  is 
required  to  work  out  the  system  ot  tests,  wuicl  mixes  it  possil  1 •» 
with  the  specific,  sufficiently  lutqo  probability  to  lociliio 
malfunction  tor  minimum  time. 

Example  mtf  n.  Is  arjanired  t hr  medical  * xaminat  lon/in  .-pec  t ion  ot 
the  qrcup  of  population  lot  jutpos  ci  the  d<  v<  lopm  >nt/d  »t  *ction  of 
some  diseases.  To  exami  nut  icn/ii  ct  i tn  art  isci  ttou  t he  spocii  ic 
su  pi  lies,  equipment  and  medical  personnel.  It  t;  requit  >1  to  work  cut 
the  plan/layout  ot  the  ,.x  amnia  ti  on/i  nsj  ect  icn  : 

- quantity  of  \ ot nt/i t* cs  ; 

- the  it  arranqcmen t/pos it  ion ; 

- sequence  of  inspections; 

- tor  a and  a quantity  ct  the  analyses 

and  so  forth  in  ord«  r to  the  assiqnt  d | erica  tc  aetect  liu*  maximum 

percertaqe  of  those  sickened. 
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The  number  of  exami  los  poo:  inl«-  wtuld  u;  easy  to  multiply,  but 
also  these  are  sut  tici*  i.t  ii  ord.-i  to  c cm  pins*-  tint  repreue  nta*  ion  <u 
the  »1  i *>t  inot  iwe  specia  1 fen t ur e/pocu l iu ti t ios  or  the  ta  .■*.»  or 
operations  research.  bespit.  t In  t irt  that  c-xau(l.'s  are  related  to 
the  different  ran.jcs  ot  p tactic*  , in  them  easily  ale  <*xa.«r  m /sen  lined 
the  similarities.  in  each  el  t hi  m cceurs  nine'll  anuut  some  measure 
(or  the  system  ot  measure  .)  , which  pursues  uic  spociiic 
ta r jet /pur  pose.  A u a..s  i vj  no il  seme  conditions,  which  chat  ict*-ri  ze  t i»« 
situation  ot  the  measure!  to  chair)*’  which  w.  not  rijht  (tor  • ■xaitipl  -, 
t lie  temper*-’*!  means).  Within  th*’  t rujn  wa*  ct  this  system  o t 
con*i  itions*  is  i . * y uirc  .1  to  take  sonu  scluticn  ic  that  the  in*,  astir*-  in 
a sense  would  be  most  ad  van tajeous  (or  loart  unpr.it  itabio)  . 

In  accordance  with  t her.*  cuiniuon/ijono  rai/t  ota  1 features  ai  * 
developed  the  common/.)  e it*  r a l/t  et  al  methods  cl  the  solution  >r  srniilai 
problems,  in  set  which  compos.-  the  wet  hcdolesj  icul  basis  it  op.  ration  ; 

resear  cli . 

For  the  solut  ion  o t practical  t rollons-,  operations  research 
disposes  ot  t h*’  whole  arsenal  oi  mat  li.-n  at  r ca  1 neans.  To  rt  a re 
related:  th  e probability  theory  with  it.-  newest  sections  (theory  ot 
random  processes,  intor  n at  i * n theory,  .]ueu«  iu^  theory);  t.h*’ 

mathematical  metliods  or  optimization,  lejinumj  trom  the  easier' 
methods  of  t ho  dot  c r m i na  t i c i ot  extrema  (maxi  muons  and  t no  mi  ni  mums) , 
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familiar  tc  each  engineer,  and  ending  with  th*  contemporar y methods, 
with  such,  as  linear  prog  can  mi  ng , dynamic  j rogtamming,  the  principl- 
of  L.  S.  Pontriagi n *s  maximum  and  many  ethers.  From  them  in  this 
lock,  addressed  to  the  wide  circle  cf  the  reader;,  arc  illuminated  1 


r.o  means  everything,  rut  cnly  simplest  and  most  widely  used. 


For  the  understanding  cf  tat,  t),t  reader  must  manage  only  has. 
cf  mat hematical  analysis  ard  the  cell/cleraents  cf  the  probability 

theory. 


In  the  took  are  contaired  many  numerical  examples,  wnich 
illustrate  the  set- tor t h methods,  when  selecting  >f  the  conditions  e 
these  examples,  the  author  proceeded  item  systematic  considerations, 
so  that  these  materials  in  rc  case  cannot  It  used  as  reference. 


y-t 
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1.  BASIC  CONCEPTS  OF  OPERATIONS  RESEARCH. 

1.  Operation.  Efficiency  ci  operation* 

Under  operation  wa  will  understand  any  measure  (or  action 
system),  united  by  single  project  and  directed  toward  achieving  of 
the  specific  goal. 

Examples  of  operations. 

1.  System  of  measures,  directed  toward  increase  of  reliability 
of  technical  equipment/device. 

2.  Reflection  of  air  raid  by  air  defense  weapons. 

3.  Ar rangemen t/posit 10 r of  orders  to  production  of  equipment. 

4.  Reconnaissance  search  cf  groups  of  aircraft  in  rear  of  enemy. 

5.  Starting/launching  cf  group  cf  artificial  Earth  satellites 

for  establishment  of  system  ci  *elevisicn  ccmuiunication/connection. 


, 
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6.  System  of  tea  ns  fort,  which  ensues  supply  of  seues  of 
point/items  of  specific  ferir  with  gccds. 

Operation  is  always  the  controlled  measure,  i.e. , on  tis  depends 
to  select  in  this  or  sene  ether  way  sone  parameters  of  its 
characteristic  method  of  organization,  "o  r gaiii  ?at  ion"  here  is 
understood  in  the  broad  sense,  including  the  selection  of  the 
technical  equipment,  used  in  of  oration.  For  exanpie,  organizing  the 
reflection  of  the  ait  raid  by  the  air  defense  weapons,  wo  can, 
dependinq  on  situation,  chcc.se  type  ana  the  properties  of  technical 
equipment  used  (roexets,  ins t a 1 la t ions)  or,  with  the  assigned 
technical  equipment.,  to  solve  only  prollem  ct  the  rational 
organization  of  the  very  (rccedure  of  reflection  it  is  put  on 
(distribution  of  the  t arget/pu rposes  between  installations,  a 
quantity  of  rockets,  directed  to  each  target/purpose,  etc.). 

Any  specific  selection  on  us  ct  the  parameters  depending  we  will 
call  Solution- 


Solutions  can  be  successful  and  unsuccessful,  reasonable  and 
unreasonable.  Optimum  arc  called  the  solutions  which  according  to  one 


cr  the  other  considerations,  ate  mere  preferable  others. 


Basic  task  of  operations  research  - preliminary  quantitative 
foundation  of  optimum  solutions. 


Let  us  note  that  very  nakii.q  of  decision  exceeds  the  scope 
operations  research  and  is  related  to  the  scope  ol  responsible  person 
(or  the  group  of  persons),  which  it  is  given.  rigntly  final  selection. 

Eage  12. 

Curing  this  selection  the  critical  tor  it  persons  can  consider  that 
toqet  her  with  the  recoiu  ire  n lot  ions,  whicii  esca p e/easue  from 
mathematic al  calculation,  another  a series  of  the  considerations 
(quant itat ivo  and  qualitative  character)  which  were  not  ta*en  into 
account  by  calculation. 

Thus,  operations  research  is  not  placeu  to  itseir  with  task  t ht 
fu 11/tctnl/complet e autematien  of  making  decisions, 

i 

full/tctal/complete  except  ion/el  i.u.iut  icn  from  this  process  or  the 
reflecting,  evaluating  human,  consciousness.  As  tno  final  result, 

| I 

solution  is  always  received  by  man  (or  the  group  or  persons)  ; the 
task  of  operations  research  - to  prepare  quantitative  data  and  the 

i 

* 

recommenda  tions,  which  facilitate  for  irjn  acceptance  of  solution  1 . 


I 
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FOOTNOTE  1 . Even  when  making  decision,  it  would  seem,  fully  automated 
(fcr  example,  ir.  the  process  of  automatic  control  enterprise  or 
spacecraft),  the  rcle  of  man  is  net  r»ncved,  since,  in  the  final 
analysis,  on  it  depends  the  selection  of  the  algorithm,  on  which  is 
realized  the  control.  ENDFCfTNCTE. 

Together  with  basic  task  - the  proof  cf  optimum  solutions  - the 
area  cf  exploration  of  operations  includes  other  problems,  such  as 

- a comparative  evaluation  of  the  diverse  variants  of  the 
organization  of  operation; 

- evaluation  of  effect  cn  the  result  or  cperition  of  different 
parameters  (cell/e lements  ct  solution  and  tne  assigned  conditions) ; 

- study  of  the  so-called  "bottlenecks",  r.  e. , elements  of  the 
controlled  system  the  disruption  or  work  of  whicn  especially  strongly 
affects  the  success  of  operation  and,  etc. 

I 

i 

These  "auxiliary"  tasks  ot  operations  research  acquire  th^ 
special  importance  when  we  examine  this  operation  not  isolatedly,  but 

as  component  element  of  the  whole  system  ot  operitions.  The  so-called 
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"systems"  approach  to  tit-  tasks  o£  operations  research  requires  thy 
account  to  interdependency  and  the  conditionality  of  the  whole 
complex  of  measures,  it  goes  without  saying  that  in  principle  always 
it  is  p oss  idle  to  join  the  system  of  operations  into  one  complex 
operation  more  "high  order",  but  in  practice  this  not  is  always 
convenient  (and  it  is  not  always  desirable),  and  in  a scries  of  rh>.- 
cascs  it  is  expedient  tc  select  as  "operations"  tne  separate  elements 
cf  system,  nut  the  final  decision  to  make  takirg  into  account  role 
anc  place  of  this  operation  in  system. 


Thus,  let  us  consider  separate  operation  o.  Heflectiny  acove 
the  organization  of  operation,  we  attempt  to  make  it  most  efficient. 
Under  the  efficiency  of  operation,  is  understood  the  degree  of  its 
adaptability  to  the  accomplishment  of  the  confronting  it  objective. 
The  better  is  organized  operation,  the  more  efficient. 


In  order  to  judge  the  efficiency  cf  operation  and  to 
e g uate/com  pare  between  themselves  with  respect  to  efficiency  the 
differently  organized  operations,  it  is  necessary  to  have  certain 
numerical  evaluation  criteria  cr  index  of  tne  efficiency  (in  some 
nanagement/aanuals  the  index  of  efficiency  calls  "objective 
f unct.  ion")  . 


Let  us  subsequently  designate  the  index  cf  efficiency  ty  letter 


J 
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Fage  U. 

The  conerete/specitic/actual  to um  cf  the  index  or  efficiency  a, 
which  one  snculd  use  during  the:  numerical  evaluation  of  efficiency, 
depends  on  the  specific  character  cl  the  operation  or  its  purposeful 
directionality  in  guesticn,  and  also  on  the  task  of  research  which 
can  to  placed  in  one  or  the  ether  term. 

Many  operations  are  made  under  ccrditicns,  wnich  contain  the 
element  of  chance  (for  example,  the  operations,  connected  with  the 
fluctuations  of  supply  and  demand,  with  the  motion  or  population, 
morbidity,  mortality,  and  also  all  military  operations).  In  these 
cases  the  issue  of  operation,  even  orgarizeu  by  t tie  strictly  defined 
form,  it  cannot  be  accurately  predicted,  remains  random,  if  this 
then,  as  the  index  of  efficiency  Vi  is  chosen  not  simply  the 

ch ar acteri st ic  of  the  issue  or  operation,  tut  its  averaja  value 
(mathematical  ex pectat icn) . For  example,  it  the  task  of  operation  - 
obtaining  maximum  gain,  ♦her  as  the  index  or  efficiency  is  taken 
average  gain.  In  other  cases  when  the  task  of  operation  is  the 
realization  of  the  completely  specific  event,  as  the  index  of 


efficiency,  is  taken  the  probability  of  this  event  (ror  example, 

probability  that  as  a result  of  the  air  raid  this  target  complex  will 
be  struck). 


J 
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Correct  selection  of  the  index  of  efficiency  - necessary 
condition  ci  the  usefulness  of  the  research,  used  for  tae  prooi  of 

so lut icn. 

Let  us  consider  a series  cf  the  examples,  in  each  of  which  the 
index  of  efficiency  w is  selected  ir.  accordance  with  the  purposeful 
directionality  of  operation. 

Example  1.  Is  examined  the  work  of  industrial  enterprise  at  the 
visual  angle  ot  its  profitableness*  moreover  is  conducted  the  number 
cf  measures  for  ta  rget /puc(  cse  for  purpose  ot  the  increase  of  this 
jref  itableness.  Index  of  efficiency  ~ gain  (or  average  jain),  yielded 
by  enterprise  for  fiscal  year. 

Example  mf  2.  The  jrou[  of  destroyers  aeaves  into  air  foi  the 
interception  of  the  single  aircraft  of  enemy.  Tar jet/purpose  of 
operation  - to  bring  down  aircraft.  Indix  c t efficiency  - kill 
probability  (killing)  of  aircraft. 

Example  1.  Repair  shop  is  occupied  cy  the  maintenance  of 

machines;  its  profitableness  is  determined  cy  a guuntity  of  machines, 
serviced  during  day.  The  index  of  efficiency  - average  number  of 
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machines,  serviced  for  the  day  ("  it  is  average"  oecauso  the  actual 
number  is  random). 


Example  4.  The  group  of  radar  stations  in  the  specific  region 
observes  after  airspace.  The  tasK  cf  gtcup  - tc  discover  any 
aircraft,  if  it  appears  in  region.  Index  of  efficiency  - probability 
cf  the  detection  of  any  aircraft*  which  appeared  in  region. 


Example  S.  Is  launched  the  numicr  c*.  measures  for  the 
increase  of  the  reliability  cr  electronic  digital  computer  (Ftsvm,). 
larget/uur pose  of  operation  - to  decrease  t ne  frequency  of  the 
appearance  of  malfunctions  ("short  duration  failures")  of  t'TsVM,  or, 
that  e gu  iv  a lent,  ly,  to  increase  average  time  interval  between  short 
•luraticn  failures  (the  "near  time  between  lailures").  Iniex  of 
efficiency  - mean  time  of  the  failure-free  operation  of  ETsVM  (or  the 
mean  relative  time  of  exact  work). 


Example  *•  b.  Is  conducted  fight  ler  the  economy  or  means  ir.  the 
production  of  the  specific  term  of  goods.  Index  of  efficiency  - 
quantity  (or  an  average  quantity)  cf  economized  means. 


Tage  Id. 


In  all  examined  examples  the  index  of  efficiency,  whatever  it 


- rule  of  the  rejection  of  spoilage  of  the  articles 


was,  it  was  required  to  convert  into  maximum  ("the  more  tne  better"). 
Generally,  this  not  is  compulsory:  in  operations  research,  they 
frequently  use  the  indices  which  it  is  required  to  convert  not  into 
maximum,  but  into  the  minimum  ("the  fever,  the  tetter").  For  example, 
in  example  41  4 it  would  be  possible  as  the  index  of  efficiency  to 
take  "probability  that  the  appearing  aircrait  will  not^disco vered"  - 
this  index  it  is  desirable  tc  make  as  small  as  possible.  In  example  5 
for  the  index  of  efficiency  it  would  be  possible  to  take  the  "average 
number  of  short  duration  failures  for  days",  which  it  is  desirable  to 
minimize.  If  is  considered  some  system,  which  ensures  the  guidance  of 
projectile  to  target/pur pcse,  then  as  the  index  of  efficiency  it  is 
possible  tc  select  the  average  value  of  the  "error"  of  projectile 
(distance  from  trajectory  tc  the  center  of  target/purpose),  which  it 
is  desirable  to  do  as  less  as  possible.  The  detail  of  the  B'eans, 
isolated  on  carrying  out  any  task,  it  is  also  desirable  to  make 
minimum,  just  as  the  cost/value  of  the  launched  system  of  measures. 
Thus,  in  many  tasks  of  operations  research  reasonable  solution  must 
ensure  not  the  maximum,  but  the  minimum  of  certain  index. 

It  is  obvious  that  the  case,  when  the  index  of  efficiency-  W must 
be  converted  into  the  minimum,  easily  is  reuuced  to  the  task  of  the 
maximization  (for  tnis  it  suffices,  for  example,  to  change  the  sign 

cf  value  W).  Therefore  subsequently,  examining  in  general  form  the 
task  of  operations  research,  we  will  fcr  simplicity  speak  only  about 
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the  case  when  W is  required  to  convict  into  maximum.  As  concerns 
practical  specific  problems,  then  wo  will  use  as  indices  of 
efficiencies  which  it  is  required  to  maximize,  so  also  those  which  it 
is  required  to  minimize. 

2.  Mathematical  model  of  operation. 

For  applying  the  quantitative  methods  ot  study  in  any  field, 
always  it  is  required  to  construct  cne  or  another  mathematical  model 
of  phenomenon.  Operations  research  is  rc  exception.  Durinq  the 
construction  oi  mathematical  model  the  phenomenon  (in  our  case  - 
operation)  by  some  tor m it  is  simplified,  it  is  schematized;  from 
numerous  set.  oi  factors,  which  affect  the  phenomenon,  is  selected  a 
comparatively  small  juantity  of  tin  important,  and  the  obtained 
pattern  is  described  with  the  help  ot  cne  cr  the  other  mathematical 
apparatus.  As  a result  are  tstabl ish/i nstalied  quantitative 
comm  un  icat  ion/conn  ect  ic  ns  between  t*he  conditions  or  operation,  the 
parameters  ot  solution  and  the  issu*  oi  operation  - an  index  ot 
efficiency  (cr  by  indices,  it  there  are  several  or  them  in  this 
problem)  . 

The  more  successful  is  selected  ma the  mat i cal  model,  the  bettor 

it  reflects  the  characteristic  features  or  phenomenon,  the  moie 
successful  will  be  research  and  it  is  mere  usetul  - the 
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esca{’e/<>nsuiiiq  Mum  it  i.  ecnuH  nua  t ions . 

Net  hods  of  tho  eon  st  l uct  i ot  v>  t uki  t hr  m .it  1 c a i models  lo  not  . xi  .t 
In  each  specific  case  model  i:  cciu.tiuittnl,  on  the  hi  sis  of  tho 
purposeful  directionality  of  op.eiation  ini  task  ot  scientific 
research,  t.ikituj  into  accouit.  the  icquiied  accut  icy  ot  ..olution,  .1  1 : 
accuracy,  from  which  thoie  tan  no  known  tin  initial  data. 

Requirements  foi  model  an  cont  rudictui  y. 

Paqc  1r;. 

On  one  hand,  it  must  he  suiticiontiy  complete,  i.o.,  in  it  must  he 
taken  into  account  .ill  the  important  factors  on  w n ich  depends 
su bst a nt ia  1 1 y tho  issue  el  operation,  tn  the  other  hand,  model  must 
te  sufficient  simple  sc  that  it  would  1<  possible  to 
establ  ish/inst.al  1 the  foreseeable  (are  desirable  - analytical) 
dependences  between  the  entering  it  [ a i amo  nrs.  NodeL  must  not  1>. 
"Cloqqed"  by  many  small,  secondary  1 actors  - their  account 
complicates  mathematical  analysis  and  irake:-  tin  results  oi  rosoueh 
ly  difficultly  foreseeable. 

I n & Word,  the  art  t o comp-rise  mathematical  models  is  pieoi  ;oiv 
art,  and  experiment  in  this  matter  is  acquired  ai  ‘dually.  Two  danqei 
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ate  always  on  the  watch  t lit  compiler  of  the  model:  the  ur 


drewn  in  the  detail 


the  tcrest  lot  tne  tre 


second  - to  too  desensitize  tne  phencraenon  ("tc  throw  t 


with  the  hath  water").  In  the  com) lex  cases  when  the  construction  o 


model  causes  y r eat  doubt,  useful  ) rev 


of  models",  when  one  and  the  same  phenomenon  is  traced  on 


models.  If 


cientiric  ccnclu 


common  la* ioi 


a ivationi  arc 


cne  model  to  the  next  vary  rarely 


se  iron 


of  the  objectivity  of  research,  Characteristic  for  tne  complex 


problems  of  operat ion 


model:  after  the  fir 


returned  again  to  mcdel  and  introduce  into  it  th 


n ec-' 


The  construction  or  m at.he  mat  ica  1 ncdtl 


earch,  which  requires  intimate 


only  and  not  so  much  in  mathematic 


phenomena  being  simulated,  However 


once  ti;t  created  successful  mod.  1 


car  find  use  and  far  beyond  the  limits  cf  tnat  circle  of  phenomena 


r rsr.i  nee 


maintenance  had  extensive 


in  a whole 


series  of  »,iin*fiianc 


the  organi zation  of  th 


i r od  uct ic 


ltd  themat  ica  1 model 


1 


of  the  development  of  u iolog  i ca  1 pop ul  a tions,  i 


during  the  description  of  ccmb.it  operations  and  vice  versi  - ccila  t 
node  Is  successfully  they  are  applied  ir  biology. 

The  mathematical  mcdels,  used  at  present  in  the  tasxs  ot 
operations  research,  can  be  roughly  subdiviued  into  two  class: 
analytical  and  statistical. 

For  the  first  is  charact  erist  ic  tie  establishment  of  the 
formula,  analytical  dependences  between  the  parameters  ot  the 
problem,  registered  in  any  form:  algebraic  e-guati  ons,  ordinary 
differential  equations,  partial  ditf erentiai  equations  and  so  forth. 
So  that  th is  analytical  description  ot  operation  would  be  possible, 
as  a rule,  it  ir>  necessary  to  take  these  cr  otucr  assumptions  or 
simplifications,  w itli  the  help  of  analytical  models  with  satisfactory 
accuracy  it  is  possible  to  describe  cnly  ecu.  pa  r at  i vel  y simple 
operations  where  the  number  ot  interacting  cell/elements  nof  is  too 
great.  In  the  operations  oi  large  sc. lie,  are  complex,  in  which  is 
interwoven  the  action  ot  an  enormous  quantity  of  factors,  including 
random,  to  the  foreground  leaves  the  method  of  statistical 
simulation. 

Page  If. 


DOC  = 7806870 t 


It  lies  in  the  tact  that  the  process  ol  optL.it  icas  development  a:-  " 


copied"  in  computet,  with  it 


c.i  nice 


that  in  the  course  oi  operation  i 


Lari  a on  t it- tor 


cons  iii 


the  throwing  of  to 


multiple  repetition  o£  thi 


procedure  succeeds  in  obtaining  these  inteie 


of  the  issue  of  operation  with  any  degtee  ct  accuracy  1 


FOOTNOTE  1 . About  statistical  simulat it n 


FNDFCCTNOT  E 


Statistical  models  have  i elofe  analytical  the  advantage  tha*- 
they  Bake  it  possible  tc  take  into  account  the  larger  nu.moei  ol 
factors  and  do  not  require  rough  simplifications  and  assumptions. 

Then  the  results  of  statistical  simulation  with  more  ditticulty  yi '1 i 
to  analysis  and  comprehension.  Rougher  analytical  models  describe 
phenomenon  only  approximately,  then  results  arc  holo  demonstrative 
and  more  distinct  reflect  those  he  inherent  in  phenomenon  .basic  laws. 
Best  results  are  obtained  during  the  ccmbintd  appiicatiou/uso  ot  *he 
analytical  and  statistical  models:  simile  analytical  modal  makes  it 
possible  to  be  dis  tnant.  lc/selected  in  the  rough  at  the  basic  laws 
governing  phenomenon,  tc  plan  its  main  outlines,  and  any  further 

refinement  can  it  can  be  obtained  by  statistical  simulation. 
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3.  Common/gener al/tot a i formulation  of  tho  problem  of  operation; 
research  the  determined  case. 


Let  us  consider  the  task  cl  operations  research  in 
eommon/gener al/tot a 1 setting,  regardless  ot  the  farm  tnJ  the 
target/pur  poses  of  operation. 


Let  there  be  certain  operation  O,  i.e.,  the  controlled  measure 
to  issue  of  which  we  can  tc  a certain  aejree  at  feet,  choosing  in  tin 
cr  some  other  way  on  us  the  parameters  depending.  The  efficiency  of 
operation  is  characterized  by  some  numerical  criterion  or  index  Vi, 
which  is  required  to  convert  into  maximum  (ease  wnen  it  V is 
required  to  convert  into  the  minimum,  it  is  reduced  to  previous  an  i 
separately  it  is  net  examined). 


Let  us  assume  that  in  one  or  the  ether  manner  the  mathematical 
model  of  operation  is  ccnstructi  d;  it  nakes  it  possible  to  compute 
the  index  of  efficiency  Vi  during  any  solution  accepted,  rot  any  set 
cf  the  conditions,  under  which  is  made  the  operation. 


Let  us  consider  the  first  simplest  case:  all  factors  on  which 
depends  the  success  of  operation,  they  are  uivided  into  twe  groups: 


assigned,  previously  known  factors  (conditions  of  conducting 


- 
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the  o{>eration)  a,,  a?,  ...»  ov^r  which  ke  can  hdVa  no  influence 


- on  us  the  factors  (cell/e le nre nt s of  the  solutions)  depending 
xi#  x2»  •••»  wiiich  we,  within  known  limits,  can  cnoose  at  our 
discretion . 


This  case,  in  which  the  factors,  influencing  the  issue  of 
operation,  either  are  jrevicusly  knewn  cr  tney  depend  on  us,  we  will 
call  determined. 


DOC  * 78068702 


PAGE  51 


Page  17. 

Let  as  note  that  hearth  by  the  "assigned  conditions"  of 
operation  et,  a*,  ....  can  be  understood  not  only  usual  umbers,  but 
also  functions,  in  detail-liaitations,  superinposed  to  the 
cell/elenents  of  the  solution.  Equally,  the  cell/elenents  of  solution 
***  •••»  also  can  be  not  only  nunbers,  but  also  functions. 

The  index  of  efficiency  H depends  on  both  groups  of  the  factors: 
both  on  the  assigned  conditions  and  on  the  cell/elenents  of  the 
solution.  Let  us  register  this  dependence  in  the  forn  of  the 
connoa/general/tot al  syabolic  fornula: 

tt"  = tt  (ot,,  a„,  ... ; x„  .V;,...).  (3.1) 

Since  nathenatical  nodel  is  constructed,  let  us  consider  that 
dependence  (3.1)  to  us  is  known,  and  for  any  at,  a*,  ...;  x,,  x2,  ... 
we  we  can  find  V. 

Then  the  problen  of  operations  research  can  be  nathenatically 


formulated  thus: 


I 
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tinder  given  conditions  alf  <x2,  ...  to  find  such  cell/eleaents  of 
solutions  x4,  x2,  ...,  which  convert  index  U into  naxinua. 

Before  us  - the  typically  aathenatical  problea,  which  relates  to 
the  class  of  the  so-called  variational  profcleas.  The  aethods  of  the 
solution  of  such  probleas  are  worked  out  in  detail  in  aatheaatics. 
Prototoa  of  these  aethods  ("problea  to  the  aaxiaua  and  the  ainiaua") 
are  well  known  to  each  engineer.  For  the  deter aination  of  aaxiaua  or 
the  ainiaua  (it  is  shorter,  extreaua)  function  it  is  necessary  to 
differentiate  it  the  arguaent  (or  arguaents,  if  thea  several),  to 
equate  derivatives  to  zero  and  to  solve  the  obtained  systea  of 
equations. 


However,  this  siaple  method  in  the  probleas  of  operations 
research  being  of  liaited  usefulness.  Reasons  to  this  several. 


1.  When  arguaents  xt,  xa,  ...  auch  (but  this  is  typical  for 
probleas  of  operations  research),  joint  solution  of  systea  of 
equations,  obtained  by  differentiation  of  basic  dependence,  often  j 
proves  to  be  not  siapler,  but  it  is  note  coaplex  than  direct  search 
of  extreaua. 


J 
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2.  In  the  case  when  to  cell/eleaents  ot  solution  x(,  xx,  ...  are 
superiaposed  liaitations  (i.e.,  region  of  their  change  is  liaited) , 
frequently  extreaua  is  observed  not  at  point  where  derivatives  are 
converted  into  zero,  but  on  boundary  of  the  region  of  possible 
solutions.  Appears  the  specific  for  operations  research  aatheaatical 
problea  of  the  "search  of  extreaua  in  the  presence  of  liaitations", 
which  is  not  placed  in  the  diagraa  of  classical  variational  nethods. 

3.  Finally,  3 erivativos,  under  discussion,  it  can  coapletely  not 
exist,  for  exaaple,  if  arguaents  x,,  x2,  ...  are  changed  not 
continuously,  but  it  is  discrete,  or  function  itself  W has  special 
feature/peculiarit  ies. 

The  general  aatheaatical  nethods  of  the  detecaination  of  the 
extreaa  of  the  functions  of  any  fora  in  the  presence  of  arbitrary 
liaitations  do  not  exist.  However,  for  the  cases  when  function  and 
liaitations  possess  the  specific  properties,  contenporary  aatheaatics 
proposes  a series  of  special  aethods.  For  exaaple,  if  the  index  of 
efficiency  W depends  on  the  cell/e leaents  ot  solution  xt,  x{,  ...  it 
is  linear  and  the  restrictions  placed  on  x(,  xx,  ...,  also  take  the 
fora  of  linear  equalities  (or  inequalities),  the  aaxiaua  of  function 
V is  located  qith  the  help  of  the  special  apparatus,  the  so-called 
linear  prograaaing  (see  Chapter  2) • 

I 
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If  these  functions  possess  other  properties  (for  exanple,  are  convex 
or  quadratic),  is  applied  the  apparatus  of  "convex"  or  "quadratic" 
programing  [2],  aore  aore  coaplex  in  coaparison  with  linear 
progranaing,  but  all  the  saae  Baking  it  possible  within  acceptable 
periods  to  find  solution.  If  operation  naturally  is  disaeabered  to  a 
secies  of  "step/pitches"  or  of  "stages"  (.for  exaaple,  economic 
years),  and  an  index  of  efficiency  H is  expressed  in  the  fora  of  the 
sua  of  the  indicea  u'(,  reached  for  various  stages,  for  the 
deterainat ion  of  solution,  which  ensures  aaxiaua  efficiency,  can  be 
used  the  aethod  of  the  dynaaic  programming  (see  Chapter  3)  . 


If  operation  is  described  by  ordinary  differential  equations, 
and  the  control,  which  varies  in  the  course  of  tiae,  represents  by 
itself  certain  function  x(t),  then  for  the  determination  of  optiaua 
control  can  render/show  useful  L.  S.  Pcntryatin's  specially  worked 
out  aethod  [3]. 


Thus,  in  the  deterained  case  in  question  the  problea  of  finding 
the  optiaua  solution  is  reduced  to  the  mathematical  problea  of 
finding  the  extrenua  of  function  H ; this  problea  can  be  very  complex 
(especially  with  aany  arguaents) , but,  after  all,  is  coaputational 
problea,  which,  especially  in  the  presence  of  high  speed  ETsVN 
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[ 3UB.M,  ~ digital  coaputer],  it  succeeds  one  way  or  another  to  solve 
to  end.  The  dif fic ulties,  which  appear  in  this  case,  are  calculated, 
bat  not  fandaeental. 

4.  General  foraulation  of  problen  of  operations  research. 

Optiaization  of  the  solution  under  conditions  of 
indeterninancy/uncertainty. 

In  the  previous  paragraph  ve  considered  idle  tine  itself, 
coapletely  deterained  the  case  when  all  conditions  of  operation  at, 
a*,  .G.  were  known,  and  any  selection  of  solution  zt,  it,  ...  leads 
to  the  coapletely  specific  value  of  the  index  of  efficiency  V. 

Onfor tunately , this  sinplest  case  not  too  freguently  is 
encountered  in  practice.  Is  auch  nore  typical  the  case  when  not  all 
conditions  under  which  will  be  carried  out  the  operation,  are  known 
previously,  but  soae  of  then  contain  the  cell/eleaent  of 
indeterainancy/uncertainty . Por  exaaple,  the  success  of  operation  can 
depend  on  the  aeteorological  conditions  which  are  previously  unknown, 
either  froa  the  oscillation/vibrations  of  supply  and  deaand, 
previously  difficultly  foreseen,  connected  with  whins  Baud,  or  froa 
the  behavior  of  the  reasonable  eneay  whose  actions  are  previously 
unknown. 
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In  siailar  cases  the  efficiency  of  operation  depends  no  longer 
on  two,  but  froa  three  categories  of  the  factors: 

- condition  of  the  execution  of  operation  at,  ar2,  ...  which  are 
known  previously  and  are  changed  be  they  cannot; 

- unknown  conditions  or  factors  Yt,  I2#  ...; 

- cell/eleaeats  of  solutions  xt,  x2,  ...»  which  for  us  one  aust 
select. 

Page  19. 

Let  the  efficiency  of  operation  be  characterized  by  certain 
index  V,  which  depend  oa  all  three  groups  of  factors.  This  we  will 
register  in  the  fora  of  the  coaaon/general/tot al  formula: 

U/  = \l  (Ctj,  «,•  J i J Si  m*  •*!»  -Vo,...).  (4.1) 

If  conditions  T1#  l2(  ...  were  knownj,  we  could  previously  count 
index  K and  select  such  solution  t,(  x2#  ...»  during  which  it  is 
aaxiaized.  Hisfortune  in  the  fact  that  paraaeters  Xt,  T2f  ...  to  us 
are  unknown,  and  that  aeans  that  is  unknown  depending  on  then  index 
of  efficiency  « during  any  solution.  Nevertheless  the  problea  of  the 
selection  of  solution  stands  as  before  before  us.  It  it  is  possible 
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Under  given  conditions  at,  a2,  taking  into  account  the 

unknown  factors  Y2  , !>f  ...  to  find  such  cell/eleaents  of  solutions 
xIV  x2,  ...»  which  as  far  as  possible  would  convert  into  aaxiaua  the 
index  of  efficiency  tf. 


This  - already  other,  not  the  purely  aatheaatical  of  the 
probleas  (is  not  without  reason  in  its  foraulation  done  stipulation 
"as  far  as  possible").  The  presence  of  the  unknown  factors  Yt,  I2> 
..,  translates  our  problea  into  another  category  it  it  is  converted 
into  the  problea  of  the  selection  of  solution  under  conditions  of 
indete  rain  ancy/unc  ertai nt y . 


Give  let  us  be  honest:  indeterainancy/uncertainty  is  an 
ie-deterainancy/uncertainty.  If  the  conditions  of  the  execution  of 
operation  are  unknown,  we  do  not  have  the  capability  then  to 
successfully  organize  it,  as  we  this  would  do,  if  they  would  dispose 
of  larger  inforaation.  Therefore  any  solution,  accepted  under 
conditions  of  inda terainancy/uncertainty,  is  worse  than  the  solution, 
accepted  in  the  coapletely  specific  situation.  Our  aatter  - to 
coaausicate  to  its  solution  in  the  greatest  possible  aeasure  of  the 
feature  of  soundness.  The  solution,  accepted  under  conditions  of 
indeterainancy/uncertainty,  but  on  the  basis  of  nathenatical 
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calculations,  will  be  all  the  saae  better  than  the  solution,  selected 
at  raadoa.  Not  without  reason  one  of  the  proainent  foreign 
specialists  - T.  L.  Saati  in  the  book  "nathenatical  nethods  of 
operations  research11  [4]  gives  to  its  object/subject  the  following 
ironic  definition: 

"Operations  research  represents  by  itself  the  art  to  give  poor 
answer/responses  to  those  practical  questions,  to  which  are  given 
even  worse  answer/responses  by  other  nethods". 

The  probleas  of  the  selection  of  solution  under  conditions  of 
indeternin&ncy/uncertainty  are  encountered  to  us  in  life  at  each 
step/pitch,  let,  for  exaaple,  we  be  collected  to  go  into  teapering, 
after  taking  with  ourselves  the  trunk  of  the  United  voluae,  aoreover 

i 

the  weight  of  trunk  aust  not  exceed  that  by  which  we  can  bear  it 
withoat  extraneous  aid  (condition  mt,  at,  ...).  Heather  in  the 
joarney  regions  is  previously  unknown  (condition  ilt  I*,  ...).  It 
does  ask  itself,  which  ob ject/sub jects  of  clothing  (xt,  it,  ...)  one 
should  take  with  itself? 

This  problea  ae,  it  goes  withoat  saying,  solve  withoat  say 
nathenatical  apparatus,  although,  apparently,  not  without  support  to 
sose  naaerical  data  (at  least  on  the  probability  of  frost  or  rainy 
weather  in) the  journey  in  this  season  regions. 
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However,  if  it  is  necessary  to  nake  the  eore  serious  and  aore 
critical  decision  (for  exaaple,  about  the  characteristics  of  the 
desiga/pro jected  dan  in  possible  region  it  is  flood,  either  about  a 
selection  of  the  type  of  landing  equipaent  for  landing/fitting  on 
planet  with  the  unknown  surface  properties,  or  about  of  the  saapling 
of  arnaaent  for  dealing  with  the  eneny  whose  characteristics  are 
previously  unknown),  then  to  the  selection  of  solution  in  necessary 
order  aust  be  presupposed  the  aatheaatical  calculations,  which 
facilitate  this  selection  and  the  coaaunicating  to  it,  in  available 
aeasure,  features  of  soundness. 


In  this  case  the  aethods  used  depend  substantially  on  which 
nature  of  the  unknown  factors  Y(,  Yt,  ...  and  which  tentative 
inforaation  about  then  we  avail. 


Sinplest  and  favorable  for  calculations  is  the  case,  when  the 
unknown  factors  Y»,  Yt,  ...  represent  by  theaselves  randoa  variables 
(or  the  randoa  functions),  about  which  there  are  statistical  data, 
which  characterise  their  distribution. 


1a 


u 


fi 


. 


► 
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Let,  foe  exaaple,  we  examine  operation  of  railroad  sorting 
station,  attempting  to  optiaize  the  process  of  aaintain/serviceing 
the  arriving  to  this  station  freight  trains.  Are  previously  unknown 
neither  precise  torgue/aoaents  of  the  arrival  of  trains  nor  quantity 
of  cars  in  each  train  nor  addresses  with  which  are  directed  the  cars. 

All  these  characteristics  represent  by  theaselves  randoa  variables, 
the  law  of  the  distribution  of  each  of  whiich  (and  their  set)  can  be 
deternined  by  the  available  data  by  the  usual  aethods  of  aatheaatical 
statistics. 

It  is  analogous,  in  each  military  operation  are  present  the 
random  factors,  connected  with  scattering  of  projectiles,  with  the 
chance  of  the  torgue/aoaents  of  the  target  detection,  etc.  In 
principle  all  these  factors  can  be  studied  by  the  aethods  of  the 
probability  theory,  and  for  then  can  be  obtained  the  laws  of 
distribution  (or,  at  least,  nunerical  characteristics). 

In  the  case  when  the  unknown  factors,  which  figure  in  operation 
- Y,,  Y 2r  ...  - are  usual  randoa  variables  (or  the  randoa 
functions)  whose  distribution,  at  least  tentatively,  is  known,  for  the 
optiaization  of  solution,  can  be  used  one  of  the  two  aethods: 

- artificial  inforaation  to  the  determined  diagram; 

I 

I 
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- "optimization  on  the  average". 


Let  us  pause  in  nore  detail  at  each  of  these  methods. 


The  first  method  is  reduced  to  the  fact  that  the  indefinite, 
probabilistic  picture  of  phenomenon  is  approximately  substituted  that 
determined.  For  this,  all  the  participating  in  problem  random  factors 
it#  7*#:  are  approximately  substituted  not  random  (as  a rule,  by 
their  mathematical  expectations). 


This  method  is  applied  to  advantage  in  the  rough,  tentative 
calculations  when  the  range  of  random  changes  in  values  Yt,  Tz,  ... 
is  comparatively  small,  i.e.,  they  without  large  tension  can  be 
considered  as  not  random.  Let  us  note  that  the  same  method  of  the 
replacement  of  random  variables  by  their  mathematical  expectations 
can  successfully  be  applied  also  in  cases  when  values  Y1#  T?,  ... 
possess  large  spraad,  but  the  index  of  efficiency  H depends  on  them 
linearly  (or  almost  it  is  linear). 


Page  21. 


The  second  method  ("optimization  on  the  average"),  more  complex. 


is  applied,  when  the  chance  of  values  lt,  Yz,  ...  is  very  essential 


and  the  replacement  of  each  of  them  by  its  mathematical  expectation 


i 
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can  lead  to  large  errors. 

Let  us  consider  this  case  in  aore  detail.  Let  the  index  of 
efficiency  H depend  substantially  on  the  randon  factors  (let  us  for 
simplicity  copsider  then  randon  variables)  Y, , Y*,  ...;  let  us  assune 
that  to  us  is  known  the  distribution  of  these  factors,  let  us  say, 
that  density  of  distribution  f (yl#  y* , Let  us  assune  that  the 

operation  is  inpleaented  aany  tines,  noreover  conditions  Y,,  Yt,  ... 
vary  fron  one  tins  to  the  next  randonly.  Which  solution  xt,  xt,  .... 
should  be  selected?  It  is  obvious,  then,  with  which  the  operation  on 
the  average  will  be  nost  efficient,  i. e.,  the  aatheaatical 
expectation  of  the  index  of  efficiency  M will  be  aaxinal.  Thus,  it  is 
necessary  to  choose  such  solution  x( , x,,  ...,  during  which  is 
coqverted  into  naxinua  the  aatheaatical  expectation  of  the  index  of 
the  efficiency: 


ir  = ah  r i 

. : ... ; Jr-,  ...)/(</,,  u,, ... )dy , dt/t ...  (4.2) 

This  optiaization  we  will  call  "optiaixat ion  on  the  average". 

But  as  with  the  cell/eleaent  of  indeterninancy/uncertainty?  It 
is  certain,  in  which  that  aeasure  it  is  retained.  The  success  of  each 
separate  operation,  realized  at  the  rapdoa,  previously  unknown  values 
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I»,  Y*,  ...,  can  strongly  differ  fros  the  expected  average  as  into 
greater,  so,  unfortunately  and  to  saaller  side.  During  the  repeated 
realization  of  opa ration,  these  differences,  on  the  average,  are 
snoothed  out;  however,  the  freguently  this  aethod  of  the  optisization 
cf  solution,  after  the  lack  of  the  better/best,  is  applied  and  then, 
when  operation  is  realized  a total  of  several  tiaes  or  even  one  tiae. 
Then  it  is  necessary  to  consider  the  possibility  of  unpleasant 
unexpected  contingencies  in  each  individual  case.  As  coafort  us  can 
serve  thought  about  the  fact  that  the  "optiaization  on  the  average" 
all  the  sane  is  better  than  the  selection  of  solution  without  any 
proofs.  Applying  this  nethod  to  nuaerous  (at  least  and  different) 
operations,  all  the  sane  we  on  the  average  uia  aore  than  if  they  in 
no  way  used  calculation. 

In  order  to  conprise  to  itself  the  representation  of  that  how  ve 
risk  in  each  individual  case,  it  is  desirable,  except  the 
aatheaatical  expectation  of  the  index  of  efficiency,  to  consider  also 
its  dispersion  (or  root-aean-sguare  deviation). 

Host  difficult  for  research  is  that  case  of 
indeterainancy/uncertainty  when  the  unknown  factors  Yt,  Y*,  ... 
cannot  be  studied  and  are  described  with  the  help  of  the  statistical 
aethods:  their  laws  of  distribution  or  cannot  be  obtained 
(corresponding  statistical  data  are  absent),  or,  that  still  worse. 
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such  laws  of  distribution  completely  do  not  exist.  This  occurs,  when 
the  phenomenon,  under  discussion,  does  not  possess  the  property  of 
statistical  regularity. 

Page  22. 

For  example,  we  know,  that  on  Mars  is  possible  the  presence  of 
organic  life,  and  some  scientists  even  are  considered  it  very 
probable,  but  completely  it  is  not  possible  to  count  this  probability 
on  the  basis  of  any  statistical  data.  Another  example:  let  us  assume 
that  the  efficiency  of  the  design/projected  armament  strongly  does 
depend  on  that,  will  the  predicted  enemy  up  to  the  torque/ moment  of 
the  beginning  of  combat  operations  dispose  of  means  of  defense,  and 
if  yes,  then  by  which  precisely?  It  is  obvious,  there  is  no 
possibility  to  count  the  probabilities  of  these  hypotheses  - larger, 
it  is  possible  to  assign  then  arbitrarily  which  will  strongly  damage 
the  objectivity  of  research. 

In  similar  cases,  instead  of  the  arbitrary  and  subjective 
designation/purpose  of  probabilities  with  further  "optimization  on 
the  average",  is  recommended  to  consider  entire  range  of  the  possible 
conditions  Tt,  Y,,  ...  and  the  comprising  of  the  representation  of 
which  the  efficiency  of  operation  in  this  range  and  as  it  affect 
unknown  conditions.  Bith  this  problem  of  operations  research  it 


DOC  - 78068702 


PAGE  *»5 


acquires  new  aethodologica 1 special  feature/peculiarities. 

It  is  real/actual,  let  us  consider  the  case  when  the  efficiency 
of  operation  H depends,  besides  the  assigned  conditions  a , , ... 

and  the  cell/elentnts  of  solution  xa,  xtt  ...,  even  from  a series  of 
the  unknown  factors  Y1#  Y,»  ...  the  nonstatist ical  nature  about  which 
there  are  no  specific  infornation,  and  it  is  possible  to  aake  only 
assunption.  Let  us  try  all  the  sane  to  solve  problen.  Let  us  fix 
nentaJly  paraneters  Yt,  Y, , ....  let  us  give  to  then  conpletely 
specific  values  7t  * ya»  Y2  = y2,  ...>  and  let  us  transfer  thereby 
into  the  category  of  the  assigned  conditions  aa,  a2,  ....  For  these 
conditions  we  in  principle  can  solve  the  problen  of  operations 
research  and  find  the  appropriate  optinsn  solution  xa,  xt,  ....  Its 
cell/eleaents,  besides  the  assigned  conditions  a,,  a2t  ..., 
obviously,  will  da  pend  even  on  which  particular  values  we  gave  to 
conditions  Y | , Y(,  ... 

*‘=*|  (a>*  ®».  •••:  m. 

**  — y,, 

This  solution,  optinun  for  this  set  of  conditions  ya,  yt,  ... 
(and  only  for  it),  is  called  local-optinus.  This  solution,  as  a rule, 
no  longer  is  optinnl  for  other  values  Yt,  f*,  The  set  of 

local~optinun  solutions  for  entire  range  of  conditions  Ya,  Yt,  ... 
gives  to  us  the  representation  of  how  we  nust  enter,  if  the  unknown 
conditions  Ya,  Yt,  ...  were  to  us  in  accuracy  known.  Therefore 
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local-optima  solution  on  obtaining  of  which  often  ace  expended  aany 
effort /forces,  has  in  the  case  of  indeterainancy/uncertaiaty 
especially  United  value.  Is  coapletely  obvious  that  in  this  case  one 
should  prefer  not  the  solution,  strictly  optiaua  for  sone  specified 
conditions,  but  the  conproaise  solution*  which,  being  perhaps 
strictly  optiaua  for  which  conditions,  proves  to  be  acceptable  in  the 
whole  range  of  conditions. 

Page  23. 

The  at  present  full- valued  Mathematical  "theories  of  a 
conproaise " still  does  not  exist,  although  in  the  theory  of  solutions 
are  soae  atteapts  in  this  direction  (for  exaaple*  see  § 13  chapter  of 
9 this  books).  Usually  the  final  selection  of  conproaise  solution  is 
realised  by  aan  who,  relying  on  calculations,  can  consider  and 
coapare  the  pqwerful  and  weak  sides  of  each  version  of  solution  under 
different  conditions  also  on  the  basis  of  this  do  a final  selection. 
In  this  case,  it  is  not  necessarily  (although  soaetiaes  it  is 
interesting)  to  know  a precise  local  optiaua  for  each  set  of 
conditions  yt,  y#,  ...  . Thus,  the  classical  variation  and  newest 
optiaisation  aethods  of  aatheaatics  step  back  in  this  case  to 
background. 

Lastly  let  us  consider  the  peculiar  case,  which  appears  in  the 
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so-called  conflicting  situations  when  the  unknown  parameters  I|(  I,, 
.. . depend  not  on  objective  facts,  but  on  actively  counteracting  to 
us  eneay.  such  situations  are  characteristic  for  conbat  operations, 
partly  for  sport  competitions,  in  capitalist  society  - for  a 
concurrent  fight,  etc. 


Mhen  selecting  of  solutions  in  the  similar  cases,  can 
render/show  useful  the  mathematical  apparatus  of  the  so-called  theory 
of  games  - mathematical  theory  of  the  conflict img  situations  (see 
Chapter  10).  The  models  of  conflicting  situations,  studied  in  the 
theory  of  games,  based  on  the  assumption  that  we  deal  with  reasonable 
and  farsighted  enemy,  who  always  chooses  his  behavior  in  the  worst 
for  us  (and  best  for  ourselves)  manner.  This  idealization  of 
conflicting  situation  in  certain  cases  can  prompt  to  us  the  least 
risky,  "reinsurance"  solution  which  to  not  necessarily  accept,  but  in 
any  case  is  useful  to  keep  in  mind. 


Let  us  finally  do  one  a generality.  >Nith  the  proof  of  solution 
under  conditions  of  indeterminancy/uncertainty,  that  we  not  made,  the 
cell/element  of  indeterminancy/uncertainty  remains.  Therefore  it  is 
unwise  to  present  to  the  accuracy  of  such  solutions  of  too  high  a 
requirement.  Instead  of  after  scrupulous  calculations  unambiguously 
indicating  of  only  one,  in  accuracy  optimum  (in  some  sense)  solution, 
it  is  always  better  to  isolate  the  domain  of  the  acceptable  solutions 


DOC  * 78068702 


PAGE  <f  8 


which  prove  to  be  unessentially  worse  than  others*  whatever  point  we 
used.  In  linits  of  this  donain  can  produce  their  final  selection  the 
critical  for  it  persons. 

S • Estiaation  of  operation  by  several  indices. 

Above  we  considered  the  problem  of  operations  research  where  it 
was  required  so  to  select  solution  in  order  to  aaxinize  (or  to 
ainiaize)  the  one  and  only  index  of  efficiency  H.  In  practice 
frequently  is  encountered  the  case,  when  the  efficiency  of  operation 
is  necessary  to  consider  not  according  to  one,  but  ianediately 
according  to  several  indices:  HP,,  Wt,  soae  of  these  indices 

desirable  to  do  sore,  others  - are  less. 

As  a rule,  efficiency  of  large  in  voluae,  coaplex  operations 
cannot  be  in  a coa prehensive  Banner  described  with  the  help  of  one 
index;  to  aid  for  it  is  necessary  to  draw  ethers,  further. 

Page  24. 

For  example,  during  the  estiaatiop  of  the  activity  of  industrial 
enterprise  is  necessary  to  consider  a whole  series  of  indices  as 


that: 


f 
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-gain, 

-the  f ull/tota 1/coaplete  voluae  of  production  ("shaft"), 

- prise  cost,  etc. 

During  the  analysis  of  coabat  operation,  besides  the  basic 
index,  which  characterizes  its  efficiency  (for  exasple,  the 
aatheaatical  expectation  that  caused  to  the  enesy  of  daaage)  , is 
necessary  to  consider  a series  of  farther  as  that: 

-its  own  losses, 

'the  operation  tine, 

'the  a Munition  consuaption,  etc. 

This  aultitule  of  the  indices  of  efficiencies  froa  which  soae  it 
is  desirable  to  aaziaize,  and  others  - to  ainiaize,  is  characteristic 
for  aay  of  any  coaplex  problea  of  operations  research.  Does  arise  the 
question:  how  to  be? 

It  is  first  of  all  necessary  to  eaphasize  that  the  advanced 
requireaen ts,  generally  speaking,  are  iaoonpatifcle.  The  solution. 
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taming  into  naxinan  soie  one  index  8a*  as  a rule,  converts  either 
into  naxinun  or  into  the  nininun  other  indices  8*,  8,,  ....  Therefore 
widespread  foraalation  the  "achievenent  of  naxinan  effect  with 
nininnn  expenditures"  for  scientific  research  does  not  approach. 
Correct  is  any  of  the  foraulations  the  "achievenent  of  naxinun  effect 
with  the  assigned  expenditures"  or  "achievenent  of  the  assigned 
effect  with  nininun  expenditures". 

In  the  general  case  there  is  no  solutions*  which  would  convert 
into  naxinun  one  index  8t  and  it  is  sinultaneous  into  naxinun  (or  the 
aieinaa)  another  index  Hz;  all  the  tore,  this  solution  does  not  exist 
for  several  indices.  However*  the  quantitative  analysis  of  efficiency 
can  render/show  highly  useful*  also*  in  the  case  of  several  indices 
of  efficiency. 


First  of  all*  it  aakes  it  possible  to  previously  reject/throw 

. 

clearly  the  irrational  versions  of  solutions*  which  are  inferior  to 
the  best  versions  according  to  all  indices. 

I 

Let  ns  illustrate  the  aforesaid  based  on  exanple.  Let  be 
analyzed  the  conbat  operation  0*  evaluated  according  to  two  indices: 

| , h - probability  of  the  execution  of  conbat  aission 

"efficiency") ; 

S - cost/value  of  the  spent  eeaes. 


It  is  obvious#  the  first  index  it  is  desirable  to  convert  into 
the  naxinun#  and  the  second  - into  the  ninisun.  Let  us  assuae  for 
siaplicity  that  is  proposed  to  selection  the  finite  nuaber  - 20 
diverse  variants  of  solution;  let  us  designate  then  Xt,  Xf,  ...#  X*„. 
For  each  of  then#  are  known  the  values  of  both  indices  U and  S. 

Let  us  describe  for  clarity  each  version  of  solution  in  the  fora 
of  point  on  plane  with  coordinates  M and  S (Fig.  1.1)  ». 

FOOTNOTE  *•  in  the  book  figures  are  auabered  on  chapters#  and 
foraulas  and  tables  - on  paragraphs.  BNDBOOTNOTE. 

Bxanining  figure#  we  see  that  sone  versions  of  solution  "are 


I 
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noncoapetitive"  and  previously  aust  be  re ject/thrown.  It  is 
real/actual,  thosa  versions  which  have  above  other  versions  with  the 
sane  cost/value  S advantage  on  efficiency  U,  they  aust  lie/rest  on 
the  right  boundary  of  the  region  of  possible  versions.  The  sane 
versions,  which  with  an  egual  efficiency  possess  saaller  cost/value, 
aust  lie/rest  on  the  lower  boundary  of  the  region  of  possible 
versions. 

Which  versions  one  should  prefer  during  the  evaluation  of 
efficiency  according  to  two  indices?  Obviously,  those  that  lie/rest 
siaultaneo usly  both  on  the  right  and  on  lower  boundary  of  the  region 
(see  dotted  line  in  Pig.  1.1).  It  is  real/actual,  for  each  of  the 
versions,  which  do  not  lie  on  this  section  of  boundary,  always  will 
be  located  another  version,  which  is  not  inferior  to  it  on 
efficiency,  but  cheaper  or,  on  the  contrary,  not  being  inferior  to  it 
on  cheapness,  but  sore  efficient.  Thus,  of  20  advanced  versions 
aajority  drops  out  froa  coapetition,  and  to  us  there  reaains  only  to 
analyze  the  reaaining  four  versions:  Xt»,  XIT,  i,„  x20.  Proa  thea 
X|«  - aost  efficient,  but  ccaparatively  by  road;  Xzo  - cheapest,  but 
not  so/such  efficient.  The  natter  of  that  aaking  decision  - to  be 
disaaatle/selected  at  by  which  value  we  are  concordant  to  pay  the 
known  increase  of  efficiency  or,  on  the  contrary,  by  which 
portion/fraction  of  efficiency  we  are  concordant  to  endow  in  order 
not  to  carry  too  great  aaterial  losses. 
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The  analogous  preliminary  survey  of  versions  (although  without 
this  demonstrative  geometric  interpretation)  can  be  produced  also  in 
the  case  of  many  indices:  tt7,,  IT, Wk. 


■ 


I ' 

y 


This  procedure  of  the  preliminary  reject  of  the  noncompetitive 
versions  of  solution  must  always  precede  the  solution  of  the  problem 
of  operations  research  with  several  indices.  This*  although  does  not 
remove/take  the  need  for  a compromise*  substantially  reduces  the 
solution  set  within  limits  of  which  is  realized  the  selection. 


In  view  of  the  fact  that  the  composite  estimation  of  operation 
is  immediately  according  to  several  indices  difficult  and  requires 
speculations*  in  practice  frequently  they  attempt  to  artificially 
join  several  indices  into  one  generalized  index  (or  criterion)  . 
Frequently  as  this  qeneralized  (compound/composite)  criterion  is 
taken  fraction;  in  numerator  place  those  indices  U ,,  ....  Wm,  which  it 
is  desirable  to  increase*  and  in  denominator*  those  which  it  is 
desirable  to  decrease: 

U_  r»»_  (5.1) 

0 m+  I U k 

Page  26. 


L 
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For  example,  if  speech  occurs  about  coabat  operation,  in 
numerator  place  such  values  as  "the  probability  of  the  fulfillment  of 
combat  mission"  or  the  "losses  of  enemy";  in  denominator  - "his  own 
losses",  "ammunition  consumption",  the  "operation  time",  etc. 

An  overall  deficiency/lack  in  the  "coapound/coaposite  criteria" 
of  type  (5.1)  it  is,  the  fact  that  a deficiency/lack  in  the 
efficiency  according  to  one  index  always  it  is  possible  to  compensate 
for  because  of  another  (for  example,  small  probability  of  the 
fulfillment  of  combat  mission  - because  of  the  low  ammunition 
consumption  and,  ate.).  Similar  criteria  call  to  mind  into  joke 
proposed  to  Leo  Tolstoy  "evaluation  criteria  of  nan"  in  the  fora  of 
the  fraction  where  the  numerator  - true  advantages  of  man,  and 
de>nominator  - its  opinion  about  itself.  The  groundlessness  of 
criterion  is  obvious:  if  we  take  it  in  earnest,  then  nan,  almost 
without  advantages,  but  entirely  without  conceit,  will  have  infinite 
value  ! 


Frequently  "coapound/coaposite  criteria"  are  proposed  not  in  the 
fora  of  fraction,  but  in  the  form  of  the  "weighted  sun"  of  the 
separate  indices  of  the  efficiency: 

t/=a,  r.  + fl.r,  + ...  + 0*11'*,  (5.2) 

wk««  fli,  o; a*  - positive  or  negative  coefficients,  positive  are 
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placed  with  those  Indices  which  it  is  desirable  to  maximize;  negative 
- with  those  which  it  is  desirable  to  einieize.  The  absolute  values 
cf  coefficients  ("weight")  correspond  to  the  degree  of  the  importance 
of  indices. 


It  is  not  difficult  to  ascertain  that  the  coapound/conposite 
criterion  of  fora  (5.2)  actually  in  no  way  differs  froa  the  criterion 
of  fora  (5.1)  and  possesses  the  saae  defbcienc y/lacks  (possibility  of 
the  autual  compensation  heterogeneous  indices) . Therefore  the 
nopcritical  use  of  any  fora  of  "coapound/coaposite"  criteria  fraught 
with  dangers  can  lead  to  incorrect  recoaaendations.  However,  in 
certain  cases  when  "weights"  are  not  chosen  arbitrarily,  and  they  are 
selected  so  that  the  coapound/coaposite  criterion  would  implement  in 
the  best  way  its  function,  it  is  possible  to  obtain  with  its  aid  soae 
results  of  the  limited  value. 


In  certain  cases  problen  with  several  indices  can  ba  reduced  to 
problea  with  some-only  index,  if  we  isolate  only  one  (aain)  index  of 
efficiency  Wt  and  to  attempt  it  to  convert  into  aaxiaua,  but  to  the 
remaining,  auxiliary  indices  ti2,  Hj,  ...  to  superimpose  only  soae 
liaitations  of  the  fora: 


W,  r- 


U"„  > ti'm'.  W'm+I  Ctl'm-H: 


These  liaitations,  it  goes  without  saying,  will  enter  into  the 


9 

- 


; 
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set  of  the  assigned  conditicns  at  , at*,  .... 

For  exaaple,  during  the  optisization  of  the  job  schedule  of 
industrial  enterprise  it  is  possible  to  require  so  that  the  gain 
would  be  aaxinua,  plan/layout  with  respect  to  assortaent  was 
fulfilled,  but  the  priae  cost  of  production  - not  higher  than  given 
one.  During  gliding/planning  of  the  boabing  raid,  it  is  possible  to 
require  so  that  the  replaced  to  the  eneay  daaage  would  be  aaxiaua, 
but  in  this  case,  their  own  losses  and  the  cost/value  of  operation 
did  not  exceed  known  liaits. 

Page  27. 

Opon  this  foraulation  of  the  problea,  all  indices  of  efficiency, 
exaept  one,  aain,  are  translated  into  the  discharge  of  the  assigned 
conditions  of  operation.  The  versions  of  solution,  which  are  not 
pLaced  in  the  assigned  boundaries,  iaaediately  are  reject/thrown  as 
noncoapetitive.  The  obtained  recoanendations,  obviously,  will  depend 
on  that,  as  are  selected  liaitations  for  auxiliary  indices.  In  order 
to  deteraine,  how  this  affects  the  final  recoaaendations  by  choice  of 
solution,  it  is  useful  to  vary  liaitation  within  reasonable  liaits. 

Finally,  is  feasible  one  additional  way  of  the  construction  of 

coaproaise  solution,  which  can  be  naned  the  "nethod  of  consecutive 

concessions" . 
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Let  us  assuae  that  the  indices  of  efficiency  are  arrange/located 
in  the  order  of  the  decreasing  iaportance:  first  basic  W,,  then 
others,  auxiliary:  W2,  w3,  ....  For  siaplicity  let  us  consider  that 
each  of  then  aust  be  converted  into  the  aaxinun  (if  this  not  then,  it 
suffices  to  change  the  sign  of  index).  The  procedure  of  the 
construction  of  coaproaise  solution  is  reduced  to  following.  First  is 
ought  the  solution,  which  rotates  into  aaxiaun  the  aain  index  of 
efficiency  Hi.  Then  it  is  assigned,  on  the  basis  of  practical 
considerations  and  accuracy,  froa  which  are  known  initial  data  (but 
freguently  it  is  saall) , certain  "concession"  AH,  which  we  are 
concordant  to  allow  in  order  to  convert  into  aaxiaua  the  second  index 
S2.  He  assign  on  index  H,  liaitation  so  that  it  would  be  not  less 
than  where  H*,  - aaxiaally  possible  value  Ht,  and  during 

this  liaitation  we  seek  the  solution,  which  rotates  into  aaxinun  H2. 
Further  again  is  assigned  the  "concession"  in  index  H2,  by  value  of 
which  it  is  possible  to  naxinize  H„  and  so  forth. 

This  aethod  of  the  construction  of  coaproaise  solution  is  good 
in  that  it  is  here  iaaediately  evident,  by  the  value  of  which 
"oonoession"  in  one  index  is  acquired  gain  in  other. 


Let  us  note  that  the  freedoa  of  choice  of  solution,  acquired  by 
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the  value  even  of  insignificant  "concessions'**  can  render /show 
essential,  since  in  naxinua  region  usually  the  efficiency  of  solution 
varies  very  ueakly. 

One  way  or  another*  with  any  aethod  of  f or salination,  the 
problea  of  the  guantitative  proof  of  solution  fcy  several  indices 
re sains  not  to  end  deterained*  and  the  final  selection  of  solution  is 
deterained  "coaaander's  volitional  event/report”  (so  we  conditionally 
will  call  the  critical  for  selection  face).  Researcher's  natter  - to 
l*t  into  coaaander's  order  a sufficient  g'uantity  of  data*  that  per  ait 
for  i*  to  thoroughly  consider  advantages  and  deficiency/lacks  in  each 
version  of  solution  and*  relying  on  then*  to  do  a final  selection. 


1.  Problems  of  linear  prog  ramming. 

In  many  regions  of  practice,  appear  the  peculiar  problems  of 
optimization  of  the  solutions,  for  which  are  characteristic  the 
following  features: 

- index  of  efficiency  W represents  by  itself  linear  function 
from  the  cell/elei  ents  of  solution  xlf  x2,  . . .. ; 

- limiting  conditions,  assigned  for  the  possible  solutions,  take 
the  form  of  linear  equalities  or  inequalities. 

Such  problems  is  conventionally  designated  as  the  problems  of 

linear  programming  >. 
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FOOTNOTE  l.  Word  "programming"  borrowed  from  foreiyn  literature  and 
in  this  case  indicates  nothing  else  but  "ylidinq/planning". 


ENDFCOTNOTE. 


Let  us  give  several  examples  of  the  problems  of  linear 
programming  of  the  different  regions  of  practice. 


1.  Problem  of  food  ration.  There  are  four  forms  of  food 


pr  oducts: 


iii,  n,,  n„  n«. 

Is  known  the  cost/value  of  unity  of  each  product: 


Of  these  products  it  is  necessary  to  comprise  food  ration  which 


must  contain: 


Cl.  c»>  c*<  €»■ 


- proteins  is  not  less  than  to,  unity. 


- carbohydrates  are  not  loss  than  b2  unity. 


- grease  are  not  less  than  b3  unity. 


Onity  of  product  IT,  contains  alt  unity  of  proteins,  a,2  unity  of 
carbohydrates,  ata  unity  of  gruase,  etc.  The  content  of  cell/elements 
in  unity  of  each  product  is  assigned  by  table  (Table  1.1). 


-rl 
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It  is  required  so  to  comprise  food  ration  in  order  to  ensure 
assigned  conditions  (1.1)  with  the  minimum  cost/value  of  ration. 


Let  us  write  the  formulated  verbal  conditions  of  problem  in  the 
form  of  mathematical  formulas-  Let  us  designate 

*1>  *4  j 

quantities  of  products  n,,  nt,  I"I,,  fl,,  entering  the  ration. 


Page  29. 


It  is  obvious,  the  common/general/total  cost/value  of  the  ration 


will  be 


L = C,X,  + C*JEt  + CfX,  + c«x4 


or  it  is  shorter 


L-S  etx,. 

(—i 


Let  us  register  mathematically  conditions  (1.1).  In  one  unity  of 
product  n»  is  contained  alt  unity  of  protein,  which  means,  that  in  x, 
unity  - auX(;  in  x*  unity  of  product  n,  is  contained  a21x?  unity  of 
protein,  etc.  The  total  quantity  of  proteins,  which  is  contained  in 
ration,  must  not  be  less  than  bt ; we  hence  obtain  the  first 
condition-inequality: 


flu  + aa  *«  ^ 


(1.3) 
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Record/writing  analogous  conditions  for  carbohydrates  ar.d  fats, 
we  will  obtain,  including  (1.3),  three  condition-inequality: 

®u  *1  "f  ®ii  *»  *ii  *«  + ®«i  *«  ^ bit 

Oi»  x,  + att  x, +aM  it|  + x4  > 6t.  (1-^) 

f *i»  xi  +•  °t»  xt  + au  x*  + au  x*  ^ 

These  conditions  represent  by  themselves  tho  limitations, 
superimposed  on  the  solution. 

Appears  the  following  task: 

to  select  such  nonnegative  values  of  variables  _ , _ , 

*1*  *i»  *!•  A4* 

that  satisfy  linear  inequalities  (1.4),  witn  which  the  linear 
function  of  these  variables 

L = Ci*,  + Ctxt  + CfX,  + CtX, 
would  be  converted  into  minimum. 


Stated  problem  represents  by  itself  the  typical  task  of  linear 
programming.  Without  being  stopped  as  far  as  on  the  methods  of  its 
solution  (about  this  speech  it  will  go  subsequently),  let  us  place 
still  several  similar  tasks. 

I 

i 


Wl 
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Table  1.1. 


1 (/>  

~n  rA»OAbl  12  *b|%j 


«ai  I <•« 


Kay:  (1).  Cell/elm  lent . (2).  proteins.  (3).  carbohy  dratos.  (4) 

grease.  (5).  Product. 


Page  3 0. 

2.  Task  of  loading  of  machine  tools.  Weaving  factory  has 
available  Nt  machine  tools  of  type  1 and  N2  machine  tools  of  type  2. 
Machine  tools  can  produce  four  foras  of  the  fabrics: 

7*,.  r„  r„  7v 

Each  type  of  machine  tool  can  produce  any  of  the  forms  of 
fabrics,  but  in  uniden*ical  quantity.  A machine  tool  of  type  1 is 
produced  in  month  aj,  of  the  meters  of  fabric  T1#  ai;  meters  of 
fabric  T2,  a,j  neterr  of  fabric  T3,  a14  meters  of  fabric  r4.  The 
corresponding  numbers  for  a machine  tocl  of  type  2 will  be  a2i,  a22, 
a*j#  Thus,  the  productivity  of  machine  tools  in  the  production 

of  each  form  of  fabric  are  assigned  to  Tdble  1.2. 


Each  meter  of  fabric  Tj  yields  to  factory  income  cl#  fabrics  T; 
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- incoae  c2,  fabrics  T3  - income  c3  and  fabrics  T,  - income  c4  . To 
factory  is  prescribed,  the  plan/layout  according  to  which  it  is  due 
to  produce  for  the  month: 

is  not  less  than  bt  meters  of  fabric  Tlr  is  not  less  than  b2 
meters  of  fabric  T2,  is  not  less  than  b3  meters  of  fabric  T3  and  is 
not  less  than  b4  meters  of  fabric  T4,  i.e. , planned  target  is 
expressed  by  numbers  bt,  t2,  b3,  b4. 

It  is  reguired  so  to  distribute  loading  machine  tools  by  the 
production  of  the  fabrics  of  different  form  so  that  the  plan/layout 
mould  be  carried  out  and  in  this  case  monthly  gain  would  be  maximum. 

Let  us  register  the  conditions  of  task  mathematically.  Let  us 
designate  x3 t - number  of  machine  tools  of  type  1,  occupied  with  the 
production  of  fabric  Tt,  xl2  - number  cf  machine  tools  of  type  1, 
occupied  with  the  production  of  fabric  T2 , and  generally  xa—  a 
number  of  aachine  tools  of  the  type  i,  cccupieu  with  the  production 
of  fabric  Tt.  The  first  index  corresponds  to  the  type  or  machine 
tool,  the  second  - to  a form  of  fabric  (i  = 1,  2,  j = 1,  2,  3,  4). 

Thus  appear  eight  variables  - cell/elements  of  the  solution: 

*111  xit>  *i»>  gj 

***•  **»>  xUt  I 

which  we  they  aust  select,  so  that  the  montnly  gain  woul.1  be  maximum. 
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Let  us  register  formula  for  calculating  this  gain-  Each  meter  of 
fabric  T,  yields  gain  Cj ; x,,  meters  of  fabric  Tt  they  will  bring 
gain  c,xu;  in  all  fabric  1 will  bring  gains  Ci(xlt  ♦ x21)  and  so 
forth.  Common/general/total  gain  will  be  egual  to: 

L = c,  (xu  -f-  xtl)  4-  ct  (Xjj  + xn)  +c3  (Xjj  + x*j)  +c4  (xlt  -|-  x^).  (1.6) 

It  is  requirad  to  select  such  nonnegative  values  of  variables 
(1.5)#so  that  the  linear  function  from  them  (1.6)  would  be  converted 
into  maximum. 


: ' 
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"Table  1.2. 
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Key:  (1).  Type  of  machine  tool.  (2).  Form  or  fabric. 
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In  this  case,  must  be  implemented  the  following  limiting  conditions: 


1)  tie  source/1  ifet  imt  s on  machine  tools  must  not  be  exceeded, 
i. e. , the  sum  of  yuantities  of  each  type  machine  tools,  occupiel  witn 
the  production  of  all  fabrics,  must  not  excted  the  available  stock  ot 
the  machine  tools: 

*•  _L  e v _i_  V K _•  l 

(1.7) 


*11  •+  *U  + *13  + *14  ^ 

*tl  + *«*  + *11  + *M  ^ 

2)  Assignments  with  respect,  to  assortment  must  be  carried  out 
(or  are  exceeded).  With  account  of  the  data  of  Table.  1.2  these 
conditions  will  be  registered  in  the  fcrm  ot  the  inequalities: 

au  *11  + *n  ^ b\, 

alK  *lt  + °SJ  *»»  ^ 

°13  *1*  + fll  *»*  > ^». 

°14  *14  +0*4  *14  ^ bt. 

Thus,  is  formulated  the  task: 


(1.8) 


To  select  such  non-negative  values  of  variables  x, l(  *,*» 

•••#  >24i  that  satisfy  linear  inequalities  (1.7)  and  (1.3),  by  which 


a A 
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the  1 inear  function  of  those  variaules  (1.6)  would  be  converted  into 

■a  xiaum. 


3.  Task  of  distribution  of  resource/liiet iaes.  There  die  some 
re source/1 if etimes  (raw  material,  work  force,  equipment): 

S|i  •••  ■ 

in  quantities  respectively 

6j,  fc|t  ...  i 

units.  With  the  help  of  these  resource/lif etimes  can  be  produced  the 
ijoods: 

Tt, ... , T „. 

for  the  production  of  one  unity  of  goods  t,  it  is  necessary 

a,,  to  unity  of  resouL  co/1  if  etine  R,  (i  * 1,  2,  m ; j * 1 , 2, 

••wi  n)  . Bach  unity  of  resource/lif  etiae  R,  costs  <J|  rubles  (i  = 1, 

2t  ■)  • Bach  unity  of  goods  can  be  realized  on  value 

tiii  - I.  2 n) 

In  each  fora  of  goods  a quantity  of  produced  unity  is  limited  to 
thn  demand:  it  is  known  that  the  market  cannot  absorb  more  than  kj 
unity  of  goods  T,  (;  - 1,2,’...,  a). 

It  does  ask  itself:  which  quantity  of  unity  of  which  goods  must 
be  produced,  in  order  to  realize  maximum  gain? 
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Let  us  register  the  conditions  of  task.  Let  us  designate 


^1»  ••• 


quantities  of  goods  Tj,  T2,  ...,  Tn,  which  we  will  plan  to 
production.  The  conditions  cf  demand  assign  on  these  values  of  the 

li aitation : 


*1  < *t  < k*.  ••• ; < *»• 


Fage  32. 


Resou rc e/1 if e t i «e s aust  suffice,  hence  auteur  the  limitations: 

On  *i  +°i«  xt  + •••  + am  ^ 

ail  *1  + aM  xt  + •••  xn  kt< 

umi  X)  + amt  *«+•••  + amn  xn^bm 

These  conditions  it  is  possible  to  write  nore  briefly  in  the 


form: 


>'  au  xl  ^ ^1. 
i-i 

n 

? at)  X,  < b j, 

f-i 


y amj  Xt  < f’m-  ) 

It  is  expressed  gain  L depending  on  the  ce  11/e lements  of  the  solution 

Xj,  •*$,  ...  , X,Jt 

Pri**  cost  ij  of  unity  of  goods  T,  is  equal  tc 


$)  ~ atJ  d,  + Ogf  dt  -f- ...  am;  dm< 


or,  ia  is  shorter. 


s;-  y at,d,  (/-  1.  2 n>  (1.11) 

Ifht  coaputing  according  to  this  formula  the  prime  cos?  of 


r 
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unity  of  each  goods,  »e  will  ottaiu  a series  or  the  values: 

S|,  s?, ...  f s„. 

pure/clean  gain  q >*  obtained  from  the  realization  ot  one  unity 
of  gopds  Tj.  is  equal  to  the  difference  between  its  selling-price 
Cj  and  priae  cost  s>: 

Qj—C) — S)  (/  = li  2, ... , n ).  (1.12) 

On  this  foraula  we  obtain  pure/clean  gains  per  unit  for  all 


goods: 


<7n  Qt <7.* 


Commo n/genera 1/t ot al  pure/clean  gain  from  the  realisation  of  all 


goods  will  be 


L = <Ji  A'l  -f-  </-i  xt  -f-  ...  -f-  (/„  JCH, 


or.  it  is  shorter. 


r <?>*/• 

(-i 


Faye  33. 


Task  is  reduced  to  following: 

To  select  such  nonneyative  values  of  the  variables  x1#  •••# 

which  satisfy  linear  inequalities  (1.9),  (1.10)  and  convert  into 
■axinum  the  linear  function  of  these  variables  (1.13). 

4.  Transport  problea.  There  are  ■ of  the  storages: 


Ci,  Cj, ... , Cp| 


— r — 


Pi  | w-'-'T" 


" — "ww 
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and  n of  the  point/iteas  of  the  consumption; 

n„  n„ ... , n, 

(see  Fig.  2.  1)  . 


Speech  occurs  about  the  composition  or  the  plan/layout  of 
transport  from  storages  C1#  C2t  ...,  cm  into  pcint/iteas  n,,  n„  ....  n„ 
certain  goods.  On  storages  Ct,  C2,  ...»  Cm  are  supplies  of 
goods  in  the  quantities 

fll,  U*>  •••  • 


of  unity.  The  point/items  of  consumption  jj  pjn  fed  the 

claims  respectively  to 

hi,  bt, ... , bn 


of  unity  of  goods.  Claims  are  feasible,  i.e.,  the  sum  of  all  claims 
does  not  exceed  the  sum  of  all  available  supplies; 


y 


i-i 


I*. 

i-1 


Storages  Clt  ...»  Cm  are  connected  with  the  point/items  of 

coasuaption  n, n,,  by  some  grid/netwctk  of  roads  with  the 

specific  tariffs  on  transport.  The  cost/value  of  the  transport  of  one 
unity  cf  goods  from  storage  C i into  pcint/itea  /7j  is  equal  to  Ci> 

(i  1,  2,  . . . § m;  j — 1,  2,  .«.,  n ) . 


I 
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Faye  34. 

It  is  required  to  comprise  the  plan/layout  ot  transport,  i.e., 
to  indicate  that  from  which  storage  into  which  point/itous  and  which 
guantity  of  goods  must  he  directed  so  that  the  claims  would  be 
carried  out,  and  overall  e xpenditu re/ccnsumptions  to  all  transport 

were  minimum. 

Let  us  designate  x,j  — the  quantity  oi  unity  of  goods,  directed 
from  storage  C,  in  point/item  rij  (if  from  this  storage  for  this 
point/item  goods  are  not  directed,  x^=0). 

The  solution  (plan/laycut  of  transport)  consists  of  Hn  ot  the 

*11»  *11#  •••  • *ln» 

^fl»  *tl»  •••  » 


numbers: 


PAGE 


forming  rectangular  array  (natr ix/die)  . Let  us  in  abbreviated  form 
designate  it  \xt]).  it  is  required  to  select  such  nonnegative  values  of 


satisfied  the  following  conditions 


1.  The  capaci tance/capacity  of  storages  must  not  be  exceeded 


i.e.#  the  total  quantity  oi  goous,  undertaken  from  each  stoiage,  must 


not  exceed  the  available  on  it  supplies 


*n  4*  *«  + •••  + *i»  ^ flt‘i 

**1  + *M  + •••  "f  *«n 


2.  Claims,  subject  by  point/iteas  of  consumption,  must  be 
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The  coamon/generai/total  cost/value  of  transport  L will  be  egual 

L =*c,rx„  -hcttxlt-f- ...  +Ci„x,ll-f- 
+ Cfi  Xu  -|-  Clt  Xn  -f-  ...  + *tn  4" 

-f-  ...  ■+■  Cmi  xmJ  -f-  cmt  xm,  + ...  + cmn  xmB, 


or,  it  is  auch  shorter, 

L-f.  jicuxa.  (1>6) 

<— i /— i 

Jt  is  required  so  to  select  the  plan/layout  of  transport  (jt,;)  (i 
3 1,  2,  ...,  a;  j - 1,  2,  ...,  n)in  order  cost/vaiue  L of  these 
transport  to  convert  into  the  minimum. 

Again  arises  the  problea,  analogous  exaained  earlier:  to  select 
non-negative  values  of  variables  (xu)  so  that  during  satisfaction  of 
conditions  (1.14),  (1.15)  the  linear  function  of  these  variables 

(1.16)  would  reach  the  minimum. 

Certain  special  feature/peculiarity  of  this  problea,  in 
coaparison  with  those  previously  examined,  lies  in  the  tact  that  not 
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all  restrictions  placed  on  variables  are  linear  inequalities;  namely, 
conditions  (1.15)  are  registered  in  the  form  of  linear  ejualities. 

In  the  future  we  will  meet  the  problems  of  tne  linear 
programming  in  which  limiting  conditions  taxe  botn  the  form  of  linear 
inequalities  and  equalities,  and  will  learn  with  lightness/ease  to 
Fass  from  some  to  others  and  vice  versa. 


Let  us  note  that  upon  certain  setting  of  transport  problem  all 
limiting  conditions  of  problem  become  equalities.  Namely,  if  the  sum 
of  all  claims  equal  to  the  sum  of  all  supplies 


then  each  storage  will  be  unavoidably 
on  it  is,  and  inequality  (1-14),  just 
converted  into  equalities. 


from  exported  everything 
as  (1.15),  after  being 


which 


This  problem  about  transport  is  called  transport  problem,  and  it 
we  will  be  specially  occupied  subsequently  (see  §9-14  this  chapters). 

5-  Problem  of  production  of  complex  equipment.  Plan/glides  the 
production  of  the  complex  equipment  whcse  each  assembly  consists  of  n 
of  the  cell/elements: 

3n  9|i  •••  • 
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Page  36. 

Orders  to  the  production  of  these  cell/elements  can  be  placed  on 
■ the  different  enterprises: 

nt nm. 

During  preset  time  T in  enterprise  n,  it  is  possible  to  prepare 
au  cell/ elements  of  type  3 > (i  = i#  in;  j = 1,  ...»  n)  . 

To  delivery  are  subject  only  f ull/total/complete  asseeblies  of 
equipment,  which  consist  of  the  set  of  all  cell/elenents  3„  3*  ....  3„. 


It  is  required  to  distribute  orders  on'  enterprises  so  that  the 
number  of  full/total/complete  assemblies  of  equipment,  prepared  for 
time  T,  would  be  maximal.  Flan/gliding  the  production  of  equipment, 
we  must  for  each  enterprise  Tl,  indicate,  what  part  of  the  available 
!■  ita  order  time  it  must  return  to  the  proauction  of  cell/elements 
(i  * 1,  ...»  m;  j = 1,  ...,  n). 

Let  us  designate  *u  the  fraction  of  time  T which  enterprise 
n,  it  will  give  to  the  production  of  cell/element  3,  (if  this 
©• !!/•!•■• nt  in  this  enterprise  not  at  all  is  produced,  xti  = (j). 


During  gliding/planning  we  must  observe  the  following  limiting 


1 
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conditions:  the  quantity  of  time  which  each  enterprise  spends  on  the 
production  of  all  cell/element  s,  must  net  exceed  the  overall  supply 

cf  tine  T (but  "fraction"  - unity)  : 

*n  + •••  + *|„  ^ 1, 

*»l  + **»  + •••  + ^ 1 t 

*»1  "h  *mt  "■(“•••"+■  ^ l • 

or 


£ *u  Cl> 


!u  xmJ  ^ !•  I 
f-l  I 

Let  us  determine  a quantity  of 
the  equipment  which  for  time  T will 


(117) 


full/total/complete  assemblies  of 
place  ail  enterprises  together. 


The  total  quantity  of  cell/elements  which  will  produce  all  3Jt 
enterprises  together,  will  be  equal 

Ni  = *u +<*uXtj  + ...+ami 

or 

Ni  = ^aaxlt  n).  (1.18) 

/»i 

Page  37. 

Thus,  with  the  assigned  plan/layout  of  the  distribution  of 

orders,  i.  e. , with  given  ones  Xfj  (i  = 1,  m;  j = 1,  ...,  n)  will 

be  produced:  ,v 

— JV,  sioeMn.mpoB  s-neMCHTa  3, 

—Nt  9KS?Mn.i»poB  MeMeHTa  3, 

— Nn  9K$MnaapoB  saeMPHTa  3„ 

Key:  (1).  The  copies  of  cell/element. 
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How  many  complete  assenblies  oi  equipment  it  is  possible  to 
gather  from  these  elements?  Is  obvious  so  many,  how  minimum  of  all 
numbers  N4 , N^,  • It  is  real/actual,  if,  for  example,  elements 

of  the  type  » is  produced  by  100  pcs.,  and  cell/elements  of  the  type 
3t—  a total  of  of  10  pcs.,  then  we  in  any  way  can  gather  of  those 
cell/elements  of  more  than  10  f ull/t ot a 1/complete  assemblies. 

Let  us  designate  Z - quantity  of  full/tot al/completa  assemblies 
of  the  equipment  which  can  be  gathered  with  this  plan/layout  of  the 
arrangement/position  of  orders  (*,,). 

He  have: 

Z*=minNh  (1.19) 

/ 

where  by  sign  min  is  designated  minimum  from  the  numbers,  which  stand 

i 

under  this  sign,  for  all  possible  j. 

Taking  into  account  (1.18),  condition  (1.19)  can  be  rewritten  in 

the  form 

Z-mlnf 

/ ;-i 

Thus,  we  come  to  the  following  mathematical  formulation 
of  the  problem: 
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To  find  such  nonnegative  values  of  variables 


be  implemented  inequalities  (1-17)  and  in  this  case  was  converted 


into  maxim  urn  the  function  of  these  variables 

m 

Z=*min  J a4Jxu. 


The  difference  for  this  problem  from  ail  those  previously 
examined  lies  in  the  fact  that  here  maximized  function  L is  not 


linear  function  from  variables  xtj  and,  thus,  problem,  strictly,  i. 
not  the  problem  of  linear  programming-  However,  it  it  is  easy  to 
reduce  to  the  problem  of  linear  programming  by  following  reasonings 


Value  Z can  be  considered  as  new 


solve  following  problem 


To  find  such  non 


I 
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To  find  such  nonnegative  values  of  variables  xlt,  so  that  would 
be  implemented  inequalities  (1.17)  and  in  this  case  was  converted 
into  maximum  the  function  of  these  variables 

m 

Z=»min  J a,)XU. 

/ i— » 

The  difference  for  this  problem  from  ail  those  previously 
examined  lies  in  the  fact  that  here  maximized  function  L is  not 
linear  function  from  variables  xt)  and,  thus,  problem,  strictly,  is 
not  the  problem  of  linear  programming.  However,  it  it  is  easy  to 
reduce  to  the  problem  of  linear  programming  by  following  reasonings. 


Since  value  Z is  minimum  of  all  values  Nf  = Y at)x then  it  is 

<—  i 

possible  tc  write  a series  of  the  inequalities 

m 

A,  0,1  X"  ^ Z' 

m 

TanX,t^Z;  „ o.v 


Page  38. 


2 1 °ln  *ln  ^ 2. 


Value  Z can  be  considered  as  new  nonnegative  variable  and  to 

solve  following  problem. 


Tj  l i n*l  much  non-negative  values  cf  the  variables  xlt,  x12# 


- • * » X; 
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and  Z,  so  that  they  would  satisfy  lineat  inequalities  (1.17)  and 
(1.21)  and  with  this  value  Z it  was  converted  into  maximum. 

Since  value  Z is  a linear  runction  of  tne  new  vatianles  xIlf 
Xj2#  'm  m m 0 Xmn,Z‘. 

Z =0-xn  +0'Xlt+  ...  +0-Xm„+  1 *Z, 

the  problem  is  reduced  to  the  usual  problem  of  linear  programming,  by 
introduction  "excess"  alter  rat ing/variabl e Z wnicn  in  tne  initial 
foraulation  of  the  problem  did  not  figure. 

Problems  of  such  type  where  it  is  required  to  convert  into 
maximum  the  minimum  value  cf  some  value  (or,  on  the  contrary,  into 
minimum-maximum),  fairly  often  they  are  encountered  in  practice  and 
are  called  "problems  to  minimax".  with  such  problems  we  will  be  still 
met  in  Chapter  10. 


Thus,  we  considered  a whole  series  of  the  problems  of  operations 
research  from  the  different  regions  cf  practice;  these  problems  are 
characterized  by  some  common/gener al/total  features.  In  each  of  them 
the  cell/elements  of  solution  represent  by  themselves  a series  of  the 
nonnegative  variables  xt,  x2»  ....  Is  required  so  to  selact  the 
values  of  these  variables,  so  that 

1)  would  be  implemented  some  limitations,  having  the  form  of 
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linear  inequalities  or  equalities  relative  to  the  variables  xl#  x2. 


2)  certain  linear  function  L the  same  variables  it  was  converted 
into  maximum  (minimum). 

The  mathematical  apparatus  of  the  linear  programming 
presentation  of  which  we  begin,  is  intended  specially  for  the 
solution  of  such  problems. 

Can  arise  the  question:  a is  necessary  this  special  apparatus? 

It  is  cannot  whether,  as  is  customary  in  mathematics,  it  is  simple  to 
differentiate  L arguments  xt,  x2,  ...,  to  make  derived  egual  to  zero 
and  to  solve  the  obtained  system  of  equations? 

No,  it  turns  out  that  it  is  not  possible  to  do  this  ! Since 
function  L is  linear,  derivatives  of  it  on  all  arguments  are  constant 
and  nowhere  into  zero  they  are  converted.  The  maximum  (or  the 
■ininun)  of  function  L,  if  it  exists,  it  is  reached  always  somewhere 
on  the  boundary  of  the  region  of  the  possible  values  xlr  x2,  ..., 
i.e. , where  come  into  action  limitations. 

Eage  39. 
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The  mathematical  apparatus  ot  linear  programming  allows  for  us 
consecutively,  within  the  shortest  periods,  to  examine  the  boundaries 
of  the  region  of  possible  solutions  and  to  find  on  these  boundaries 
the  solution,  which  is  optimum,  i.e.,  such  value  part  xt,  x2,  ...» 
with  which  the  linear  function  L is  converted  into  maximum  or  into 
the  minimum. 

2.  Basic  problem  of  linear  programming. 


Above  we  considered  different  practical  problems,  which  were 
being  reduced  to  the  diagram  of  linear  programming.  In  some  of  these 
problems  linear  limitations  took  the  form  of  ineguality,  in  others  - 
equalities,  in  the  third  - those  and  others. 


Here  we  will  examine  the  problem  cf  linear  programmrng  with 
limitation-equalities  - the  so-called  basic  problem  ot  linear 
programming  (OZLP)  . 

In  the  future  we  will  show  how  from  problem  with 
limitation-inequalities  it  is  possible  to  pass  to  OZLP,  and  vice 

versa. 

The  basic  problem  of  linear  programming  is  placed  as  follows. 
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There  is  a series  of  variables 


Xj,  •••  i xm* 


It  is  required  to  find  such  nonnegative  values  of  tnese 


variables  which  would  satisfy  the  system  of  the  linear  equations: 


fln  *1  +■  fli»  xt  + •••  + ai»  “ &i» 


a»i  *i  + fl»*  x»  ~h  •••  + ®*i»  •*«  "*  b» 


(2.1) 


®«1  *1  "h  amt  xl  "f"  •••  “I”  ®mn  xn  “ 

and,  further eore,  would  be  converted  into  minimum  the  linear  function 

(2.2) 


L ™ Cj  Xi  4-  ct  xt  + ...  -f-cB  x„. 

It  is  obvious,  the  case  when  linear  function  must  be  converted 
not  into  the  minimum,  but  into  maximum,  easily  it  is  reduced  to 
previous,  if  we  change  the  sign  of  function  and  to  consider  instead 

of  it  the  function 

i'  — —L  — — c,  x,  — c,  x,  — ... — cn  x„.  (2.3) 

Let  us  agree  to  call  the  permissible  solution  of  OZLP  any 
aggregate  of  variables 

x,  ^ 0,  Xj  ^ 0, ...  i *■  ^ 

satisfying  equations  '2.1). 


Optimum  solution  let  us  call  that  of  the  permissible  solutions, 
with  which  linear  function  (2.2)  is  converted  into  the  minimum. 


Page  40. 
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The  basic  problem  cf  linear  programming  net  necessarily  must 
have  solution.  It  can  seem  that  equations  (2.1)  contradict  each 
other;  it  can  seem  that  they  have  solution,  but  not  in  tne  range  of 
the  nonnegative  values  *,,  x2,  Then  OZLP  does  not  have  the 

permissible  solutions.  Finally,  it  can  seem  that  permissible 
solutions  of  OZLP  exist,  but  among  them  no  optimum;  function  L in  the 
domain  of  the  permissible  solutions  is  not  limited  from  below. 


With  examples  of  such  features  of  CZLF  we  will  be  introduced 
subsequent ly. 


Let  us  consider,  first  of  all,  a question  concerning  the 
existence  of  the  permissible  solutions  cf  OZLP. 


During  the  solution  cf  this  question,  we  can  exclude  from 
examination  the  linear  function  L which  is  required  to  minimize  - 
presence  of  the  permissible  solutions  it  is  determined  only  by 
equations  (2.1). 


Thus,  let  there  be  system  of  equations  (2.1).  Are  there  the 
non-negative  values  xlf  x2,  ...,  xn,  satisfying  this  system?  This 
question  is  examined  in  the  special  section  of  mathematics  - linear 
algebra. 
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Let  us  give  briefly  some  positions  of  linear  algebra,  not 
stopping  on  the  proofs  ct  the  corresponding  theorems  *. 


FOOTNOTE  1 - The  elementary  presentation  of  linear  algebra  see,  for 
example,  in  work  [5].  ENDFOOTNOTE. 


The  raatrix/die  of  the  system  of  the  linear  eguations 

«U  *1  + flit  *2  + •••  -f  aln  *„  = V, 
flsl  X,  + an  xt  + ...  -f  fl8„  x„  = 6t; 


a»i  + a*.  *.  + - + a«,  = bm 

is  called  the  table,  comprised  of  the  coefficients  of  x1#  xn 

jflu  <*it  — OuJ 

|fl»i  fl*»  — a*»| 


l®ml  ^ml  •••  ^mnE 

The  augmented  matrix  of  the  system  of  linear  equations  is  called 
the  same  matrix/die,  supplemented  by  the  column  of  the  ausolute 
terms: 


°n  au  fl»B  ^2 
fl» i fl*»  •••  fl*«  b» 


Iaml  Amt  amn  ^m! 

The  rank  of  matrix/die  is  called  the  greatest  order  of  different 
from  zero  definitions  wnich  can  be  obtained,  deleting  from  matrix/die 
some  rows  and  some  colunns. 


In  linear  algebra  is  proven,  which  for  the  consistency  of  the 
system  of  linear  eguations  (2.  1)  is  necessary  and  it  is  sufficient  so 
that  the  rank  of  the  matrix/die  of  system  would  be  equal  to  the  rank 


1 


t 


' 

i 


: ; 


t 


I! 
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of  its  augmented  matrix. 
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Example 

unknowns: 


Is  given  the  system  of  three  equations  with  four 


x,+x4«  —1;  j 
*»-*»-  2;  ( 
x,  — 2x,«!  3.  I 


To  determine,  is  this  system  of  combined? 


Solution.  Matrix/die  of  the  system: 

12  l -!  I j 
I -1  0 of. 

1 0 —2  0 |j 

The  augmented  matrix: 

12  i —l  l — 1 1 
1 —1  0 0 2 1. 

1 0 —2  0 3 I 

Let  us  determine  the  rank  of  the  first  matrix/die.  It  cannot  be 
■ore  than  3 (since  the  number  cf  cows  is  equal  to  3).  Let  us  comprise 
any  definition,  eliminating  from  the  matrix/die  any  column,  for 
example,  the  latter.  He  will  obtain 


4- 


2 

l 

l 


i 

-1 

o 


-1 

0 

-2 


Computing  this  determinant  according  to  known  rule,  we  will 


obtaia : 


A-2.(-l).(-2)+1.0.(-l)  + 11.0- 
-(— 1)(-1)l-2  0 0-(— 2).  II  w4-14-2«5. 
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This  determinant  is  not  equal  tc  zero,  which  means,  that  the 
rank  of  the  matrix/die  of  system  is  equal  to  3.  Obviously,  the  rank 
of  auqmented  matrix  is  also  equal  to  3,  since  of  the  cell/elements  of 
augmented  matrix  it  is  possible  to  comprise  the  same  determinant. 

From  equality  the  ranks  of  matrix/dies,  it  rollcws  that  the  system  of 
equations  is  combined. 


Example  2.  To  trace  to  consistency  the  system  of  two 

equations  with  three  unknowns  xl#  x*,  x3: 

2*,-  x,+  <,--4. 

<*i-2*.  + 2r,  -1. 


Solution.  The  auqmented  matrix  of  the  system: 

(her  left  side  - matrix/die  of  system). 


Let  us  find  the  rank  of  the  matrix/die  of  system,  comprising  all 

the  possible  determinants  of  the  second  order: 

V*l—  4 


a,. 

A,= 


4 —2 
2 I 
4 2 


-4  + 4-0; 
*4-4-0; 
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A,H-2  j| 2+2-0. 


Thus  all  the  possible  determinants  of  the  second  order,  the 

comprised  of  matrix  elements  of  system  are  equal  to  zero;  that 
means  the  rank  of  this  matrlx/die  of  system  rc*l<2. 


r === ' 

I 

;i 

i 

I 

I 

?! 

*1 

let  us  find  the  rank  of  augmented  matrix.  Determinant 

A.-|  J [=*•  + 16-  >»=£0. 

Hence  the  rank  of  augmented  matrix  /p-  2.  it  is  not  equal  to  the 

rank  of  the  matrix/die  of  system;  rx>  =£  '0  Consequently,  system  of 
equations  is  incoo patible/inconsistent„ 


Example  3.  To  trace  to  consistency  the  system  of  three 
equations  with  four  unknowns: 

*1  -M»+  *»— *1“  2. 

*l—x»+  *,+  *4“  —*• 

a*,— x,  + 3x,  + x,-  0 

Solution.  The  augmented  matrix  of  system  (together  with  the 
aatrix/die  of  the  system): 

1 1 1 1 -1  a 

1 —i  1 1 -1  . 

3 —1  3 1 0 I 

Let  us  find  the  rank  of  the  matrix/die  of  system.  Let  us  take  . 
the  determinant  of  the  third  order,  comprised  cf  its  cell/elements, 

for  example:  1 1 1 

1,-  1 — 1 1 . 

3-13 

It  Is  known  that  If  any  row  of  the  determinant  is 
tb*  linear  coabiaation  other  of  its  other  rows,  then  determinant  is 
equal  to  zero.  In  our  case  the  third  row  is  linear  combination  the 
first  two:  in  order  it  to  obtain  that  is  sufficient  to  sua  the  first 


row  froa  that  doubled  the  second  Therefore 


0 
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Is  not  difficult  to  ascertain  that  the  same  property  it 
possesses  and  any  detersinant  cf  the  third  order,  comprised  of  the 
matrix  elements  of  system.  Consequently,  the  rank  of  matrix/die 

system  'c  < 3. 


Since  there  is  nonzero  determinant  of  the  second  order,  for 


example. 


i l 

*•-  i -i  - -*■ 


that  the  rank  of  the  matrix/die  of  system  is  equal  to  «,  2. 


Mich  the  help  of  the  same  reasonings  let  us  ascertain  that  and 
the  rank  of  augmented  matrix  is  equal  tc  twos;  ^ = 2.  Consequently, 
system  of  equations  is  combined. 


Let  us  note  that  three  equations  of  this  example  are  not 
independent  variables:  the  third  can  be  obtained  of  the  first  two,  if 
we  multiply  the  second  ty  two  and  to  adjoin  to  the  first.  That  means 
that  the  third  equation  is  a simple  corcllary  the  first  two. 
Independent  equations  in  system  only  dv:  this  is  also  reflected  by 
the  fact  that  the  rank  cf  the  matrix/die  of  system  fe  = 2. 


Thus,  if  the  system  of  equation-limitations  of  OZLP  is  combined, 
then  the  matrix/die  of  system  and  its  augmented  matrix  have  one  and 


the  sane  rank. 


*1 

\ 
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This  common/general/total  rank  r is  called  the  rank  of  system;  it 
represents  by  itsa If  nothing  else  but  the  number  of  linearly 
independent  equations  among  the  super iitposeu  limitations. 

It  is  obvious,  the  rank  of  system  r cannot  be  more  than  the 
number  of  equations  ■: 

It  is  obvious,  also  that  the  rank  of  system  cannot  be  more  than 
the  total  number  of  variables  n: 

r < n. 

It  is  real/actual,  the  rank  of  the  matrix/die  of  system  is  defined  as 
greatest  order  of  the  determinant,  comprised  of  matrix  elements;  since 
the  number  of  its  rows  is  equal  to  m,  the  r ^ m;  since  the  number  of 
its  columns  is  equal  to  n,  the  r ^ n. 

The  structure  of  the  problem  of  linear  programming  depends 
substantially  on  the  rank  of  the  system  of  limitations  (2.1). 

Let  us  consider,  first  of  all,  the  case  when  r = n,  i.e.,  when 


the  number  of  the  linearly  independent  equations,  entering  system 
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(2.1)  v equal  to  number  of  variables  n.  Let  ls  reject/throw  the 
"excess"  equations,  which  are  the  linear  combinations  of  others.  The 
system  of  equation-limitations  of  OZLP  takes  the  form: 

aU  xl  +fll*  **+  •••  +flli  XI  + •••  + flln  X»  =&1.  ) 

Of  I xl  + Ott  Xt  -f  ...  + Of,  xi  + •••  + *tn  xn  = *>*, 


(2.4) 


x,  + a»*  x\  + ...  + ani  xi  + ...  + ann  x„  = d„. 

Since  r = n,  then  the  definition,  compiled  from  coefficients, 

|an  flu  •••  a»i  •••  ain 

A fltl  °tl  •••  °tl  ••• 


l®»I  ®n»  Qni  ••• 

is  not  equal  to  zero.  From  algebra  it  is  known  that  in  this  case 
system  (2.4)  has  unique  solution.  In  order  to  find  value  it 
suffices  in  determinant  A to  replace  the  i column  - by  column  of 
absolute  terms  and  to  divide  into  JJ. 


Thus,  with  r = n the  system  of  eq uat ion- 1 i mitations  of  OZLP  has 
only  the  solution: 

Xl,  x,,  xB. 

If  in  this  solution  at  least  one  of  values  xt,  xz,  ...,  x„  is 
negative,  this  means  that  the  obtained  solution  is  inadmissible  and, 
which  means,  that  OZLP  does  not  have  solution. 


If  all  values  x,,  x*,  ...,  Xn  are 
obtained  solution  is  permissible.  It  is 
(because  there  are  no  others)  . 


nonnegative,  then 
obvious  it  is  and 


the 

optimum 
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It  is  obvious,  this  trivial  case  cannot  us  interest.  Therefore 
subsequently  we  will  examine  only  case  when  r < u,  i.e.,  when  the 
number  of  independent  equations,  by  which  they  must  satisfy  the 
variables  x1#  x2,  ...»  xn,  lesser  than  the  number  of  variables 
themselves.  Then,  if  system  is  combined,  of  it  there  is  a countless 
solution  set-  With  this  n - r alternat iny/variatle  we  can  assign 
arbitrary  values  (the  so-called  unrestricted  variables),  and  the 
others  r of  variables  will  be  expressed  by  them  (these  r of  variables 
*e  will  call  base)  . 


Examp le 
unknowns: 


4.  Is  examined  the  system  of  twc  equations  with  four 


2*,— x,4  l.  | 

-*,+x,-2*c+x4  = 2.  ) 


(2.5) 


The  rank  of  this  system  is  equal  r = 2 (equations 
independent) . Let  us  select  as  unrestricted  variaoles, 
x4#  and  as  basic  - x,  and  x2.  Let  us  express  the  oasic 
terms  of  the  unrestricted  ones.  We  have  from  equations 


are  linearly 
e. g . , x 3 and 
variables  in 
(2.  5)  ; 


2x,  — xi  «=  l — Jt,  + 

— *\  + *i  “ 2 + 2jr,  — x. 

Store/adding  up  these  equations,  we  will  obtain 

*i  - 3 + *t 

flultiplying  the  second  equation  tc  2 and  store/addiag  up  with 
the  first,  we  will  obtain 


*t  “ 5 -f  3x,  — x,. 
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Thus,  the  base  variables  xlf  x2  are  expressed  through  the  free 
X],  x4.  By  unrestricted  variable  x3,  x4  it  is  possible  to  give  any 
values;  in  this  case,  we  will  always  obtain  the  value  part  xt,  x2, 

Xj,  x4,  which  satisfies  system  of  equations  (2.5).  For  example, 
set/assuming  x3  = x4  = 0,  we  will  obtain  x,  = 3,  x2  = 5;  these  values 
satisfy  system  (2.5).  Set/assuminq  x3  = 1 , x4  = 2,  we  will  obtain  xt 
=4,  x2  = 6;  these  values  also  satisfy  equations  (2.5). 

Generally,  if  the  rank  of  system  of  equations  of  OZLP  (i.e.  the 
number  of  the  linearly  independent  equations,  enterinq  limitation 
system)  is  equal  r,  then  always  it  is  possible  to  express  some  r of 
the  base  alternating/variable  through  r - r others  (free)  and,  giving 
tc  unrestricted  variable  any  values,  tc  obtain  the  countless  solution 
set  of  system. 

In  the  future  for  simplicity,  recotd/writing  the  equations  of 
GZIP,  we  will  consider  them  the  linearly  independent;  in  this  case, 
the  rank  of  system  r will  be  equal  to  the  number  of  equations  m. 

Thus,  if  the  number  of  equations  of  OZLP  r = m is  less  than  the 
number  of  variables  n,  then  the  system  of  linear  equations  has 
countless  solution  set,  i.e.,  value  parts  xt,  x2,  ...,  x arm 
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nonnogat  iv  e,  then  this  means  that  OZLP  does  not  have  tho  permissible 
solution. 

But  if  thuiri  are  soee  solutions  of  systems  (^.  1)  , for  which 
everything  x t , iif  ...»  x„  are  nonnegative  (are  shorter, 

"nonnegati  ve  solutions1*),  then  each  of  them  is  admissibly.  Appears 
problem  - to  find  among  the  permissible  solutions  the  optimum,  i.e., 
this  solution 

Xj,  x4,  ...  > x,, 

for  which  the  linear  function 

L — c,  *i  + c»Jti  + — + c»  *» 
is  converted  into  ths  sinisus. 

Page  4 5. 


In  order  to  more  distinct  visualize  the  special 
feature/peculiarities  of  the  solution  of  OZL  I*  and  different  cases 
which  can  in  this  case  be  met,  it  is  convenient  to  use  geometric 

interpretation. 

3.  Geometric  interpretation  of  the  basic  problem  of  linear 
programming. 


Let  us  consider  the  case  when  the  numLer  of  variables  n to  two 
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is  sore  than  the  number  of  independent  equations  i,  by  wnich  they 
must  satisfy: 

n—m  — 2. 

Then  as  we  already  know  that  it  is  possible  two  of  n of 
variables,  let  us  say  x,  and  x?  to  select  as  free,  and  tne  others  m 
to  aake  base  and  to  express  them  through  free.  Let  us  assume  that 

this  is  done.  He  will  obtain  ■ * n - 2 equations  of  the  form: 

+««*»+&. 

• ••••••••♦ 

*»  -«»i  *»  + *„**.+  P,. 

Let  us  give  to  the  problen  of  linear  progranaing  geometric 

interpretation.  Along  the  axes  Ox,  and  Ox*,  it  will  plot/deposxt  the 

values  of  unrestricted  variables  x,  x*  (Fig.  2.2). 

Since  the  variables  x,,  x*  must  be  nonnegative,  the  allowed 
values  of  unrestricted  variables  lie/rest  only  higher  than  the  axis 
Ox i and  sore  to  the  right  axis  Ox, ; let  us  note  tuis  by  the  shading, 
which  designates  the  "permissible  side"  of  each  coordinate  axis. 
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The  remaining  variables  x3,  x4  ....  *„  also  must  oe 

ncnnegative,  i - e. , mst  be  implemented  the  conditions: 

x*  ” ®».  x\  + ®»*  *»  + P»  ^ 0, 

■*«  “*  a4i  xx  + a4,  x,  -f-  P<  ^ 0, 

*-,-«M*i+a,,«x.  + P1,>0. 

Let  us  look  how  to  depict  these  conditions  geometrically.  Let  us 

take  one  of  them,  for  example,  the  first: 

*»-««  *i +«.»*. + P,>0. 

Let  us  place  value  x3  equal  to  our  extreme  value  - ieco.  We  win 
obtain  the  equation 

«m  *i  + “»»**  + P»“°- 

This  - the  equation  of  straight  line,  on  this  straight  line  x3  = 
— 0 (see  Pig.  2.2);  along  one  side  frcm  it  x3  > 0,  on  another  x3  < 0 
(on  which  - this  depends  on  the  coefficients  of  equation).  Let  us 

note  by  shading  TU  the  side  of  the  straight  line  x3  * 0,  along 

which  x->0. 
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Analogously  let  us  construct  everything  remaining  limiting 
lines:  x4  = 0,  , iB-«0  mill  note  at  each  of  them  by  shading  the 

"permissible  side",  where  the  corresponding  variable  is  more  than 
zero  (Fig.  2.3). 

Thus,  we  will  obtain  n of  straight  lines:  two  axes  of 
coordinates  (x,  = 0,  x,  = 0)  and  of  n - 2 straignt  lines  (x3  = 0, 

...,  =-0).  Each  of  them  determines  the  "permissible  half-plane",  which 

lias  along  its  one  side.  Ihc  part  of  plane  *i0x2,  which  belongs 
simultaneously  to  all  half-planes,  forms  the  domain  of  the 
permissible  solutions  (CDS).  In  Fig.  2.3  dcmain  of  the  permissible 
solutions  always  represents  by  itself  convex  polygon. 
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As  is  known,  convex  figure  (Fig.  2.4) 
possesses  the  following  property:  if 
this  figure,  then  also  entice  segment 


IS 

called 

the  fj 

l gu 

re,  which 

t wc 

points 

A and 

3 

belong  to 

AE 

also  belongs 

to 

it. 

Let  us  demonstrate  that  ODR  is  always  convex  figure.  Let  us 
assume  the  contrary;  points  A and  D fcelcng  to  CER,  but  some  point  C 
between  them  does  not  belong  (see  lig.  2.4).  Then  between  point  A, 
which  belongs  to  ODR,  and  the  point#  belonging  to  it,  without  fail 
must  pass  some  one  of  lines  x,=»0:  alcng  one  side  of  this 
direct/straight  point  satisfy  condition  x»  0,  on  another  - they  do 
not  satisfy.  Let  this  straight  line  intersect  scgaent  A3  at  some 
point  D.  Then  points  A and  B,  which  lie  along  different  sides  from 
line,  cannot  simultaneously  belong  to  OCR  (for  it  all  x*  are 
nonnegative)#  which  contradicts  condition. 


L 
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Pigures  2.3  shows  such  example  when  ODh  exists,  i.e.  , system  of 
equations  of  OZLP  has  nornegative  solutions  of  system  there  does  not 
exist.  An  example  of  this  case  is  shown  on  rig.  2.5.  It  is 

real/actual,  there  is  no  domains,  which  liei>  along  one  and  the  same 
(shaded)  side  ftom  all  straight  lines:  x,  =0,  x2  = 0,  x3  =0,  x4  * 

0,  x5  = 0;  i.e.  the  conditions  of  the  ncnnegative  character  of 
variables  contradict  each  other  and  the  permissible  solutions  of  OZLP 
do  not  exist. 


Example  1.  The  problem  of  lineay  programming  with  family 
alter natin g/variab le  has  m = 5 equat/io r-1  r vita t'ions: 


*!■  *»•  *»• 


*1 


we  have  mm  5 equations-limitations : 


(3 


*i— *»+*»  * 

a*,—  —5; 

*i +*!-*»«■  -t 

*»+*•  - 5;  ! 

2*,— 2*. -*,+«*,-  : | 

It  Is  required  to  give  its  geometric  interpretation  and  to 
construct  ODR,  if  it  exists.  J 
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Solution.  Let  us  select  as  unrestricted  variables  , for  exaaple, 
xa  and  x*  is  expressed  by  thea  the  reaaining  (base)  variables:  x3, 
x«i  xs,  xtl  x?.  Proa  the  first  equatiop  «e  have: 

«•  — — -f  *,  + « <3-«> 

Proa  the  third: 


*•  “ *i  + Jt»  + 4. 


Proa  the  fourth: 


— — t,  + 6.  <S-8) 

Substituting  (3.%)  in  second  equation  (3.3)  and  (3. 5)  - in  the 
latter  and  solving  relative  to  x,#  xr,  we  have: 

*«-  a*,-  2*t+|; 

*t™  “*i+  H*t  + 6- 

The  geoaetric  intecpretation  cf  problea  is  represented  in  Pig. 

2.6  (straight  lines  xt  - 0,  x*  * 0 - coordinate  axis;  the 

reaaining  Uniting  straight  lines  xs  * 0,  x * - 0,  x*  • 0#  x4  * 0 

and  x9  * 0;  short  shading  aarked  the  peraissible  half-planes). 


* 
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As  can  b«  sstn  Cros  the  location  of  the  direct/straig ht  and 
noted  half-planes,  the  peraissible  solutions  for  the  ezaained  problea 
exist;  they  fill 

| 

Thus,  we  considered  a question  concerning  the  existence  of  the 
doaaia  of  the  peraissible  solutions  of  OZLP  and  (for  case  of  s * n-2) 
gave  to  it  geonetric  interpretation. 

how  arises  the  question  concerning  deter aination  froa  the  nusber 
peraissible  of  the  optiaua  solution,  i.e.,  such,  which  converts  into 
the  ainiaua  the  linear  function 

i - e,  x,  + e,  r,  + ...  + c,  x„.  (3.6> 


h 
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Fig.  2.6. 

Page  4 9. 


Let  us  give  to  this  problea  geoaetcic  interpretation,  aoreover 
again  for  the  case  when  a * n-2  (i.e.  nuabcr  free  variables  is  equal 
to  2,  and  nuaber  base  a). 


Let  us  assuaa  that  unrestricted  variables  they  are  again  xt#  xM, 
and  base  x90  x«#  ...#  the  expressed  through  free  by  foraulas 
(Jw2).  Let  us  subetitete  expressions  (3.2)  into  fornala  (3.6),  let  us 
give  sinilar  terns  and  is  expressed  the  linear  function  L all  n of 
vaxiables  as  linear  function  only  of  of  two  unrestricted  variables: 
xt  and  x*.  He  will  obtain: 


L - Y«  + Yi  *i+Y»  *». 


(3.7) 


i 
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where  70  - absolute  tecs  which  in  initial  fors  of  function  L was  not; 
now,  during  transition  to  the  variables  x,,  x 2 , it  could  appear. 

It  is  obvious,  linear  function  ($.7)  teaches  the  sinisus  at  the 
sane  values  xa,  xx,  that  also  the  function 

*-'=7>*>+Y.  *. 

without  absolute  tern  (linear  fora).  Is  real/actual,  L*  * L - To# 
where  y0  does  not  depend  on  xa  and  xx,  and,  obviously,  the  sinisuss 
of  that  and  other  of  functions,  that  differ  on  t0,  are  reached  at  one 
and  the  sane  values  xa,  xs. 

Let  us  find  these  values,  using  geoaetcic  interpretation.  Let  us 
give  L*  certain  constant  value  of  C: 


L'  = Yi  xi  + 7*  xi  =*  C* 

we  will  obtain  equation  of  straight  line  on  plane  xaoxx  (Pig.  2.7). 
The  angular  coefficient  of  this  straight  line  is  egual  - rt/rz#  and 
the  segaent,  intercept/detached  by  it  op  axis  0xx  (initial  ordinate), 
is  equal  to  C/yx.  it  is  obvious,  if  we  replace  the  constant  C for 
certain  other  Ca,  the  angular  coefficient  of  straight  line  will  not 
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be  changed;  will  be  changed  only  initial  ordinate,  and  straight  line 
will  aove  by  in  parallel  to  itself  to  the  new  position  1*  * C4  (see 
Pig.  2.7). 

Thus,  to  different  values  L*  correspond  different  straight  lines 
on  plane  but  they  all  are  parallel  between  theaselves. 
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Pig.  2.7.  Pig.  2.8. 

Page  SO. 

It  is  obvious,  instead  of  all  these  straight  lines  sufficient  to 
depict  on  plane  one  basic  straight  line,  for  exasple,  L(  * 0,  and 
then  it  is  possible  to  seatally  aove  it  iin  parallel  to  itself.  During 
transferring  of  this  straight  line  to  cne  side  L',  it  will  grow,  into 
another  - to  decrease. 

Let  as  construct  the  basic  straight  line  L*  > 0 on  plane 

i,0xa  (Pig.  2.8).  Ve  know  that  its  angular  coefficient  is  equal  - 
ia  order  to  construct  straight  liae,  passing  through  the 
origin  of  coordinates  vith  angular  coefficient  let  us  plot 

along  the  axis  of  the  abscissas  of  cuttings  off  fC#  and  along  the 
axis  of  the  ordinates  of  cuttings  off  “if  and  through  point  A vith 
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such  coordinates  1st  us  draw  straight  lins.  This  thsrs  will  bs  the 
basic  straight  lias  L*  - 0. 

Now  there  reaains  only  to  explain  that  to  which  side  (in 
parallel  itself)  it  is  necessary  to  nove  this  straight  line  so  that 
value  L*  would  decrease.  In  the  case,  shown  on  Pig.  2.8  (both 
coefficient  yt  and  yx  are  positive)  the  direction  of  decrease  L*  - 
downward  and  to  the  left  (this  is  shown  by  rif lenan/pointers, 
directed  fron  basic  straight  line  to  the  aide  of  decrease  L').  With 
other  signs  of  coefficients  y,,  yf,  the  direction  of  decrease  varies. 

The  cases  of  different  directions  of  decrease  are  shown  on  pig.  2.9, 

2.10  and  2.11. 


Thus,  and  direction  the  basic  straight  line  L'  ■ 0,  and  the 

direction  of  the  decrease  of  the  linear  fora  L*  are  deternined  by 
values  and  the  eigns  of  the  coefficients  yt,  yc  of  unrestricted 
variables  x(,  xt  in  expression  L'. 

■ Let  us  give  now  the  geonetric  interpretation  of  the 

deternination  of  the  optiaua  solution  of  OBLP  a song  peraisaible. 

L t 

Let  there  be  the  donain  of  the  peraissible  solutions  ODD  (Pig. 
2.12)  and  the  basic  straight  line  L*  * 0;  known  (is  shown  by 

riflenan/pointers)  the  direction  of  the  decrease  of  the  linear  fora 


i 
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•aring  transferring  basic  straight  lias  in  ths  direction, 
indicated  by  riflenan/pointers,  the  linear  forn  t«  will  decrease,  it 
is  obvious,  the  saallest  value  it  will  achieve,  when  straight  line 
will  pass  through  the  eitreae  point  ODB,  outeraast  fron  the  origin  of 
coordinates  in  direction  rifleaan/gunner  (in  our  case,  point  A).  The 
coordinates  of  this  point  , 1/  deter ain«  the  optiaua  solution  of 


OSLP 
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Pig.  2.9. 


Page  51. 


Knowing  the  optinua  values  of  unrestricted  variables  x* 9 xt*,  it  is 
possible  tc  find,  substituting  then  in  equations  (3.2),  and  the 

optiaua  values  of  the  base  variables: 

*3*  = °*l  *1  * + * |t  •*»*  + P»» 

V=tt.iV+a«V  + |l.. 

V-“n.  V+«nt*t*  + P„. 

and  also  the  optiaua  (ainiaua)  value  of  the  linear  function  L: 

imln  “Y.  + Y»V+Y*V-  (3-8> 


Thus  if  the  nuaber  of  indepeadeat  eguatioa-liaitatious,  by  which 
they  aust  satisfy  the  variables  x,,  x,,  to  two  is  less  than 

the  nuaber  of  variables  n (i.e.  into  OfUl  figure  two  unrestricted 
variables  and  any  nuaber  of  base),  the  solution  of  OZLP  can  be 
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obtained  by  siaple  geoaetcic  construction. 

Exaaple  2.  Under  conditions  of  exanple  | to  find  the 
optisua  solution  of  OZLP,  which  rotates  in  the  ainiauB  the  linear 
fancticn  of  seven  unknowns: 


L - *1  -*.  + 2*. - 3<» + *, — 2*r 

(3.9) 

Eguat ion- limitation  — the  saae  as  in  exaaple  1. 

Solution.  In  exaaple  1 of  an  eguat ion-liaitation  (3.3)  were 
solved  relative  to  the  base  variables  x3,  x4#  xs,  x*#  xF  which  were 
expressed  through  the  free  xt  and  x* : 


*t+4; 

*4-  3r,—  2*,+  !; 
*»-  *i+  *»+4; 

*«“  —•*1+5. 

*t“  — *i  + H**+6. 


(3.10) 


Substituting  these  expressions  in  (S'. 9)  and  giving  sinilar 
te rws,  we  have: 


i.-b  ,-2rf_|2.  (3.11) 

L«t  is  reproduce  tbs  doaaia  of  tbs  psrsissible  solutions,  that 
previously  constructed  in  Pig.  2.6  (see  Pig.  2.13). 

Re jsct/t browing  absolute  tera  in  (3.11),  we  have 

Sr, -2*,. 

••  css struct  tbs  basic  straight  lias  &•  » o. 


Pig.  2.12. 

Page  52. 

For  this,  we  plot/deposit  segments  y*  = -2  along  the  axis  of 
abscissas  and  -y  i * 5 along  the  axis  of  ordinates,  we  carry  out 
through  point  B with  coordinates  (-2,  5)  the  straight  line  L*  = 0 

and  note  by  rif leaan/pointers  the  direction  of  decrease  La . Moving 
basic  straight  line  in  parallel  to  itself  to  the  side  of  decrease  L', 
the  snail  valae  L*  we  will  obtain  at  poiqt  a (outernost  froa 
beginning  of  coordinates  in  direction  of  arrow).  The  coordinates  of 
this  point  x,*,  x,*  give  the  optiaua  solution  of  OZLP.  In  point  A 
intersect  two  liniting  straight  lines:  x»  * 0 and  xr  * 0.  Equalising 
sero  expressions  for  X*  and  x»,  we  will  obtain  two  agnations: 


— *,  + 5— 0,  J 

— *i+H*i+6“0,  ) 
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Solving  than  together,  let  un  find  z*  » 8.S;  */■  5. 

Substituting  these  values  in  (3.11),  let  us  find  the  optiaos 
values  of  the  base  variables: 

V-0,6;  X/-I6.S.  X/-I7.6. 

is  concerns  and  i;f  their  optiaua  valuen  are  egual  to  zero: 

*e  * 0i  *»  * 0. 


Substituting  the  obtained  optinun  values  *,•  and  In  linear 
fuection  (3.11),  let  us  find  the  nininun  value  (optiaan)  of  the 
liuear  function  L: 

L-  —5*6,5 — 2*5— 13-  —64,5. 


Thus,  we  learned  to  solve  OZLP  in  the  particular  case  of  n * n - 
2 with  the  help  of  geoaetric  constructions 

Xn  spite  of  the  fact  that  this  copstr uct iop  is  related  to  a 
special  case,  froa  it  escape/ansue  soae  overall  considerations,  which 
tnlate  generally  to  the  properties  of  the  solution  of  OZLP. 

Let  us  note  noticed  by  us  laws  for  case  of  n - a * 2. 
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1«  Solution  of  OZLP,  if  it  exists,  cannot  lia/cost  at  inside  of 
dona la  of  peraissible  solutions,  but  only  on  itf  boundary. 

2.  Solution  of  OSLP  can  be  and  not  only  (see  Pig.  2.14).  It  is 
real/actual,  if  basic  straight  line  is  parallel  to  that  side  of  the 
polygon  of  the  peraissible  solutions  where  is  reached  niainua  L' , 
then  it  is  achieved  not  at  one  point,  but  on  an  entire  this  side. 
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Pig.  2.13. 

Page  S3. 

In  this  case  OZLP  has  a countless  nnltitude  of  optinun  solutions. 

3.  OZLP  can  not  have  solution  even  iq  the  case  when  there  is  ODR 
(Pig.  2.15).  This  occurs  when  in  direction  rif lenan/gunner  ODR  it  is 
not  United,  i.e.,  in  the  dca&in  of  tb«  permissible  solution',  the 
linear  function  L is  not  liaited  fron  below.  Moving  basic  straight 
line  in  direction  rif lenan/gunner,  we  will  obtain  increasingly 
snaller  and  snallnr  values  L',  and  also,  therefore,  L. 


4.  solution  of  OZLP,  which  ainiaixes  function  L (optinun 
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solution),  always  is  achieved  in  one  of  apex/vertexes  of  polygon  of 
permissible  solutions  (if  it  is  reached  on  whole  side,  then  it  is 
achieved,  also,  in  each  of  apex/vertexes  through  which  passes  this 
side)*  The  solution,  which  lies  at  one  of  the  apex/vertexes  ODI,  is 
called  supporting/reference  solution,  and  apex/vertex  itself  - by 
data  points. 

5.  In  order  to  find  optisua  solution,  in  principle  is  sufficient 
to  sort  out  all  the  apex/vertexes  ODR  (data  points)  and  to  select  of 
then  WjT where  function  L reaches  ninisun. 

6.  If  nunber  of  unrestricted  variables  into  OZLP  is  equal  to  2, 
and  nusber  of  base  - n and  solution  of  OZLP  exists,  then  it  always  is 
reached  in  point  where  at  least  two  of  variables  xt,  xt,  ...,  are 
converted  into  zero.  It  is  real/actual,  at  any  data  points  intersect 
at  least  two  of  the  Uniting  straight  lines;  can  in  it  intersect  aore 
than  two  (see  Pig.  2.16). 

The  case  when  in  optiaua  solution  they  are  converted  into  zero 
not  two,  but  is  aore  variables,  it  is  called  degenerated.  Figures 
2.16  shows  the  degenerate  case  when  at  point  A,  which  corresponds  to 
options  solution,  are  converted  into  zero  three  variables:  xs*  x«  and 

«o* 

After  consider lag  la  detail  gooaetrlc  iaterpretatioa  far  case  of 
a • a - 2,  let  no  turn  to  the  case  whoa  the  aasher  of  variables 
•aoooda  by  3 a a she  rs  of  lade  poad  oat  eqaat  ioa  - liaitatioas:  a • a- 3. 
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In  this  case  unrestricted  variables  proves  to  be  no  loager  two 
bet  three  (this  will  be  X|«  i*,  xs),  and  reaaining  n = n- 3 of  base 
variables  they  can  be  expressed  through  free: 

xt " a«i  *i  ■+■  a«»  xt  + flt4j  ->'i  + 

xra“x,taMjr‘+a“x,+p,:.  (3.i2) 

it  is  required  to  find  such  nonnegafcive  values  x, whic 

satisfying  equations  (3. 12),  would  siaultaneoasly  coavert  into  tbs 
ainiaus  the  linear  function  of  these  variables: 


i “ + Cj  -f- ...  -f-  c,  (3. 13) 
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The  geoaetric  interpretation  of  this  pxoblea  it  is  necessary  to 
coq  street  so  longer  on  plana,  but  in  spam  (Pig.  2.17).  Bach 
condition  x»-0  for  one  of  basa  variables  xk  (k.  ■ 4,  ...»  n)  will 
ba  geometrically  depicted  bo  loogor  straight  lino,  but  plana.  Along 
oaa  sida  froa  this  plane*,  >o.  oa  a not  bar  **  < o.  Tha  coordinate 
plaaas  x«0xs,  x,Oi]  and  xtOxt  represent  conditions  *,  = 0,  x,  * 0,  x, 
* 0 respectively.  Tha  dcaain  of  the  peraissiblc  solutions  (if  it 
exists)  it  represents  by  itself  the  convex  polyhedron,  liaitad  by 
these  planes,  i.a. , tha  part  of  the  space,  for  which  are  satisfied 
all  conditions: 

X,  >0,  x,  > 0,  x,  > 0, ... , xB  > 0. 

Vole  "basic  straight  line"  in  this  case  will  play  "reference 
plana"  whose  eguation  L*  =*  0,  where 

L'-L-y,;  i-  - Y.  + Yi  *i  + Yt  + Y» 

During  transferring  of  this  plane  in  parallel  to  itself  to  one 
sida  L*  it  will  decrease,  into  another 


to  grow 
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Fig.  2.16.  Fig.  2.17. 

Page  55. 

Point  a,  at  which  it  is  reached  the  optieua  solution  (if  it  exists)* 
represents  by  itself  M the  apex/vertex  ODR  which  it  is  located 
further  anything  froa  the  origin  of  coordinates*  counting  in  the 
direction  of  decrease  L'.  Can  render/show  as  with  n - a * 2*  that 
OZLP  has  countless  solution  set*  either  filling  whole  fin/edge  or  - 
whole  face  of  polyhedron  of  the  peraissible  solutions.  The  optiaua 
solution  i,\  x,*,  x*  (if  it  exists)  coincides  froa  one  of  data 
points*  i.e.«  the  apex/vertexes  of  polyhedron*  in  which  at  least 
three  variables  they  are  converted  into  xero. 

To  use  geoaetric  interpretation  for  the  direct  finding  of 
solution  even  with  n - a = 3 is  difficult;  with  n - a * k >3  this 
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will  generally  deduce  us  beyond  the  fraaework  of  three-diaensional 
space  and  geoaetric  interpretation  will  lose  clarity.  However,  the 
corresponding  terainology  can  render/shoe  convenient:  it  is  possible 
to  speak  about  the  donain  of  the  peraissible  solutions  as  to  certain 
"super-polyhedron"  in  space  k of  aeasureaents,  liaited  a by 
"hyperplanes";  to  optiaua  solution  - as  to  one  of  the  "apex/vertexes" 
of  this  polyhedron , to  each  "apex/vertex"  - as  to  "data  points",  etc. 
By  this  geoaetric  terainology  it  is  possible,  at  uill,  to  use  or  not 
to  use.  By  us  geoaetric  interpretation  was  reguired  for  justifying 
the  of  following  properties  of  the  solution  of  OZLP  at  any  values  of 
the  nuaber  of  variables  n and  of  the  nuaber  of  equations  a < n: 


f.  Optiaua  solution,  if  it  exists,  lie/rests  not  inside,  but  on 


boundary  of  the  doaain  of  the  peraissible  solutions,  in  one  of  data 
points,  in  each  of  which  at  least  k of  variables  are  converted  into 
zero. 


. 


2.  In  order  to  find  optiaua  solution*,  it  is  necessary,  passing 
fron  one  data  points  to  another,  to  aove  in  direction  of  decrease  of 
linear  function  L,  which  it  is  required  to  ainiaize. 


On  these  principles  will  be  based  the  net  hods  of  the  solution  of 


OZBP  which  we  is  presented  subsequently 
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4.  Problea  of  linear  prograaaing  with  liaitat ion-inequalit las. 
Transition  to  OZLP  and  conversely. 


in  practice  of  liaitation  in  the  problea  of  the  linear 
prograaaing  frequently  are  given  not  by  equations*  but  inequalities. 


Let  us  show  how  it  is  possible  to  pass  froa  problea  with 
li aitation-inequal ities  to  the  basic  problea  of  linear  prograaaing. 


Lot  there  be  the  problea  of  linear  prograaaing  with  a by 

variables  *, is  ehich  the  restrictions  placed  on  variables, 

take  the  fora  of  liaear  inequalities.  In  soae  of  then  inequality  sign 
can  be  and  others  $ (second  fora  is  reduced  to  the  first  by  a 
siaple  change  in  the  sign  of  both  parts). 

Page  56. 


Therefore  let  us  assign  all  limitation-inequalities  in  the  standard 
fora: 


Let  us  consider  that  all  these  inequalities  are  linearly 
independent  (i.e.  any  of  then  it  cannot  be  represented  in  the  fora  of 
the  linear  conbiaation  of  others) . 

°*i  *.  t «■»  *t  + •••  + a. .»„+/»,>(>; 

(«•<> 

°n*i  * i + a»t  + •••  +•  *„  + bm  > 0. 

0 

, JJ 
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Xt  is  required  to  find  such  set  of  nonnegative  values 

*i xn,  which  would  satisfy  inequalities  (4.1),  and,  furtheraore, 

would  be  coavsrted  into  the  ainiaua  the  linear  function: 

L —ctx,  +c,  xt+ ...  -f  c„  x„.  (4.2) 

Proa  stated  thus  problea  easily  tc  pass  to  the  basic  problen  of 
linear  progressing.  It  is  real/actual,  let  us  introduce  the 
designations: 

Pi  ■“  flll  *1  + fll«  •**+>••  + fll|«  XH  + 

Pt  =*  u*i  *1  4-  au  xt  + •••  + fliii  + &*.  ^4  3j 

Prn  " “ml  *i  + am,  x%  + ...  + amn  xn  + bm, 

where  p,t  Vf „ * sons  new  variables  which  we  will  call 

■additional”.  According  to  conditions  (4.1),  these  additional 
variables  just  ns  they  aust  be  nonnegative. 

Thus,  before  us  appears  the  problen  of  linear  progressing  in  the 
following  setting:  to  find  such  nonnegative  values  of  n ♦ a of 

valiafcles  xt,  x, x ,:p„yt ym,  so  that  they  would  satisfy  the  systea 

of  equations  (4.3)  and  aiaultaaeoaaly  was  ccnverted  into  the  ainiaua 
the  linear  function  of  these  variables: 

L *i  -hc***  + •••  +c» 


As  is  evident,  before  us  in  pure  fora  the  basic  problen  of 
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linear  prograssing  (OZLP  ).  Equations  <4. 3)  are  assigned  in  tbs  fora, 
already  solved  relative  to  bass  variables  Pi.  Pa  ....  p«.  abicb  are 
expressed  through  unrestricted  variables  *i. *«.  .... The  total 
quantity  alternating/variable  is  equal  to  n ♦ a of  thea  n "of 
initial”  and  a "of  additional".  Function  L is  expressed  oaly  through 
the  "initial"  variables  (coefficients  of  "additional”  variables  in  it 
are  equal  to  zero)  . 

Thus,  the  problea  of  linear  prograssing  with 
liaitations-inequa lities  have  reduced  we  to  the  basic  problea  of 
linear  progressing,  but  with  the  large  noaber  of  variables  how  it  was 
initially  in  problea. 

Page  57. 

Bxaaple  1.  There  is  a problea  of  linear  prograssing  with 
lisitation-inequalities:  to  find  the  ncnnegative  values  of  the 
variables  X|,  xa,  xa,  x«,  x«,  that  satisfy  the  conditions 

*,-»*,<->.  <«.4) 

— + *|  » — I, 

*,-*!<  0 

and  rotating  in  the  ainisus  the  linear  function 

i.  — *,  — 2*,  — 1*, 

It  is  required  to  lead  this  problea  to  the  forn  of  OSLP. 


T 
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Solution.  He  lead  inequalities  (4.4)  to  the  standard  fora: 

-2*,  + i;-3«,  + 6>0, 

a*,—  *,— i > o, 

*,-2*,+  *»+l  >0, 

*1—  *»  >0- 

It  is  introduced  the  further  variables: 

ft  “ — 2*i+  *t — 3*»  + 6, 
ft-  3*i—  *•  — !. 
ft-  *,—2*4+*,+ 1, 
ft  ” *i  — *»• 

Problea  is  reduced  to  to  find  the  nonnegative  values  of 
variables 


*i.  ft.  ft.  *4.  ft:  ft  ft.  y„  ft. 

satisfying  equations  (4.6)  and  rotating  into  the  ainiaua  linear 
function  (4.5). 


! 


He  showed,  as  fron  the  problea  of  linear  prograaaing  with 
liaitat ion-inequal ities  it  is  possible  to  pass  to  problea  with 
llnitation-equalities  (OZLP).  Is  always  feasible  reverse  transition  - 
j froa  OZLP  to  problea  with  liaitation-inegualit ies.  If  in  the  first 

case  we  increased  the  nuaber  of  variables,  then  in  the  second  case 

let  us  it  reduce,  reaoving  base  variables  and  leaving  only  free. 

i 

Bxaaple  of  2.  There  is  a problea  of  linear  prograaaing  with 
liaitation -equalities  (OZLP  ) : 


*,+  i,.  l. 
*,— 2*,-  —3, 
*1—4+  ft  - 1 


(4.7) 
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•ad  by  the  ainiaixed  function 

L“  -*i -*.  + *»•  (4  8) 

Zt  is  required  to  register  it  as  problea  of  liaear  prograaaing 
with  limitation-inequalities. 

Solution.  Since  a * 3,  n * 5,  n—  a * 2,*  then  let  us  select  soae 
t»o  of  the  variables  as  free.  Let  us  note  that  the  variables  xt*  x , 
as  free  cannot  be  chosen*  since  they  are  connected  by  the  first  of 
eqaations  (4.7):  value  of  ope  of  thea  is  coapletely  determined  by 
value  another*  and  unrestricted  variables  aust  be  independent 
variables. 

Page  58. 

On  the  sane  reason  it  is  not  possible  as  free  to  select  the  variables 
x«*  X|  (froa  connects  the  second  equation!  (4.7)).  Let  us  select  as 
the  unrestricted  variables  x(  and  x«  and  it  is  expressed  by  thea  all 
ethers: 

«|+l.  | 

*»"  — H*i+2.  I (4.9) 


i 

**  > 0#  xs  > 0,  commit loan  (S.  9)  eu  be  ctplictd 
kj  tU  iMfiilitiis: 

+ i > o.  | 

-Vi*,  4 2 > 0 , 14. 10) 

V*Jtt  4-x. — 1 > 0.  J 

Lot  us  pass  in  the  expression  of  the  linear  function  L to 
nscestricted  variables  it*  x«.  Substituting  in  1 for  xc  and  xs  of 
their  expression  <t.9>*  ve  *in  obtain: 

L——X , 4*|  - J 4 Vi*,  +*4  — I =■  l,*,  4*4—2, 

^’-Vi*i4*4.  (4.H) 

Thus,  problea  is  reduced  to  tbe  prphlen  of  linear  prograaaiag 
•ith  liaitation-in equalities.  Its  geosetric  inter pretat ion  is  skovn 
os  Pig.  2.18.  The  basic  straight  line  L • * 0 is  parallel  to 

that  side  ODB  vhec.e  L*  it  reaches  the  aiaiaua.  Consequently,  all 
points  of  section  IB  give  optiaua  solution.  Taking  as  the  solution* 
for  exaaple*  the  coordisstes  of  point  l*  ve  will  obtain: 

*,*-!;  *,*-1;  j,,*-* 

it  such  values  of  variables*  the  linear  function  L reaches  the 
als&Bua*  egual  to 


Uu.-v.  •<>+»-«--* 


Pig.  2.18. 

Pag*  59. 

Thus,  we  can  on  arbitrariness  pass  froa  OZLP  to  the  problei  of 
linear  prograaaing  with  liaitations  by  inegualities  and  vice  versa. 

If  we  in  the  nuaber  of  liaitations  of  the  problem  eat  both  the 
equations  and  the  inequalities*  is  recoaaended  to  produce  unification 
and  to  pass  in  any  unifora  fora*  for  exanple  ozlp. 

Bxanple  3.  Is  exaaiaed  the  problea  of  linear  prograaaing  with 
the  variables  x,#  x„  x,.  x*  and  the  liaitations  of  the  fora 


*| —*»  + *»<  >. 
*,  + *«+*«  > 


(02) 


DOC  • 78068704 


! 


» 


PACE 


Is  ainiaixed  the  function 

t — *1  — 2*,  + i,— a**  (4.I3>  | 

' 1 

It  is  required  to  give  the  problea  to  of  OSLP. 

*i—  *t+*»+ in-i. 

*!  + *»  + *«— V»  — 8- 

Solution.  87  the  introduction  of  the  additional  variables  yl#  yt 
let  us  lead  conditions  (4.12)  to  the  fora  of  OZLP: 


Hiniaized  function  reaains  in  the  fora  (4.13). 

5.  Siaplex  aethod  of  the  solution  of  the  problea  of  linear 
prograaaing. 


The  geoaetric  interpretation,  which  we  used  during  the  solution 
of  the  probleas  of  linear  prograaaing,  ceases  to  be  suitable  for  this 
purpose  so  on  the  nuaber  of  unrestricted  variables  n-a  > 3,  and  is 
difficult  already  with  n-a  * 3.  For  the  deteraiaatioa  of  the  solution 
of  the  problea  of  linear  prograaaing  in  the  general  case  (with  the 
arbitrary  nuaber  of  unrestricted  variables)  are  applied  not 
geoaetric,  but  coaputational  aethods.  Proa  then  aost  universal  is 
so-called  siaplex  aethod. 


1 
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The  idea  of  the  siaplex  aethod  is  relatively  siaple.  Let  there 
be  in  problea  of  linear  prograaaing  n of  variables  and  a of  the 
independent  linear  liaitations,  assigned  in  the  fora  of  equations.  te 
knov  that  the  optinan  solution  (if  it  exists)  it  is  reached  in  one  of 
data  points  (apex/ vert  exes  ODE),  where  at  least  L * n~n  of  variables 
are  equal  to  aero.  Let  us  select  soae  k of  variables  as  free  and  it 
is  expressed  by  then  the  others  a of  base  variables.  Let,  for 
eseapie,  as  free  be  selected  first  k * n-a  alternatiag/variable 
*1.  •*».  a ad  the  others  a are  expressed  through  thea: 


**  + •••  + **+!. ***  + P*+i  * 


*»+i  i *i  + “*+*.*  *»  + ••• + “*+*.  **,  + P*+»' 


| + + ••■+“«■  »*»  + Pn- 


(5.1) 
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let  us  try,  which  will  be,  if  we  place  all  unrestricted 
varieties  *i.  x equal  to  xero: 


x,=o.  x,-o *,-<). 

la  this  case,  we  will  obtain: 


**+■*=  p*+l,  P*+*,  ....  X(l. 
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This  solution  cun  be  permissible  ot  that  set  admitted.  It  is 

adaissible,  if  all  absolute  teras  pk+I(  pk+1 p.  are  nonnegative.  Let 

us  assuae  that  this  condition  is  satisfied.  Then  «e  obtained 
supporting/reference  solution.  But  is  it  optinua?  It  can  be  yes, 

I 

while  it  can  be  and  no.  In  order  to  chuck  this,  it  is  expressed  the 
aiaiaised  linear  function  L through  unrestricted  variables 

*».  *t **: 

^ Y»  + Yi  *»  + Y*  *•  + •••  + Y*  (5-2) 

I 

I It  is  obvious  that  vhea  x,  - x,  - ....  -x*  - 0 L=*y Let  us  look, 

cannot  we  iaprove  solution,  i.e. , decrease  function  L,  increasing  any 

cf  the  variables  x,,  x, Xk  (to  reduce  then  we  not  can,  since  they 

all  are  eg  sal  to  aero,  but  the  negative  values  of  variables  are  not 
adaitted).  If  all  coef f icieats  Y|i  Yti  ^ ia  foraula  (S .2)  are 
positive,  then,  increasing  soae  one  of  the  variables  x„  x„  ...x»  ewer 
xero,  we  caanot  decrease  L;  consequently,  the  found  by  as 

V 

supportiag/reference  solution  is  optiaua.  But  if  aaong  coefficients 

Yi.  is  foraula  (5.2)  there  is  negative,  then,  increasing  soae 

of  the  variables  ^i»  •••»  xi i,  ^ ho8€|  the  cosf f icidn ts  ot  vlixoli 

are  negative,  oe  can  improve  solution,  i.e.,  decrease  L. 

Let,  for  exaaple,  the  coefficient  y,  in  foraula  (5.2)  be 
negative.  That  aeans  that  there  is  sense  to  increase  xt,  i.e.,  to 
pass  froa  this  supportiag/reference  solution  to  other,  where  the 


J 
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variable  i,  is  not  equal  to  zero,  but  instead  of  it  is  equal  to  zero 
soee  another.  Increase  xt  "is  useful"  for  the  linear  function  l,  it 
aakes  it  it  is  snaller.  However,  to  increase  x(  is  necessary 
casefallf,  so  as  to  would  not  becose  negative  ether  variables 
jfc+i,  Jk+»  ....  *■.  expressed  through  the  unrestricted  variables,  in 
particular,  through  x,  by  forsulas  (5.1). 


Let  us  look,  it  is  dangerous  for  variables  Xk+t.  *»+».  ....  x, 
increase  xt,  i.e. , can  it  do  then  negative?  Tea,  it  is  daageroas,  if 
the  coefficient  of  zt  in  the  appropriate  equation  is  negative.  If 
aaong  equations  (5.  1)  there  is  no  equation  with  the  negative 
coefficient  of  xt,  then  value  xt  can  be  increased  boundless,  and, 
which  aeans,  that  the  linear  function  L is  not  linited  froa  below  and 
optiaen  solution  of  OZLP  does  not  exist. 


Let  us  asauae  that  this  not  so  and  that  aaong  equations  (5.1) 
there  is  such,  in  which  the  coefficient  of  xt  is  negative.  For 
variables,  that  stand  in  the  left  sides  of  these  equations,  increai 
xa  dangerously  - it  can  do  then  negative. 


Page  61. 


Let  us  take  one  of  such  variables  x,  and  Jet  us  look,  to  ehat 
extent  it  is  possible  all  the  sane  to  Increase  until  variable  K< 


1 
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does  become  negative?  Let  us  write  out  the  (equation  froa  systen 
(5.1): 

x, ««  an  Xj  -)-  otl  x,  +■ ...  -f-  alk  x„  0,. 


Here  absolate  tere  p,  5?  0,  end  coefficient  a„  is  negative.  It 
is  easy  to  coaprehend  that  if  ee  leave  x, «...  -x*  - 0,  then  xt  ve  can 
increase  only  to  the  valve  equal  to  - p/an,  and  with  further 
increase  xt,  variable  x,  will  becoae  negative. 

thi* t 

bet  us  select  bjpsW’  froa  variables  **+i x„,  which  earlier  than 

all  will  becoae  sero  with  an  increase  xt,  i.e.,  IB#  for  which  the 
value  - p#/a/l  is  saaller  anything.  Let  such  "aost  threatened"  the 
variable  will  be  xr.  Then  has  sense  to  re-solve  a systea  of  equations 

(5^1)  relative  to  other  base  variables,  removing  froa  the  tyunber  of 

[ 

unrestricted  variables  xt  and  after  transferring  instead  ot  it  into 

| 

the  group  of  unrestricted  variables  *r-  Xt  is  real/actual,  we  wish  to 
pass  froa  the  supporting/reference  solution,  given  by  equalities 
*»  =**» ”...  — 0,  to  the  supporting/refereqce  solution  in  which  already 

ii  f t,  ^ r,  x»  — x,  — 0.  The  first  support  iag/reference  solution 

we  obtained#  after  placing  equal  to  sere  all  previous  unrestricted 

variables  x,.  x, x*;  the  second  we  we  will  obtain#  if  we  will  turn 

. 

into  aero  all  aew  unrestricted  variables  x, x»,  xr.  Base  variables  in 

this  case  they  sill  b#  *lt  •••»  *r-l»  ^r+1* 
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Let  us  assuae  that  equations  of  type  (5.1)  for  the  new  set  of 
base  and  unrestricted  variables  are  coaprised.  Then  it  is  possible  to 
express  by  new  free  variable  and  the  linear  function  L.  If  all 
coefficients  of  variables  in  this  fornula  are  positive,  then  we  found 
the  optiaua  solution:  it  will  be  obtained,  if  all  unrestricted 
variables  are  assuned  equal  to  zero.  If  aaong  the  coefficients  of 
variables  there  is  negative,  then  the  procedure  of  an  iaproveaent  in 
the  solution  is  continued:  systea  again  is  re-solved  relative  to 
other  base  variables,  and  so  on  until  is  found  the  optiaua  solution, 
which  rotates  function  L in  the  ainiaua. 

Let  us  observe  the  described  procedure  of  a gradual  iaproveaent 
in  the  solution  of  OZLP  based  on  specific  exaaple. 

Exaaple.  There  is  a problea  of  linear  prograaning  with 
liaitation~inequal ities: 

— *t  + 2x»  < 2.  | 

— *i  + **-M*  < 6,  I (5.3) 

— 3»,  +&«,  < 7 I 

It  is  required  to  ainiaize  the  linear  function 

L — —2*i 

Solution.  Seducing  inequalities  to  standard  fora  (}0)  and 
introducing  the  additional  variables  ya,  y *,  y3,  we  pass  to 
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condition- equalities: 


y,  «5x,  +*t — 2*, + 2, 

Vi"**i  —**—*,  + 6, 

y,  «3xi — 5*, + 7. 


(5.0 


Page  62. 

Nunber  altern ating/variable  n * 7 by  4 exceeds  the  nunber  of 
equations  ■ = 3.  That  aeans  that  four  variables  they  can  be  selected 
as  free. 

Let  us  try  to  select  as  unrestricted  variables  xt>  x2,  x3,  x4 
and  to  place  then  equal  to  zero.  In  this  case#  we  will  iaaediately 

ft  = 2; 

obtain  the  supporting/reference  solution:  x3  = x2  = x3  = x«  » 0;Ay*  ■ 

5;  y,  = 7. 


At  these  values  alternating/variable  L = 0. 

Let  us  look*  is  this  solution  optiaue?  No  ! Because  in  the 
expression  of  the  linear  function  L the  coefficient  of  x3  is 
negative.  That  means  increasing  x3,  it  is  possible  to  decrease  L. 

Let  us  try  to  increase  x3.  Let  us  observe  according  to  equations 
(5.4)»  is  dangerous  this  for  other  variables?  Yes,  it  is  dangerous 
for  ya  and  y2  - in  both  these  equations  the  variable  x3  enters  with 
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negative  coefficient,  which  aeans,  that  with  increase  i„  the 
corresponding  variables  y»  and  y*  can  becone  negative. 


i 


Let  ns  look,  shich  of  these  variables  y,  or  ya  is  that  sost" 
threatened",  which  sore  earlily  will  becone  zero  with  increase  xs.  It 
is  obvious,  yt:  it  will  becone  equal  to  zero  with  xs  * 1,  and  value 
yt  - only  with  xs  * 5. 

Therefore  it  is  selected  alternating/variable  y,  and  it  is 
introduced  it  into  the  nuaber  of  free  instead  of  xs.  In  order  "to 
re-solve"  systen  (5.4)  relative  to  zJ#  ys,  y,,  let  us  act  by  the 
following  Banner.  It  is  solved  first  equation  (5.4)  relative  to  the 
new  base  variable  iai 

this  expression  let  us  substitute  for  x9  in  the  second  equation; 
we  will  obtai* 

v»  - - *i  - */,  *, + •/,  m —*«+<*. 

As  concerns  third  equation,  it,  as  not  not  containing  xa,  will 
not  be  changed.  Thus,  we  led  systen  (5.4)  to  the  fore: 

*,+  1. 

*»-  -*/,*, Vi -*,  + «. 

*.-3*,— &i4+7 
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with  unrestricted  variables  xt*  xt#  ft,  x4  and  base  x»*  y**  y». 

I 

i i . 

It  is  expressed  the  linear  function  L through  the  neu 
un-reatrictad  variables:  ^ ■ 


or 


L — 5«, — 5*»  —*»  + >» — L 
L — — *t  + V»— 


<5.e> 


Let  as  place  now  unrestricted  variables  equal  to  sero.  The 
linear  function  L will  becoae  equal  to  -1.  This  it  is  already  better 
than  previous  value  L * 0.  But  is  this  solution  optiaua?  Still  no* 
since  the  coefficient  of  xc  in  expression  (5.6)  is  negative-  thus* 
let  us  increase  x«.  Let  us  look*  for  which  of  variables*  that  stand 
in  the  left  sides  of  systen  (5.5)*  this  can  be  ^dangerously**.  Only 
foe  7a  (is  the  first  equation  xs  it  enters  with  positive  coefficient* 
bet  ia  the  third  in  no  way  it  enters). 

thus,  it  is  exchanged  by  places  alternating/variable  xt  and  yt  - 
the  first  let  us  deduce  fron  the  nuaber  of  free#  and  the  second  - let 
us  introduce.  For  this*  is  solved  second  equation  (5.5)  relative  to 
xt  and  let  us  substitute  this  xt  into  the  first  equation.  Ne  will 
obtain  one  additional  forn  of  systen  (5.4): 

(6T) 


*•"•*1—  V,—  *«+* 

*i-  —a*i— **»+*,— **«+•• 
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la  expressed  L through  the  new  unrestricted  variables: 


or 


> - 3*i  + J*,  —|f,  +ix 4 — 6 -f  * -2, 

l - 3»!  + 2y,  + 2*,  — 10. 


(5.8) 


Page  63. 

Set/ass using  it  * h • > it  > 0,  we  will  obtain 

L - - )0 

Is  this  solution  cptisoa?  This  tiae  - yes,  since  the 

coafficiants  of  all  unrestricted  varieties  in  expression  (5.8)  are 
nonnegative. 

Thus,  the  optiaua  solution  of  OZLP  is  found: 

V- 0.  *,•-«;  V-5;  *,•-  0; 

it  such  values  of  variables,  the  linear  function  L takes  the 
sieisua  value: 


i 


Lmln- -10. 
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Let  us  note  that  in  the  examined  exanple  of  us  it  was  not 
necessary  to  seek  the  supporting/reference  solution:  it  inaediately 
was  obtained,  when  we  placed  unrestricted  variables  equal  to  zero. 
This  is  explained  by  the  fact  that  in  equations  (5.4)  all  the 
absolute  tens  were  nonnegative  and,  which  ueans,  that  the  first 
hitting  solution  render/showed  supporting/reference.  If  this 
render/shows  not  then,  it  will  be  possible  to  arrive  at 
supporting/reference  solution  with  the  help  of  the  sane  procedure  of 
the  interchange  soae  base  and  unrestricted  variables,  re-solving  of 
equation  until  absolute  terns  becone  ncnnegative.  As  this  is  nade,  we 
vi 11  see  subsequently  (see  §7)  . 

6.  Tabular  algorithn  of  the  replacenent  of  base  variables. 

The  procedure  of  "re-solving"  of  the  systea  of 
equation-liaitations  OZLP  of  relatively  mew  base  variables  can  be 
substantially  siaplified,  if  it  are  foraalized  and  are  reduced  to 
filling  of  standard  tables  along  the  specific  systea  of  the  rules  (it 
is  shorter,  to  algorithn).  This  algorithn  we  will  deaonstrate  based 
on  the  specific  exanple  (in  its  validity  for  any  general  case  reader 
nay  be  convinced  independently). 

Let  us  consider  the  systen  of  five  equation- liaitations: 


iJ 


' 
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ft 

-a,, 

+ ai»  *i 

+ a»»*. 

+ a»« 

h 

-a„ 

+ <•»« 

+ «..*. 

+ a»4 

Jfi  + N. 

Vi 

-a»i 

*» 

+ aM 

■+  flM  *» 

+ a.l 

xi + 

V« 

+ a«i  *■ 

+ <•*»*» 

+ a« 

*4 -+-*«. 

lh 

*» 

+ aM  Xt 

-Mil*. 

■f  Ul« 

*4  + <>i 

with  four  unrestricted  variables:  x(,  xa,  xJ#  x«.  Let  we  need  to 
deduce  fro  a the  nusber  of  free  any  variable,  for  exaaple  xt,  and  to 
transfer  it  into  base,  but  instead  of  it  to  introduce  into  the  nusber 
of  free  sone  base  variable,  let  us  say  y*;  it  is  shorter,  we  wish  to 
interchange  by  the  places  of  the  variables  xt  and  y,.  This 
replacesent  we  will  synbolically  designate 
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Let  us  look,  which  actions  aust  be  for  this  carried  out. 

Generally,  it  would  be  possible  for  each  new  systea  of  equations 
to  carry  out  re-solving  anew,  i.e. , for  replaceaent  x**->y»#  we  would 
take  in  third  equation  (6.1)  tern  aatxt,  contaiaiag  xt,  (let  us  naae 
it  the  "solving  tarn";  it  goes  without  saying  that  we  assune  aBC  # 


0)  , they  would  transfer  it  into  left  side*  and  y,  - into  right;  they 
would  solve  equation  relative  to  xt  and  would  substitute  expression 
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fos  xa  in  all  the  reaaining  equations.  Procedure  sufficiently  bulky* 
requiring  the  stressed  attention;  during  its  fulfillaent  is  easy  to 
be  aistaken  (especially  with  the  large  nuaber  of  equations).  However* 
since  here  each  tiae  it  is  necessary  tc  sake  the  saae  operations* 
thea  they  is  sufficient  to  fulfill  one  tiae  in  general  fora  and  to 
deduce  the  rules  of  the  conversions*  which  then  can  be  applied 
aotoaatically.  These  rules*  which  realite  "re- solving"  of  systea*  are 
conveniently  realized  in  the  fora  of  tabular  a Igor  it  ha. 

So  that  this  algoritha  would  be  siapler  and  nore  easily  it  was 
aeaorized*  expedient  to  preliainarily  scaewhat  convert  systea  of 
eqaation8  (6.1)*  representing  their  right  sides  as  differences 
between  the  absolute  terns  and  the  sun  of  the  others: 

U\  ”•  6| ( fl|l  X, flu  fl»»  *» flt4*«), 

Ut  “*^» ( °tl  *1  **»»  xt flf*  •*» °»4  *«)• 

y,  — — ( — a*j  *1  — fl  i — ai$ x$  — fl»4  x*)*  (6-J) 

</«  — ^4 ( fl«l  Xl a4*  Xt~a*»  Xl  fl«4  ■*«)• 

y*  — ^6 ( flu  Xl fl»t  xt  °M  X‘  *»)• 

Desig«atinq 

— flu"®i»;  — ••••  1 flu  " 

we  will  obtain: 


y,  •"  b\  — (On  *t  + ®i»  + ®i4  *«)• 

y,  — 6,  — (a*,  <•»  + «t»  x,  + att  x,  + a*  x*), 

yt  m,  b, — (aM  x,  + <**»  xt  *«)• 

yt  “ bt — (at,  xt  +<x«i  x*  + *i+*44*t)' 
y»  — («»i  x,  + aM  x,  -f-  aM  x,  + aM  x4). 


(6.2) 
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The  fora  of  writing  of  equations  (6.2)  we  will  call  standard* 

It  is  obvious , instead  of  coapletely  record/vriting  of  equations 
(6.2) # it  is  possible  to  be  bounded  to  filling  ef  the  standard  table 
where  are  shown  only  absolute  terns  and  th«  coefficients  of 
variables.  The  first  coluan  of  table  we  will  weigh  out  under  absolute 
terns,  the  second,  third,  fourth  and  the  fifth  - under  the 
coefficients  of  the  variables  xlf  x,,  i„  in  standard  fora  (6.2). 
Standard  table  for  systea  (6.2)  is  given  in  Table  6.1. 


1 


Let  us  now  visualize  that  we  wish  to  replace  x,  £■>  yj,  i.e.,  to 
transfer  the  variable  x,  into  the  nunber  of  base,  and 
alteraating/variable  y , - into  the  nunber  of  free. 

Page  65. 


Let  us  isolate  in  the  standard  table  the  solving  cell/eleaeat  a,t 
(let  us  encircle  by  its  snail  circle);  it  is  isolated  also  by  heavy 
lines  row  and  colunn,  in  which  stands  the  solving  cell/eleaent.  This 
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cow  and  this  colunn  we  will  call  the  solving  tow  end  solving  coluaa 
(see  Table  6.2). 

Iapleaenting  operation  x*  <■-»  yJ#  we  wish  in  the  solving  row  to 
Place  the  variable  y1#  and  in  the  solving  coluan  - 
alteraating/variable  xt  (this  is  noted  in  tabic  next  to  row  and 
coluee) . 


Let  us  find  the  coefficients  which  will  have  to  place  in  table 
after  exchange  xc  C->  y(.  Let  ns  begin  froa  the  transfornation  of  the 
solving  row.  Solving  third  eguation  (6.2)  relative  to  xt#  we  will 
obtain: 


^t | ?»j 

«w  V“» 


*i  + — y»  + — *•  + 

an  an  an 


5s»x, 


0- 


(6.3) 


Thus*  the  converted  cell/elenents  of  the  solving  row  are  found 
let  us  coaprise  the  rule  of  the  transfornation  of  reeaining  rows. 
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' — Fi 

Cso6oa<wiA 

J2 

* 

*4 

y. 

ft, 

*.2 

*.3 

* 14 

y2 

b, 

*2. 

*33 

*24 

y3 

*3- 

*12 

*33 

*34 

y* 

*>< 

*4, 

*43 

*44 

y& 

*S 

«». 

«U 

«M 

*»4 

toy:  (1).  Absolute  ten. 


Hkl«  6.2. 


y*— 


cL^6oahmA 

H/10N 

*2 

*4 

y. 

o, 

*M 

*13 

*13 

*14 

y* 

t>2 

*2. 

*22 

*23 

*24 

yj 

»3 

®3i 

© 

*33 

«34 

y« 

*4 

*4, 

*42 

*42 

*44 

y» 

*S 

«». 

*M 

*5— 

Key:  (1).  Absolute  ten. 
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For  this#  let  us  substitute  iato  first  equation  (6.2)  instead  of  xt 
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its  expression  (6.3).  After  bringing  of  si nilnr  terns,  ve  sill  obtain 

It  is  not  difficult  to  ascertain  that  by  coapletely  analogous 
farn  nre  transformed  all  ths  reaaining  rows.  As  a result  we  will 
obtain  the  converted  table  (see  Table  6.3) , in  which  operation  x«  4-> 
y*  is  already  coapleted. 


After  considering  Table  6.3,  we  can  so  foraulate  the  translation 
algorithn  cf  the  coefficients  of  standard  table. 


1.  Solving  cell/eleaent  is  substituted  by  reverse  to  it  value. 

2.  All  reaaining  cell/eleaents  of  solving  row  are  divided  into 
solving  cell/eleaent. 

3.  All  cell/eleaents  of  solving  coluan  (except  aost  solving 
cell/eleaent)  reverse  sign  and  this  is  done  by  solving  cell/eleaent. 

4.  Bach  of  reaaining  cell/eleaents  undergoes  following 
transforaation:  to  it  is  adjoined  product  of  cell/eleaent,  which 
stood  in  previous  solving  row  on  the  sane  place  in  order  (i.e.  in  the 
sane  coluan)  , to  cell/elenent,  which  staajds  in  new  solving  colusn  on 
appropriate  place  (i.e.  in  the  saae  row,  as  our  cell/eleaent). 
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Last/latter  rule  can  in  the  first  reading  seen  not  by  entirely 
clear;  let  as  show  how  it  is  used  at  least  based  on  the  exaaple  of 
the  cell/eleaent,  which  stands  in  the  first  row  and  the  second  colunn 
Table  6.3.  New  cell/eleaent  that  stand  in  the  first  row  and  the 
second  coluan  Table  6.3.  New  cell/eleaent  is  equal  to  previous  («»,) 
plus  the  product  of  the  previous  cell/eleaent  of  the  solving  row  est, 
which  stands  in  the  saae  coluan,  that  elt,  and  the  new  cell/eleaent 
of  solving  coluan  , which  stands  in  the  saae  row,  as  the 

converted  cell/eleaent. 

Xt  is  not  difficult  to  ascertain  that  the  foraulated  rules  of 
the  transf or nation  of  standard  table  are  valid  for  any  aaaber  of 
equations  and  unrestricted  variables  and  for  any  replaceaeat  x,~yt. 

The  transfora ation  of  standard  table  during  replaceaeat  x,  ~ y, 
is  coavenieat  to  produce,  iapleaenting  all  the  auxiliary  calculations 
here,  in  table,  for  which  is  separated  the  lower  part  of  each 
nucleus. 
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The  translation  algoritha  x,-~,y(  of  standard  table  is  reduced  in 
this  case  to  following  operations. 

1.  To  isolate  is  table  solving  cell/eleasnt  ati.  To  cospute  its 
reciprocal  value  x=»j/au  and  to  register  in  the  loser  part  of  the 
sane  nucleus  (in  right  lower  to  angle). 

2.  All  cell/eleaents  of  solving  row  (except  very  a, ,)  to  nultiply 
on  X;  result  to  register  in  lower  part  of  the  sane  nucleus. 

3.  All  cell/eleaents  of  solving  coluan  (except  very  a,/)  to 
aultiply  on  -X;  result  to  register  in  lower  part  of  the  ease  nucleus. 

4.  To  eaphasize  (or  to  isolate  in  another  Banner)  in  solving  row 
all  upper  nunbers  (previous  cell/eleaents) , with 

except ion/eliainat ion  of  aost  solving  cell/eleaent  of  nucleus,  and  in 
solving  coluan  - all  lower  nuabers  (new  cell/eleaents),  with 
exception/eliaination  of  aost  solving  cell/eleaent. 

5.  For  each  of  cell/eleaents,  which  do  not  belong  either  to 
solving  row  or  to  that  solving  coluan,  to  register  into  lower  part  of 
nucleus  product  of  isolated  nuabers,  which  stand  in  the  sane  coluan 
and  in  the  saae  row,  as  this  cell/eleaent. 
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6.  To  rewrite  table*  after  replacing: 

- x ) on  yt  conversely* 

- cell/elenents  of  solving  row  and  coluan  - by  nuabers,  which 
stand  in  lower  parts  of  the  sane  nuclei* 

- each  of  reaaining  cell/elenents  - by  sun  of  nuabers*  which 
stand  in  upper  and  lower  part  of  the  saae  nucleus. 


Bxanple  1.  In  to  systea  of  equations 


yx=  x,—  x,  + 2x,—  5, 

tf»=*  2*i—  *,+  1, 

y»=  2xt—  x,— l. 


V4  = — *\  — x,  + 2 


(6.4) 


to  replace  X|  y 2,  i.e.,  to  deduce  froa  the  nuaber  of  unrestricted 

variables  it  and  instead  of  it  to  introduce  y2. 
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Solution.  He  recor<j/wr  ite  equations  (6.3)  iu  the  for*  of  the 
standard  table  (see  tables  6.4),  leaving  in  the  lower  part  of  each 
nucleus  of  sufficiently  vacant  place. 

Is  isolated  by  small  circle  the  solving  cell/eleraent  - 2 and 
heavy  lines  - solving  row  and  column.  He  compute  X.  = -1/2.  Auxiliary 
records  let  us  keep  in  right  lower  to  the  angle  of  the  nucleus  (see 

Table  6.5)  . 

Let  us  fill,  according  to  pcint/items  1,  2 and  3 algorithms,  the 
lower  parts  of  the  nuclei  of  those  solving  the  rows  also  of  column. 

Let  us  isolate,  after  surrounding  them  by  the  framework,  the 
upper  numbers  of  solving  row  and  the  lower  numbers  of  solving  chair 
(except  the  most  solving  nucleus). 

Further  we  already  can  fill  all  the  remaining  lower  parts  of  the 
nuclei,  aultiplying  the  corresponding  to  them  isolated  numbers,  which 
stand  in  the  solving  row  and  the  solving  column  on  the  sane  places 


\ 
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that  this  nucleus  (see  Table  b.6). 

He  finish  conversion,  tor  which  rewrite  table  6.6,  substituting 
x,  by  y*»  the  cell/elements  of  the  solving  low  and  column  - by  lower 
numbers  of  the  sane  nuclei,  and  remaining  cell/elements  - by  suui  of 
the  upper  and  lower  numbers  (see  Table  6.7). 

Thus,  mu  learned  with  the  help  of  tabular  algorithm  to 
accomplish  in  egua  t ion- limitations  any  replacement  *j  y,. 

Let.  us  recall  that  in  the  problem  of  linear  programming,  besides 
eq uat ion-1 im it  at io ns,  there  exists  even  the  linear  function 

L =*  c,  +•  c,  x,  -f  ct  xt  + ...  + Cj  x,  + ...  + c„ 

which  must  be  minimized.  If  this  function  is  expressed  through 

previous  unrestricted  variables  *i.  xt jt„,  tuen,  obviously, 

after  replacement  xt  *-*  y,  it  must  be  expressed  by  now 
unrestricted  variables  a,.  i„  ....  xiti,  y„  xU},  ....  i„.  It  is  not 

difficult  to  ascertain  that  for  this  can  be  used  the  same  algorithm, 
as  for  the  transformation  ot  any  row  of  standard  table.  It  is 
real/actual,  leading  L to  the  standard  norm 

L **  c0  — (Yi  *i  ■+•  Y*  xt  + •••  "f"  Y«  *«)' 

where  y,  « _f|;  y,  = — rt;  y»  =■  — *e  we  obtain  one 
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Key:  (1).  Absolute  tern. 
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Exanple  ot  2.  To  do  a replacement  *,  «.y,  in  system  of  equations 


¥ i-  *>—  *,+  *»— ». 

*»  — H*i—  *«— 3, 

»«-  a«,-2*, 

and  in  the  linear  function 


(6.5) 


6«*—*,+ 2*, —*,+:. 


Solution.  Let  us  fill  the  standard  table,  in  upper  row  of  which 
we  place  the  linear  function  L (see  Tatle  o.8)  . 

fulli  ng  ft  n. 
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For  the  execution  of  replacement  *. -v,  ia  the  sane  table  let 
us  aake  the  further  calculations  (see  Table  6.9). 

By  replaceaent  *.  ~v,  table  is  reduced  tc  the  form  (table 

i.  10). 


With  the  help  of  the  tabular  algorithm  of  the  exchange  of 
alternating/variable  of  equations  of  OZLP,  at  is  possible  to  solve 
any  problem  of  linear  programming  cr  tc  ascertain  that  it  does  not 
have  solution. 

The  determination  of  the  solution  cf  each  problem  of  linear 
prograaming  falls  into  two  stage: 

1)  seeking  the  supporting/reference  solution; 

2)  finding  the  optiaum  solution,  which  mrnruirzes  the  linear 
function  L. 

In  the  process  of  the  first  stage  incidentally  is  clarified, 
does  have  generally  this  problem  the  permissible  (nonnegative) 
solutions;  if  yes,  then  is  located  the  su ppott ing/refetence  solution 
for  which  all  unrestricted  variables  are  equal  to  xero,  and 
everything  base  are  non r.ega ti ve. 
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In  the  process  of  the  second  stage  incidentally  is  clarified,  is 
liaited  froa  below  the  minimized  function  1;  if  no,  then  of  the 
optiaua  solution  there  does  not  exist.  If  yes,  thea  it  is  located 
after  one  or  the  other  number  of  replacaaents  *i  **  !fi- 


Both  stage  solutions  of  OZLP  are  conveniently  implemented  with  the 
help  of  the  described  translation  algorithm  of  standard  tables. 


Page  7 2. 


7.  finding  the  supporting/reference  solution  of  the  basic  problem  of 
linear  programming. 


Let  there  be  OZLP  with  limitation-equalities,  registered  in  the 
standard  fora: 


Vi  (°ii  ■+■  ®i*  *„), 

V»  “*»-<«»,  *i  +«M*t  + O, 


V»  “ bm  - (ow,  x,  -p  x,  -f- ...  +®,»„  x.)i 


(7.1) 


those  solved  relative  tc  base  variables  y„  y„  ....  V m.  which  are 

expressed  through  aarestricted  variables  x„  x, x„.  In  each 


lj 


1 


j 


In  each 
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apex/vertex  of  ODR  (support ing/reference  solution)  at  least  n of 
variables  aust  be  converted  into  zero.  Let  us  try  to  obtain  the 
supporting/rererence  solution,  set/assuming  in  formulas  (7.1)  all 
unrestricted  variables  equal  to  zero. 


H«  have: 


■0; 


yi  — b G j/t  “ ••• ; ■ 


(7.2) 


If  all  absolute  teres  b, t>m  in  equations  (7.1)  are 

notnegative,  this  means  that  the  supporting/ret creuce  solution  is 
already  obtained;  this  case  us  does  not  interest.  Let  us  consider  the 

case  when  among  absolute  terns  />,,  b, bm  there  is  negative. 

This  means  that  solution  (7.2)  is  not  reference  - it  not  at  all 
adaissibly,  and  the  support lng/reterence  solution  still  is  in 
prospect  tc  find.  For  this,  we  mill  ste(  by  step  transpose  base  and 
unrestricted  variables  in  equations  (7.1)  until  we  arrive  at  the 
supporting/reference  solution  or  will  net  ascertain  that  it  do  not 
exist.  The  latter  occurs  in  the  case  when  system  of  equations  (7.1) 
is  incompatible  with  the  inequalities 


a,^0  x„  > 0,  pi  > 0, , ym  ^ O'ty 

i.e.  it  does  not  have  nonnegative  solution  s^Vt  restricted  variables 
so  that  this  procedure  would  approach  us  a uoundary  of  odr,  but  it 
did  not  recede  from  it,  i.e.,  so  that  the  number  of  negative  absolute 
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terns  with  each  step/pitch  would  decrease,  or,  if  the  number  of 
negative  absolute  terms  it  remains  previous,  then,  at  least, 
decreased  their  absolute  values. 


There  is  a series  of  methods  of  the  selection  of  the  solving 
cell/element  for  a pproach/approximaticn  to  the  supporting/reference 
solution.  Let  us  pause  (without  strict  prccr)  at  one  of  them. 


Let  there  be  one  of  equations  (7.1)  with  cegative  absolute  term. 
He  seek  in  this  row  negative  cell/element  atJ.  If  there  is  no  this 
cell/element  (all  cell/element s an  > 0),  this  is  the  sigu/criter ion  of 
the  fact  that  the  system  of  equations  (7.1)  is  incompatible  with 
inequalities  (7.3)  . It  is  real/actual,  in  the  absence  of  negative 
ce 11/eleme nts  in  row,  entire/all  right  side  of  the  corresponding 
equation  can  be  only  negative,  and  this  contradicts  the  conditions  of 
the  nonnegative  character  of  variables. 


Let  us  assume  that  the  negative  cell/element  is.  Then  is 
selected  the  column,  in  which  it  is  located  that  as  that  solve. 


Now  it  is  necessary  to  select  this  column  most  solving 
cell/element.  Let  us  consider  all  cell/clements  of  this  column,  which 
have  identical  sign  with  absolute  term.  Frcm  them  let  us  select  as 
that  solving  that,  for  which  the  relation  to  it  of  absolute  tern  is 


* 
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Thus,  is  chosen  the  solving  colunn,  which  solves  cell/e leaent  in 
it  and,  which  aeans,  that  the  solving  tew. 

We  will  be  convinced  based  on  example,  as  is  accomplished 

approach/a pproxiaa t ion  to  the  support ing/reterence  solution  with  this 

rule  of  the  selection  of  the  solving  ce  11/eieaent.  Incidentally  we 

will  be  convinced  of  the  soundness  of  this  rule.  <v 

1 

Faye  73. 

Example  1.  Ta  find  (if  it  exists)  the  su ppert ing/ref e rence 
solution  of  the  problem  of  linear  programming  with 
liaitation-egualit ies: 

in  “ i — ( — *i  — »*»+*»). 

(— 2x,+  x,-x,».  • . 

_ (<.4l 

•<»-  2 — <x,  f x,). 

V«-  l-<  — x,  + x,). 

(hare  it  is  not  brought  the  linear  fora  which  must  be  minimized, 
because  the  suppor tiny/reference  solution  is  ought  irrespectively  of 
the  fora  of  this  fora). 

Solution.  We  record/write  conditions  (7.4)  in  the  fora  of  the 
standard  table  (see  Table  7.1). 
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in  Table  7.1  is  negative  absolute  term  by  -5  in  row  y2  of  column 
i|.  According  to  rule,  is  selected  any  negative  cell/element  of  this 
row,  for  example  -2  (in  table  7.1  it  is  emphasized).  By  this  we 
selected  the  solving  column  Xj.  As  "candidates"  to  the  role  of  the 
solving  cell/element  let  us  examine  all  those  cell/elements  of  this 
column,  which  are  differing  ty  sign  to  their  absolute  terra;  this  will 
be  -2  and  1 (zero  as  the  solviny  cell/element  figure  it  cannot). 

He  compute  for  each  of  the  "candidates"  the  relation  to  it  of 
the  absolute  tern: 

(-5)  / < — 2)  - 2/1-2. 

Small  from  these  relations  to  2;  that  leans  cell/element  1 is 
selected  as  that  solve  and  we  transpose  — y,  (see  Table  7.2). 

After  the  execution  of  actions,  we  come  tc  taple  7.J. 

In  Table  7.3  as  before  one  negative  absolute  term,  but  in 
absolute  value  it  is  already  less  than  in  table  7.  1 - tnat  means  that 
we  approach  ODE. 

Let  us  try  to  get  rid  also  of  this  term.  In  row  y2  is  only  one 
negative  cell/element  -1  (it  is  emphasized).  That  means  that  the 
solving  column  can  be  only  column  x3.  He  compute  for  all 
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cell/elements  of  this  chair,  which  have  identical  sign  with  our 
abaolata  t«r«,  the  ratio  ct  absolute  tecs  to  the  cell/element: 

3/1-3;  (-1) /(-»->•• 


Tables  7.1. 


C«o6oamwm 

( >) 

1 2 

*3  ‘ 

(/. 

1 

-1 

-2 

1 

J/2 

-5 

1 

-1 

y3 

\ 

1 

1 

0 

y* 

1 

0 

-1 

1 

Key:  (1).  Absolute  term. 

Fage  74. 

Relation  reaches  the  minimum,  equal  tc  1,  for  two  cel  1/eleaents 
let  us  take  and  the  quality  of  that  solving  the  first  of  them  (-1), 
that  stands  in  row  y2  and  cciumn  x3,  v let  us  dc  a replacement 
(see  Table  7.4  and  7.5). 

In  Table  7.5  all  absolute  terms  are  nennegative,  and  the 

supporting/reference  solution  is  found: 


Key:  (1).  Absolute  term. 

Fage  75. 
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Solution.  We  record/write  system  cf  equations  (7. ‘3)  in  the  form 
of  the  standard  table  (see  Table  7.6). 

It  is  selected  ton  with  the  negative  absolute  term,  tor  example, 
the  first.  In  it  there  is  negative  cel 1/element  (-1).  Is  selected 
column  x,  as  that  solve,  irfe  compute  the  relations: 

(—<«)/<  — 1)  — 4;  (-2V<  — 1)-2. 

Last/latter  sense  minimally;  that  means  as  tnat  solve  we  take 
cell/element  (-1)  in  row  y4  and  we  produce  replacement  x,  — y«  (see 
Table  7.7  and  7.8). 

Let  us  turn  our  attention  to  row  y3  in  table  7.8.  in  it  absolute 
term  is  negative,  but  there  is  not  one  negative  cell/element  (except 
quite  absolute  term).  Tfe  corresponding  equation  takes  tae  form: 

f * — (2.vi + *> -+ *»). 

Can  with  any  nonnegative  values  y4,  xi#  Xj  value  y3  oe 
nonnegative?  it  is  obvious,  no:  with  y4=x2=x3=0  we  will  obtain  y3= 
-14,  but  increase  y4,  x2,  x3  over  zero  will  do  y3  still  less. 


'i 


DOC  * 78068705  PAGE 

II 

Consequently,  system  (7.5)  is  incompatible  with  the  inequalities, 
which  ensue  from  the  nonneyative  character  of  variables,  and  the 
problem  of  linear  programming  with  boundary  conditions  (7.5)  the 
permissible  solutions  does  not  have.  About  the  same  testifies  row  y2 
table  7.8,  where  also  there  is  not  one  negative  cell/element  (except 
quite  absolute  term). 

Thus,  we  see  that  there  is  no  need  to  specially  trace  the  system 
cf  conditions  of  OZLP  for  consistency  fcr  the  dcmain  of  the 
noqnegative  solutions:  this  question  is  clarified  automatically,  in 
the  process  of  the  determination  of  supportiny/reference  solution. 

8.  Finding  the  optimum  solution  of  the  basic  problem  of  linear 
programming. 

In  the  previous  paragraph  we  learned  to  find  out  the 
supporting/reference  solution  of  system  of  equations  of  OZLP;  during 
the  searches  of  this  supporting/reference  solution,  we  were  not 
completely  occupied  by  the  linimized  function  L.  Now  we  will  be 
occupied  the  optimization  of  solution,  i. e.,  by  finding  such 
supporting/reference  solution  which  converts  into  the  minimum  the 
linear  function: 


L - c9— (y,  *i  + Y»  *«  + •••  + Yn 


1 
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In  §5  we  already  demonstrated  the  fundamental  side  of  the 
methodology  of  the  optimization  of  solution.  Here  we  based  on 
examples  will  show  how  this  optimization  can  be  carried  out  with  the 
help  of  the  tabular  algorithm  of  replaceaent  x,~i 


Example  1.  To  find  the  solution  of  the  problem  of  linear 

programming  with  the  equations 

Vi -2  — ( «!  + *«— 2*,), 

Vt-  1 -<*,-*,+  *•).  .... 

V.  — 5 — ( **  + *,), 

V*“2  — (2x,  —*t), 

rotating  in  the  ainiaun  the  linear  function 


t-0— (— <|+2x,  + xj). 


Solution.  All  absolute  terms  in  (8.1)  are  nonnegative,  which 
means,  that  supporting/reference  solution  is  present: 


Vi— 2;  1;  v»  — 5; 


Is  it  optimum?  No,  since  the  coefficients  of  x2  and  x 3 in  (8.2) 
are  positive,  which  means,  increasing  these  variables,  we  reduce  L. 


Let  us  register  (8.1)  ana  (8.2)  in  the  form  of  standard  table 

(table  8.1). 


Since  the  coefficients  in  tne  first  row  of  x2  and  x3  are 
positive,  any  of  these  variables  can  be  deduced  from  the  number  of 
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free.  Let  this  will  be  x3.  tehich  of  the  cell/e lements  of  chair  x3  to 
take  that  solve?  This  cell/element  must  be  positive.  That  means  that 
of  us  exists  the  selection:  1 in  row  y2  or  1 in  row  y3.  Let  us  select 
that  them  them,  for  which  the  relation  to  it  of  ausolute  term  is 
minimal  (proof  see  in  §5). 

Relations  are  equal  to  1/1  = 1;  5/1=5.  Minimum  of  them  1.  That 
means  that  as  that  solve  it  is  necessary  to  take  cell/element  1 in 
chair  x3#  row  y2.  Let  us  replace  xt~yt  (see  Table  8.2,  8.3). 

Fage  78. 


Tables  8.1. 


□ 

T| 

CboOoamm* 

mex 

r, 

*3 

0 

-1 

2 

1 

* 

2 

1 

i 

-2 

1 

1 

-1 

© ' 

1/3 

5 

0 

i 

1 

y« 

2 

2 

-i 

0 

Key:  (1).  Absolute  term. 
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In  upper  row  table  8.3  is  the  positive  coefficient  of  x2,  which 
■eans,  that  x2  it  is  necessary  to  deduce  frcm  unrestricted  variables. 
Is  selected  as  the  solving  that  positive  cell/element  chair  x*,  for 
which  the  relation  to  it  of  absolute  tern  is  minimal.  But  in  chair  x? 
unique  positive  cell/element  2,  it  is  selected  as  that  solve  (see 
Table  8.4  and  8.5). 


It  turns  out  that  procedure  is  not  still  finished:  in  the  first 
row  table  8.5,  is  a positive  cell/element  in  column  y*,  which  means, 
that  the  variable  y2  must  be  deduced  from  the  number  of  free.  As  that 
solve  we  take  that  of  the  positive  cell/elements  of  chair  y?,  for 
which  the  relation  to  it  of  absolute  term  is  minimal. 

Eq uate/coa par in q the  relations 


it  is  selected  as  that  solving  cell/elenent  3/2  in  row  yj  and  chair 
y*  we  continue  the  procedure  ot  the  optimization  (see  Table  8.6  and 

6.  7)  . 


In  the  first  row  table  8.7  there  is  net  one  positive 
cell/elewe nt ; that  weans  optimum  solution  reached;  it  will  be: 


*,-6. 


At  these  values  of  variables,  the  linear  function  L reaches  its 


9 — s 


n,'r" "" 
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minimum  value  equal  to 


t»in  — —9. 


Does  arise  the  question:  a that  it  in  the  chair*  which  contains 
positive  row  elenent  L,  will  be  located  not  one  positive 
ce  11/eleme  nt , in  older  to  make  it  solvinq?  it  is  easy  to  ascertain 
that  in  this  case  function  L is  not  limited  fros  oelow  and  OZLP  does 
not  have  optimum  solution. 


It  is  real/actual*  in  tins  case  an  increase  of  the  variable* 
that  corresponds  to  this  chair*  reduces  the  linear  function  L and 
cannot  do  one  of  the  base  variables  negative*  which  means,  that 
nothing  impedes  the  unlimited  decrease  cf  function  L. 


Thus*  let  us  formulate  the  rules  cf  the  determination  of  the 
optimum  solution  of  OZLP  by  the  simplex  method. 

1.  If  all  absolute  terms  (without  considering  row  L)  in 
simple x-ta ble  are  nonnegative*  but  in  rew  L (witnout  considering 
absolute  term)  thare  is  not  one  positive  cell/element,  then  optimum 
solution  is  reached. 
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Absolute  tecs 


which  corresponds  to  it,  there  is  not  one  positive  cel 1/el ement,  then 


linear  function  L is  not  limited  from  below 


should  replace  of  one  of  unrestricted  variables  by  one  of  basis 


■oreover  as  that  solve  it  is 


when  one  (or  more)  absolute  terms  in  equation-limitations  it  is 


C»o6oamuA 

MJ»«H  { , | 

r— 

— 

y, 

*2 

*4 

L 

0 

-i 

0 

0 

*2 

o 

-i 

0 

0 

1/2 

2 

i 

-i 

-1 

0 

y3 

1 

0 

*1 

-1 
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obtained  equal  to  zero.  This  means  that  in  this  supporting/reference 
solution  are  converted  into  zero  only  unrestricted  variables,  but 
also  some  of  the  base.  Let  us  consider  an  example. 

Example  of  2.  To  find  the  solution  of  the  problem  of  linear 

programming  with  the  conditions 

Vt  - — *,+*s+2,  1 (8.3) 

I 

rotating  in  the  minimum  the  linear  function 

£.«  2x,-*t.  (8.4) 

Solution.  We  record/write  (8.3)  and  (6.4)  in  the  form  of  the 
standard  table  (see  Table  8.8). 

According  to  general  rule,  we  seek  in  chair  the  solving 
oe 11/e le me nt , for  which  the  relation  tc  it  of  absolute  term  is 
nonnegative  and  it  is  minimal.  Equating  relation  to  0:1  and  2:1,  we 
ar«  stopped  on  solving  cell/element  1 in  rcw  y,,  for  which  this  sense 
is  equal  to  zero.  We  produce  replacement  x2  < - > y4  (see  Table  8.9 
and  8.10). 

During  transition  from  one  table  6.8  tc  next  8.10,  it  is 
logical,  did  not  occur  the  decrease  of  the  linear  function  L (it  both 


Let  us  do  still  one,  the  latter,  observation  apropos  of  the  so-called 
"ringing".  We  already  saw  that  in  the  presence  of  "degeneration"  it 
can  seen  that  replacement  of  cne  of  the  unrestricted  variables  by 
base  and  back  leads  only  to  the  exchange  of  variaules,  without  the 
decrease  of  the  linear  function  L.  In  very  rare  cases  can  seeia  that 
the  consecutive  application/use  of  a rule  of  the  selection  of  the 
solving  cell/eleaent  leads  to  the  fact  that  after  several 
replaceaents  we  again  are  returned  to  the  same  set  of  base 

and  unrestricted  variables,  from  which  they  began.  This  is  called 
"r.inging".  Virtually  in  order  to  avoid  this,  sufficiently  it  is 
during  repetition  to  take  the  solving  cell/element  not  in  the  manner 
that  it  was  undertaken  for  the  first  time  (tor  example,  in  other 
chair) . During  the  organization  of  the  algorithm  of  linear 
programming  by  ETsVM  into  program,  must  be  introduced  corresponding 
indication. 

Page  8 3. 
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9.  Transport  problem  of  linear  programming. 

In  the  previous  paragraphs  the  simplex  method  of  the  solution  of 
problem  of  linear  programming  presented  is  universal  and  it  is 
applicable  for  the  solution  of  any  such  problems.  However,  there  are 
some  particular  types  of  problems  of  the  linear  programming  which,  by 
the  force  of  some  special  feature/peculiarities  of  its  structure, 
admit  solution  by  simpler  methods.  To  it  is  related,  in  particular, 
the  so-called  transport  problem. 

The  classical  transport  problem  of  linear  programming  is 
formulated  as  follows. 

There  is  m of  point/items  of  the  sending:  au  Am,  in 

which  are  concentrated  the  supplies  of  some  uniform  goods  (load)  in  a 

quantity  respectively  av  a, am  cf  unity.  Furthermore,  is  n of 

stations  of  destination'^.  B„,  feeding  claims  respectively 

to  hi.  fe, bn  unity  of  goods. 

It  is  assumed  that  the  sum  of  all  claims  is  equal  to  the  sum  of 
all  supplies: 

bf.  (9.!) 

i-  I I 


Is  known  the  cost/value  ctj  of  the  transport  of  unity  of  goods 
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froa  each  point/item  of  sendin 
&i-  The  table  (matrix/die)  ct 

assigned: 

‘c„  c„ 

c*i  cn 


g /4,  to  each  station  of  destination 
the  cost/ values  cf  transport  cui  is 

•••  ci»  | 

...  ctn  I 


fC»t  cm»  •••  Cmn  n 

It  is  required  to  comprise  such  plan/layout  of  transport,  by 
which  all  claims  would  be  carried  cut,  and  in  this  case  tne 
coaaon/general/tot al  cost/value  of  all  transport  was  minimum. 


Upon  this  formulation  of  the  problem  the  index  of  tne  efficiency 
of  the  plan/layout  of  transport  is  the  cost/value;  therefore  stated 
problem  more  precisely  calls  transport  problem  iu  the  criterion  of 
cost/value. 


Let  us  give  to  this  problem  mathematical  formulation.  Let  us 
dssigaste  xu  - quantity  of  load,  transmitted  froa  the  i point/item 
of  sending  At  for  /-  station  of  destination  B,  (i=1,  = 

...»  n)  . Nonnegative  variables  *»*•  ••••  *mn  {number  of  which, 

obviously,  equally  mxn)  aust  satisfy  the  following  conditions: 

t.  The  total  quantity  of  load,  directeu  frem  each  point/item  of 
sending  in  all  the  stations  of  destination,  must  oe  equal  to  the 
supply  of  the  load  in  this  point/item. 
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Page  84. 


This  will  give  to  us  m condition-equalities: 
*11  4"*ii  4"  4_*i«  ~ai> 

*11  4"  *11  4"  •••  4"  *in  = ®*« 


*rnl  + *m2  4“  •••  4“  *»m  ^«i*  / 

cr#  it  is  shorter. 


2 *i j = <Ji. 

/ — I 

n 

— *-j  -=a„ 

i-  i 


V 

*mV  — Om. 


(9.2' 


2.  Total  quantity  of  lead,  su pply /del ivered  to  each  station  of 
destination  from  all  point/items  of  sending,  must  be  equal  to  claim, 

subject  this  poiat/item.  This  will  give  n condition-equalities: 

XU  + x*  4-  ...  4-*ml  •=*!, 

*it  4-  *«  4-  •••  4-  *m*  — bt. 


or,  it  is  shorter. 


*ln  4-  x2n  4-  — 4-  x, 


mn 


y x„  =*  t>„ 

s *<« - 
1 — 1 


(9.3) 


2 *«»  * *»• 


3.  Total  cost/value  of  all  transport,  i.e.,  sun  of  values 
Xui,  aultiplied  by  appropriate  cost/values  ct),  aust  be  aiainun: 
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s 


' 


I 


i 


L "Cll  XU  + Cll  •*!»  + •••  + Cl«  Xl«  + 

■+■  c*i  xn  ■+■  ctt  *•»  d*  •••  c*»  x*»  "f"  •••  ■+■ 

4"  ^*ml  xml  41  ^ntt  xm*  'f  •••  "I"  ^mit  xm»  * Hlill, 


or,  Much  shorter, 

m n 

I**  2 2 ctjxtj ~inin,  (9.<> 

/- 1 1 

m ft 

where  sign  of  double  sub  2 2 leans  that  addition  is  produced  on 
all  conbinations  of  indices  (i*1,  ...,  m;  j-1,  ...,  n)  , i.  e. , on  all 
combinations  of  point/items  oi  sending  with  stations  of  destination. 

Page  85. 

Function  (9.4)  is  linear,  limitation  - equality  (9.2),  (9.3)  are 

also  linear.  Before  us  - the  typical  problem  of  linear  programming 
with  limitation-equalities  (OZLP)  . 

Like  any  other  problem  of  linear  programming,  it  it  would  be 
possible  to  solve  by  the  simplex  method,  but  this  problem  has  some 
special  feature/peculiarities,  which  make  it  possible  to  solve  it  a 
more  simply.  Reason  is  the  fact  that  all  coefficients  of  variables  in 
equations  (9.2),  (9.3)  are  equal  to  one.  Furthermore,  has  a value  the 
structure  of  communication/connections  between  conditions.  It  is  not 


iJ 


DOC  = 78068705 


PAGE  /$$ 


difficult  to  ascertain  that  not  all  m«-n  equations  of  our  problem  are 
independent  variables.  It  is  real/actual,  store/adding  up  between 
themselves  all  the  equations  (9-2)  and  all  the  equations  (9.3),  we 
must  obtain  one  and  the  same,  by  the  fcrce  of  condition  (9.1).  Thus, 
conditions  (9.2),  (9.3)  are  connected  by  one  linear  dependence,  and 
actually  of  these  equations  only  m ♦ n - 1,  but  not  m ♦ n are  the 
linearly  independent.  That  means  that  the  rank  ci  system  of  equations 


(9.2) , (9.3)  is  equal  tc 


r*»  m + n—  1, 


■w 

a**'  therefore,  it  is  possible  to  solve  these  equations  relative  to  m ♦ 
t - 1 base  variables,  after  expressing  them  through  the  others,  free. 


Let  us  count  a quantity  of  unrestricted  variables.  It  is  equal 

to: 

A»mn-(m  + n-l)  = mn-m-(n-n  = 

^nf^n- 1)— (n— l)-(m  — !)(«  — !)• 

He  know  that  in  the  problem  of  linear  programming  the  optimum 
solution  is  achieved  in  one  of  the  apex/vertexes  of  ODR  where  at 
least  k of  variables  are  converted  into  zero.  That  means  that  in  our 
case  for  the  optimum  plan/layout  of  the  transport  at  least  (m  - 1)  (u 
- 1)  of  values  xlt  they  must  be  equal  tc  zeio. 


Let  us  agree  the  terminology.  The  values  x,i  of  * quantity  of 


' 
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cues  of  load,  directed  from  point/item  A,  xn  pcrnt/iten  0>  we  win 
call  transport. 

Any  value  part  (x,})  (i=1,  ...,  m;  j=1,  n)  let  us  call  the 

Flan/layout  of  transport,  or  it  is  simple  ty  plan/layout. 

Plan/layout  (x„)  let  us  call  permissible,  if  it  satisfies 
conditions  (9-2),  (9.3)  (the  so-called  "balance  conditions"):  all 

claims  are  satisfied,  all  supplies  exhausted. 

The  permissible  plan/layout  let  us  call  supporting/reference,  if 
in  it  are  different  frcm  zero  not  more  than  r=m*n-l  base  transport 
x,),  and  regaining  transport  are  egual  tc  zero. 

Plan/layout  (x,j)  let  us  call  optimum,  it  it,  among  all 
permissible  plan/layouts,  leads  to  the  smallest  cost/vaiue  of  all 
transport. 

Fage  86. 

Let  us  pass  to  the  presentation  of  the  methods  of  the  solution 
of  transport  problem  (TZ).  These  methods  do  not  reguire  manipulations 
with  simplex-tables,  but  they  are  reduced  tc  simpler  operations 
directly  with  the  table  where  in  the  determined  order  are  registered 
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all  conditions  of  TZ.  This  table  tie  will  call  transport  table. 

In  transport  table  are  record/written 

’ 

- the  point/i terns  of  sending  and  designat icn/purposes, 

- the  supplies,  available  in  the  pcint/items  of  sending, 

- the  claims,  subject  ty  stations  cf  destination, 

- the  cost/value  of  transport  iron  each  pcint/item  of  sending 
into  each  station  of  destination. 


\\ 

I 


I 


The  cost/values  of  transport  we  will  place  in  the  upper 
right-hand  corner  of  each  nucleus,  with  the  fact  in  order  in  nucleus 
itself  with  compilation  of  plan/layout  to  place  the  transport  x,j. 

The  specimen/sample  table  gives  in  table  9.1. 


For  brevity  s ubseguent ly , let  us  designate  the  point/items  of 
sending  - PO,  stations  of  destination  - PN.  In  the  upper  right-hand 
corner  of  each  cage/cell  wrote  the  cost/values  of  the  transport  of 
one  of  goods  (load)  from  PO  At  into  PN  Bj.  In  right  column  placed 
the  supplies  of  goods  in  each  PO,  in  lower  row  - the  claims,  the 
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subjects  by  each  PN.  For  TZ  the  sum  cf  supplies  is  equal  to  the  sum 
of  claims;  the  com mon/gener al/tot al  value  ci  this  sum  is 
record/written  in  the  right  lower  nucleus  ci  table. 

Above  we  showed  that  the  rank  of  the  system  of 
equation-limitations  of  TZ  was  equal  to  r = m«-n-1,  where  in  - a number 
of  rows,  and  n - a number  of  columns  of  transport  table.  That  means 
that  in  each  supporting/reference  plan/laycut,  including  optimum, 
they  will  be  different  from  zero  not  more  than  n-no-1  transport. 

The  nuclei  (cage/cell)  of  tne  tables  in  which  we  will 
record/write  these  different  from  zero  transport,  let  us  agree  to 
call  base,  and  the  ethers  (empty)  with  free. 
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Fage  87. 

Thus,  the  solution  of  TZ  was  reduced  to  the  following.  To  find 
such  values  of  the  positive  transport  which,  being  are  written  in 
elementary  cells  of  transport  table,  would  satisfy  the  following 
conditions: 

- sum  of  transport  of  each  table  tew  oust  be  egual  to  reserve  of 
the  given  PO; 

- sum  of  transport  of  each  chair  must  be  equal  to  the  claim  of 
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given  PN; 

com mon/gene ral/total  cost/value  cf  transport  - minimum. 

In  the  future  all  the  actions  on  the  determination  of  the 
solution  of  TZ  will  be  reduced  to  the  transformation  of  transport 
table  9.  1. 

During  the  description  of  these  transformations  to  us  it  is 
convenient  it  will  be  to  use  the  numbering  cf  the  cage/cells  of  table 
(s.isilar  numbering  of  the  cage/cells  of  the  chessooard)  . By  cage/cell 
\A„B j)  or,  it  is  shorter,  cage/cell  (i,  j)  we  will  call  the 
cage/cell,  which  stands  in  the  i row  and  the  j chair  of  transport 
table.  For  example,  uppernost  left  cage/cell  will  oe  designated  (1, 

1)  , that  stands  hearth  by  it  (2,  1)  and  so  forth. 

10.  Determination  of  supporting/reference  plan/layout. 

The  solution  of  transport  problem  as  any  problem  of  linear 
programming,  begins  from  the  determination  of  supporting/reference 
solution,  or  as  we  will  speak,  support  i r.g/ref  erence  plan/layout. 
Dnlike  the  general  case  of  CZLP  with  arbitrary  limitations  and  the 
minimized  function,  the  solution  cf  TZ  always  exists.  It  is 
real/actual,  from  purely  physical  considerations  it  is  clear  that 
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although  soae  permissible  plan/layout  tc  exist  must  among  the 
peraissible  plan/layouts  without  fail  is  optimum  (it  can  be,  not. 
one),  because  the  linear  function  L - a cost/value  of  transport  is 
knowingly  nonnegative  (it  is  limited  from  below  by  zero).  In  this 
paragraph  we  will  show  how  to  construct  supporting/reference 
plan/layout.  For  this,  there  are  different  methods  from  which  we  will 
pause  at  simplest,  the  so-called  "method  of  the  northwest  corner".  To 
clarify  it  most  simple  will  be  based  on  specific  example. 

Example  1.  Conditions  of  TZ  are  assigned  ty  the  transport  table 
(see  Table  10.  1)  . 

It  is  required  to  find  the  supporting/reference  solution  of  TZ 
(tc  construct  supportiny/refer ence  plar./laycut)  . 

Solution.  Let  us  rewrite  table  10.1  ana  will  fill  it  with 
transport  gradually,  beginning  with  left  upper  nucleus  (1.1) 
("•northwest  corner"  of  table).  Let  us  discuss  in  this  case  as 
follows.  Point/item  B,  fed  claim  for  16  ones  of  load.  Let  us  satisfy 
this  claim  of  volt-ampere  the  calculation  or  supply  48,  available  in 
point/item  At,  and  let  us  register  transport  by  18  in  cage/cell 
(1-1).  After  this  claim  of  point/item  B,  it  is  satisfied,  and  in 
point/item  A,,  remained  an  additional  1C  ones  of  load.  Let  us  satisfy 
because  of  them  the  claim  of  point/item  B2  (27  cnes) , let  us  register 
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27  in  cage  (1.2);  the  remaining  3 units  of  point/item  A,  let  us 
assign  to  point/item  B3.  In  the  composition  of  the  claim  of 
point/item  Bj  remained  not  satisfied  of  3g  unity. 

Page  8 8. 

From  them  30  by  cut  because  of  point/item  A2,  than  its  supply  it  will 
be  exhausted,  and  an  additional  9 let  us  take  from  point/item  a3. 

From  the  remaining  18  units  of  point/item  A3  12,  let  us  isolate  to 
point/item  a4;  remaining  6 units  let  us  assign  to  point/item  B5, 
which  together  with  all  20  units  of  pcint/item  A4  will  cover  its 
claim  (see  Table  10.2). 

On  this,  safety  distribution  it  is  finished:  each  station  of 
destination  obtained  lead  according  to  its  claim.  This  is  expressed 
in  the  fact  that  the  sum  of  transport  cf  each  rev  is  egual  to  the 
appropriate  supply,  and  in  chair  - claim. 

Thus,  by  us  immediately  is  comprised  the  plan/layout  of 
transport,  which  satisfies  balance  conditions.  The  obtained  solution 
is  only  not  permissible,  but  also  supperting/r eference  the  solution 
of  transport  problem. 
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The  caye/cells  ot  the  tables  in  which  i>tand  nonzero  transport, 
are  base*  their  number  satisfies  condition  r = m ♦ n-  1 = H.  The  others 
cells  - free  (empty),  in  them  stand  nonzero  transport*  their  number 
is  equal  (n-1)  (m-1)  = 12.  That  means  that  our 
plan/layout-suppor tinq/rof erence  and  stated  problem  of  the 
construction  of  su pport iny/ref er ence  plau/layout  is  solved. 


Does  arise  the  question:  a is  this  plan/layout  optimum  for 
cost/value?  It  goes  without  sa  yiny  that  no  ! Iudeed  with  its 
construction  we  in  no  way  considered  the  cost/values  of  transport 
ci i-  It  is  logical,  plan/laycut  was  not  obtained  optimum.  It  is 
real/actual,  the  cost/value  of  this  plan/layout  which  will  be 
located,  if  we  multiply  each  transport  fcy  the  appropriate  cost/value, 
it  is  equal  to  18«  10*  27  «B  ♦ J «5t  J0»B  1 0*  1 1 »b+  6 • ?♦  20»B  = 10  i'i . 


* tb  improve  this  plan/layout,  after  t ra rsf er r iny,  for  example,  IB 
units  from  caye/cell  (1.1)  intc  cell  (*.l)  and,  in  order  not  to  break 
balance,  after  transferring  the  same  of  trt  units  from  caje/cell  (2.1) 
into  cell  (1.J).  Me  will  obtain  the  new  plan/layout,  given  in  table 
10.3. 


It  is  not  difficult  to  ascertain  that  the  cost/value  ot  new 


Flan/layout  is  equal  to  27*B*z  1«5t  18»b»  12*B*9*  10*  12*8*6»7*  20*B*913, 
i. per  12b  units  is  smaller  than  the  cost/value  of  the 
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plan/layout,  given  in  table  10. i. 


Thus,  because  of  the  cyclic  permutation  ot  Id  units  of  the  load 
of  suae  ca ye/cells  ot  ethers  we  succeeded  in  reducing  the  cost/value 
of  plan/layout,  on  this  method  of  decreasing  the  cout/value 
subsequently  will  be  based  the  algorithm  of  the  optimization  of  the 
plan/layout  of  transport. 


Let  us  pause  at  one  special  f eatur e/pecu 1 iar rty  of  the 
plan/layout  ot  transport,  which  can  be  met  both  during  the 
construction  of  supporting/reference  plan/layout  and  during  its 
improvement.  Speech  occurs  about  the  so-called  “degenerate" 
plan/layout  in  which  some  of  the  base  transport  prove  to  be  equal  to 
aero.  Let  us  consider  a specific  example  of  the  emergence  ot  the 
degenerate  plan/layout. 


Example  of  2.  Is  given  transport  table  (without  the  cost/valuos 
of  transport,  since  we  are  dealing  only  with  the  construction  of 
supporting/reference  plan/layout)  - see  Table  10.4. 
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To  coapri.se  the  support  iug/r«J  terence  plan/ layout  of  transport. 

Solution.  Applying  the  method  of  the  northwest  corner  wo  will 
obtain  table  10.5. 

it 

Supportinq/re  f erence  plan/layout  is  comprised.  Its  special 
feature/peculiarity  is  the  tact  that  in  it  only  six,  but  not  eiqht 
different  fro*  zero  transport.  This  leans,  certain  of  the  base 
transport  which  must  be  m*n-1=d,  they  rend er/showed  equal  to  zero. 

It  is  not  difficult  to  note  that  why  this  occurred:  during  the 
distribution  of  supplies  according  tc  stations  of  destination  in 
certain  cases,  the  residue/remainders  proven  tc  be  equal  to  zero  and 
into  the  appropriate  cage/cell  did  net  tall. 

Such  cases  of  "degeneration”  can  appear  net  only  durinq  the 
composition  of  support inq/r eterence  plan/layout,  but  also  durinq  its 
tr ansf or*ation,  optimization. 

In  the  future  to  us  is  convenient  will  be  always  to  have  in  the 
transport  table  n- 1 of  elementary  cells,  although  in  some  of  them 
perhaps  they  will  stand  the  zero  values  of  transport.  For  this,  it  is 
possible  to  negligibly  little  chanqe  supplies  or  clai*s,  so  as  to 
total  balance  would  not  be  broken,  but  excess,  "intermediate" 
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balances  were  destroyed.  Is  sufficient  in  necessary  places  to  change 

supplies  or  the  clams,  tor  example,  tc  value  *,  a after  the 
determ  inat  ion  of  the  optimum  solution  to  assuam  * *■  0. 


Let  us  show  how  to  pass  from  the  degenerate  plan/layout  to  that 
noodegener ate  based  on  the  example  table  10.5.  Let  us  change  slightly 
supplies  in  the  first  row  and  will  place  them  equal  to  •!»>♦  «. 

Pu-rt her eore,  in  the  third  row  let  us  write  supplies  25*  «.  In  order 
"to  reduce  balance",  in  the  fourth  low  we  place  supplies  20-  2»  (see 
Table  10.6).  For  this  table  we  construct  supporting/reference 
plan/layout  by  the  method  of  the  northwest  cornet. 

In  Table  10.6  has  already  been  contained  as  many  base  variables, 
as  is  required:  m»n-1  = 8.  in  the  future,  after  the  optimization  of 
plan/layout,  it  will  be  possible  tc  assume  a — 0. 

II.  Improvement  in  the  plan/layout  of  transport.  Cycle  of 
recalculat  ion. 

In  the  previous  paragraph  we  already  rapidly  were  introduced  to 
the  method  of  an  improvement  ir  the  plan/layout,  consisting  of  the 
fact  that  some  transport,  without  the  damage  of  balance,  arc 
transferred  from  cage/cell  to  cage/cell  on  certain  closed  cycle.  Here 
we  will  consider  these  cyclic  permutations  in  more  detail. 
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Let  us  take  the  transport  table,  which  consists,  for  example,  of 
h5  cows  anil  n-6  chairs  (number  of  cows  and  columns  is  une  ssen  t ial ) . 

Cycle  in  transport  table  we  will  call  several  cage/ce  1 1 s, 
connected  locked  broken  line  which  in  each  cage/cell  accomplishes 
rotation  on  90°. 

For  example,  table  11.1  depicts  two  cycles:  the  first  with  four 
apex/ verte  xes  (2.1),  (2.3),  (4.3),  (4.1)  and  the  second  - with  eight 
apex/vertexes  (1.4),  (1.t>),  (4.6),  (4.4),  (J.4),  (3.5),  (5.5),  (5.4). 
Ey  r if leaan/pointers  is  shown  the  direction  ot  the  circuit/bypass  of 

cycle. 

Fage  92. 
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Key:  (1).  supplies.  (2 ) . Claims. 


Page  93. 


X t is  not  difficult  to  a see eta in  that  each  cycle  has  even  numboi 
cf  apex/ vertexes  and.  which  means,  that  even  nuiber  of 
component/linis  (a  rrow/pointer s)  . 

Let  us  agree  to  note1  by  sign  those  apex/ vertexes  of  cycle, 

in  which  the  transport  increase,  and  by  sign  - those 

apex/ ver te xes  in  which  they  are  reduced.  Cycle  witn  the  noted 
apex/  vertexes  let  us  call  "designated".  Table  1 1.  2 shows  two 
designated  cycles:  first  To,  with  tour  apex/ ver texes  (1.1),  (1.2), 

(3.2)  and  (3.1)  and  second  Ts,  with  eight  apex/ vert  exes  (3.4),  (3.6), 

(5.6),  (5.3),  (2.3).  (2.5),  (4.5)  and  (4.4). 

To  transfer  (to  "move")  some  quantity  of  unrts  of  load  on  the 
designated  cycle  - this  means  to  increase  tne  transport,  which  stand 
in  the  positive  apex/vertexes  ot  cycle,  to  this  guantity  of  units, 
and  transport,  which  stand  in  negative  ape x/ vertexes  - to  decrease  by 
the  sane  guantity.  it  is  obvious,  during  the  transfer  of  any  number 
of  units  on  cycle,  the  equilibrium  between  supplies  and  claims  does 
not  vary:  as  before  tho  sub  ot  transport  of  each  row  is  equal  to  the 
supplies  of  this  row,  but  the  sum  cf  transport  of  each  chair  - claim 
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of  this  column.  Thus,  during  any  end-arcund  carry,  which  leaves 
transport  nonnegative,  the  permissible  plan/laycut  it  remains 
permissible.  The  cost/value  or  plan/laycut  in  this  case  can  vary  - 
increase  or  be  reduced. 


Let  us  name  the  value  of  cycle  an  increase  in  the  cost/value  of 
transport  during  transferring  cf  one  unit  cf  lead  over  the  designated 
cycle.  It  is  obvious,  tne  value  of  cycle  is  eyual  to  the  algebraic 
sum  of  the  cost/values,  which  stand  of  the  apex/vertexes  of  cycle, 
moreover  the  cost/values,  which  stand  ir,  positive  apex/vertexes,  are 
taken  with  sign  and  in  negative  - with  sign  For  example, 

for  a cycle  Tst  in  table  11.2  values  is  egual  to: 


c»i  ci«-f  — c„. 


while  for  a cycle  Ts2 


cu—cM+cM—c$t+cu—cu  + cu—cu. 


Let  us  designate  the  value  of  cycle  Ts  through  7-  During 
transferring  of  one  unit  of  load  over  cycle  Ts,  the  cost/value  of 
transport  increases  by  value  7;  during  transferring  over  it  k of  the 
units  of  load  the  cost/value  of  transport  increases  by  ky„ 


It  is  obvious,  for  an  improvement  in  the  plan/layout,  has  the 
sense  to  move  transport  only  on  that  cycles  whose  value  is  negative. 
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Each  time  when  to  us  be  managed  to  complete  this  transferring,  cost 
of  plan/layout  is  reduced  by  the  appreciate  value  ky. 


Since  transport  cannot  be  negative,  we  will  use  only  such  cycles 
whose  negative  apex/vertexes  lie/rest  at  elementary  cells  of  the 
table  where  stand  positive  transport  ». 


FOOTNOTE  l.  In  the  case  of  degeneration,  as  we  will  see  further,  can 
render/shot  useful  fictitious  transfer  cn  the  cycle  whose  negative 
apex/vertex  lie/rests  at  ca.ce/cel  1 with  zero  transport.  ENDFOOTNOTE. 


If  cycles  with  negative  value  in  table  no  longer  remained,  this  means 
that  further  improvement  in  the  plan/layout  is  impossible,  i.e., 
optimum  plan/layout  is  ach ieve/reached. 
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The  method  of  a consecutive  improvement  in  the  plan/layout  of 
transport  lies  in  the  fact  that  in  table  are  fcund  out  the  cycles 
with  negative  value,  on  them  ace  moved  the  transport,  and  plan/layout 
is  improved  until  cycles  with  negative  value  no  longer  remain. 


During  an  improvement  in  the  plan/layout  ty  end-around  carries, 
as  a rule,  they  use  the  method,  borrowed  from  the  simplex  method: 
with  each  step/pitch  (cycle)  they  substitute  one  unrestricted 
variable  by  base,  i.e. , is  filled  one  free  cage/coll  and  instead  of 
that  they  free/release  one  cf  elementary  cells,  in  this  case,  the 
total  number  of  elementary  cells  remains  by  constant/invar iabie  and 
equal  a ♦ n-1.  This  method  is  convenient  in  that  for  it  is  more 
easily  found  the  adequate/approach ing  cycles. 


It  is  possible  to  demonstrate  that  for  any  free  cage/cell  of 
transport  table  always  there  is  a cycle  (and  besides  only) , one  of 
aptx/ver te  xes  of  which  lie/tests  at  this  free  cage/cell,  and  all 
others  - in  elementary  cells.  It  the  value  of  this  cycle,  with  plus 
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in  free  cage/cell,  is  negative,  then  plaa/layout  can  be  in  proved 
transferring  by  of  transport  over  this  cycle.  A quantity  of  unity  of 
load  k which  can  be  moved,  is  determined  by  the  minimum  value  of  the 
transport,  which  stand  in  the  negative  apex/vertexes  of  the  cycle  (it 
we  «o»t  the  larger  number  of  unity  of  load,  will  arise  negative 
transport)  . 


I 

| 


Example  1.  To  find  optimum  plan/layout  for  tne  transport 
problem,  given  in  table  11.3. 

Solution.  He  comprise  support ing/cef erence  plan/layout  by  the 
method  of  the  northwestern  angle  (table  11.4). 


The  cost/value  of  this  plan/layout  is  equal  to; 


- 22-10  + 9-7  4-  25-6  + 23-5  + 18  6 + 20-7  ~ 796. 


The  number  of  base  variables,  as  it  is  set/assumed  in  the 


nondegenerate  case,  is  equal  tc  r = i ♦ ,n  - 1 = J M - 1 =6. 


Let  us  try  to  improve  plan/layout,  after  occupying  free 
cage/cell  (2.4)  with  minimum  cost/value  4.  Cycle,  which  corresponds 
to  this  cage/cell,  shown  in  table  to  11.4.  The  value  of  this  cycle  is 
equal  to  j = 4-7*6-5=  -2. 


lA 


5 


-2 


i 


I 

j 

I 


I 
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On  this  cycle  we  can  neve  the  iiaxiaim  of  20  unity  of  the  load 
(in  order  not  to  obtain  in  the  caje/cell  (3.4)  of  negative 
transport).  The  new,  iaproved  plan/laycut  is  shewn  in  table  to  11.5 


rl 


U 
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Cost/value  of  this  plan/layout  L2  = 79t>  ♦ 20  • (-2)  = 756.  In  it 


as  previous  are  six  elementary  cells 


P or  further  improvement  in  the  plan/layout,  let  us  focus 


attention  on  free  cage/cell  (2-1)  with  cost/value  5.  The  cycle,  whi 
corresponds  to  this  cage/cell,  shown  in  Table  11.5;  value  its  7 


meve  22  unity  of  load  how  we 


decrease  the  cost/value  of  transport  tc  756  + 2?-<— <)  « 668 

(see  Table  11.6). 
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let  us  try  to  further  reprove  this  plan/layout,  counting  the 
values  of  cycles,  that  begin  by  positive  apex/vertex  in  free 
cage/cell,  we  exaaine/scan  the  available  free  cage/cells  fable  11.6 
we  determine  the  value  ct  cycle  for  each  of  them.  All  these  values 
(we  let  for  reader  to  check  this)  either  positive  or  zero,  therefore, 
no  cyclic  transference  of  transport  can  improve  the  plan/layout  of 
transport.  Thus,  the  plan/layout,  given  in  table  11.6,  is  optimum. 


The  used  above  method  cf  finding  the  optimum  solution  of 
transport  problem  is  called  distributive;  it  coqsists  of  the  direct 
finding  of  free  cage/cells  with  the  negative  value  of  cycle  and  of 
the  transference  of  transport  on  this  cycle. 


Example  of  2.  To  find  the  optimum  plan/layout  of  transport  for 
TZ,  whose  conditions  are  given  in  Table  11.7. 


Solution.  He  construct  supporting/reference  p^an/layout  by  the 
method  of  the  northwestern  angle;  it  is  obtained  degenerated.  In 
order  to  avoid  this,  we  break  the  balance  of  supplies  and  claims  for 
i in  the  first  and  third  tows,  withovt  breaking  the  total  balance 
(sum  of  supplies  is  equal  to  the  sum  of  clams).  After  this  we 
construct  supporting/reference  plan/laycut  also  by  the  method  of  the 
northwestern  angle  (table  11.8),  in  it  it  is  exact  as  many  base 
variables,  as  is  necessary;  five.  He  improve  the  plan/layout  of 


4 
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transport  by  transfer  20  - r unity  of  load  on  the  cycle,  shown  in 
table  11.8;  we  will  obtain  the  new,  best  plan/layout  (see  Table 

11-9). 


The  plan/layout,  given  in  table  10.9,  is  not  still  optiaal, 
since  cycle  with  beginning  in  free  cage/celi  (2.1)  has  the  negative 

value: 

V-6— 5+4  — I0--5 

We  mote  on  this  cycle  cf  20  unity  cf  load;  we  will  obtain  table 

11w10. 


The  value  of  the  cycle,  which  begins  in  cage/cell  (2.2)  by  table 
1 1 2 1 0#  is  also  negative:  4-5t4-5*  -2.  However,  on  this  cycle 
it  is  possible  to  transfer  cnly  transport,  egual  to  F Nevertheless, 
let  us  do  this  and  we  will  obtain  the  new  plan/layout  (see  Table 

11-11)  . 

In  table  11.11  all  cycles,  which  correspond  to  free  cage/cells, 
ha  ve  nonnegative  value;  therefore  the  plan/laycut,  given  in  table 
11.11#  it  is  optima,  set/assuaing  in  it  « - o,  we  will  obtain  final 
optiaua  plan/layout  (table  11.12)  with  the  ikiniaua  cost/value  of  the 
transport 


I 


J 


finl»’»40-4  + 20-6  + 3.5  + a0-3  — 355. 
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Let  us  note  that  the  used  here  method  of  the  "liquidation  of 
degenerati  on”  by  r safety  changing  is  not  entirely  convenient, 
since  requires  further  actions  with  e-  those  changed  by  data.  It 
will  simpler  with  the  filling  table  10.8  net  change  supplies,  but  "to 
imagine"  them  to  itself  changed  and  instead  of  t to  place  in 
elementary  cell  Id. 3)  is  siiple  zero.  Elementary  cell  with  zero 
transport  in  terms  of  the  fact  will  differ  rroi  the  free,  that  in  it 
zero  it  is  written,  but  in  tree  is  net.  Further  manipulations  with 
transport  table  will  be  completely  the  same,  as  it  in  elementary 
cells  stood  only  positive  transport,  witn  the  only  difference,  which 
when  one  of  the  negative  apex/ vertexes  cf  cycle  render/sho ws  in 
elementary  cell  with  zeic  tiansport,  it  is  necessary  to  transfer  on 
this  cycle  nouleft  transport  (fictitious  transfer). 
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Key:  (1).  Supplies.  ( l ).  Claims 


If  in  the  transport  table  of  a little  (cne-two)  base  variables  they 


are  converted  into  zero,  it  is  possible  to  recommend  this 


■ethod  instead  of  t 


We  recommend 


becomes  less  convenient,  since  it  is 


arrangement  on  the  table  of  the  zero  base  transport  (i.e.  it  is 


J_L_ 

| 3anacw 

] 5 

4 

'4 

40 

40 

4 

5 

3 

23 

3 

2° 

6 

20 

20  j 

43 

83 

DOC  = 78068706 


PACE  £13 


12«  Solution  of  transport  problem  by  method  of  potentials. 


The  distributive  method  of  the  solution  of  TZ  to  vnich  we  were 
introduced  in  the  previous  paragraph,  possesses  one  def iciency/lack: 
it  is  necessary  to  find  out  cycles  for  all  tree  caqe/cells  and  to 
find  their  values.  From  this  laborious  work  us  trees  the  special 
aethod  of  the  solution  of  TZ,  which  is  called  the  method  of 
potentials.  This  method  makes  it  possible  to  automatically  select 
cycles  with  negative  value  and  to  determine  their  values. 

i 


Let  there  be  the  transport  problem  vita  the  balance  conditions 


2 = (*=1 m);  2 xu  — bj  (/  = 1 n),  (12.1) 

I /-I 


■oreover 


m n 

2 °(  = 2 b). 

■ -I  i-i 


The  cost/value  of  the  transport  of  unity  cf  the  load  from 
B,  is  equal  to  ctt\  the  table  of  cost/values  (ctj)  is  assigned. 


i n 


It  is  required  to  find  the  plan/layout  of  transport  ( x,j ),  which 
would  satisfy  balance  conditicrs  (12.1),  and  in  this  case  the 
cost/value  of  all  transport  was  minimum: 


m n 

L=  2 2 Cd  Jti)  = min. 


(12.2) 


The  idea  of  the  method  of  potentials  tor  the  solution  of  TZ  is 
reduced  to  following.  Let  us  visualize  that  each  of  the  point/items 
cf  sending  At  is  introduced  for  the  transport  cf  unity  of  the  load 
(nevertheless,  where)  seme  sum  in  turn,  each  of  the  stations  of 

destination  B ) also  introduces  for  the  transport  of  unity  of  the 
load  (where  it  is  convenient)  sum  P/l  these  payments  are  transmitted 
to  certain  third  person  ("ferryman"). 

Let  us  designate 

ai+?>J=cli  (i  = l m;  /=  1,  ....  n)  (12.3) 

and  let  us  call  value  ctl  the  "pseudoccst/value"  of  the  transport  of 
unity  of  the  load  from  At  in  B,. 


Page  100. 

Let  us  note  that  the  payments  a„ P> must  not  be  positive:  it  is 
possible  that  the  "ferryman"  itself  pays  to  one  or  the  other 
point/item  seme  premium  for  transport. 


Let  us  designate  for  brevity  entire  set  of  payments 

a,,  am  p, pn  through  (a„  fi/).  without  making  more  precise  thus  far 

a question,  from  which  considerations  are  assigned  these  payments, 
let  us  demonstrate  first  of  all  one  the  general  consideration  or  the 


i 
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'theorem  about  payments".  It  consists  c £ following. 


For  the  assigned  set  of  payments  (o4,  fij)  the  total 


pseudocost/val ue  of  the  transport 


£ “ 2 2 CiJ* ii 

i—  i '-I 


with  any  permissible  plan/layout  of  transport  (*u)  retains  one  and  the 


same  value 


I *.0  = 00051. 


In  this  formula  value  C depends  otly  cu  the  set  of  payments 

(«i.  Pi). 

but  it  does  not  depend  cu  that,  which  precisely  permissible 


plan/layout  (x,j)  we  use. 


Let  us  demonstrate  this  position.  We  have: 


i »•  2 2 cu  xti **  2 2 (®i  4*  Pi)  xii 1 

i-i  /-i  i-i  /-i 

m n m n 

■*2  2 «i  + 2 2 Pi  *u- 

i-i  i— \ i—\  .-I 


He  convert  the  first  of  the  double  sums  of  expression  (12. h) 


Let  us  take  out  a,  from  under  the  sign  of  sum  on  j 


2 2«.*,i- 2*<  2** 

i- 1 i-i  1 


I 


But  plan/layout  (xo)  is  permissible,  which  means,  tnat  for  it  is 
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iaplenented  the  ba lance  condition: 


whence 


1 xU’mah 
<- 1 


m n m 

22  22  = y «/“(• 

1- 1 1-  I 1-1 


Analogously  we  convert  second  ter*  in  (12.5) 


£ 2 Mo  - — 22  Mu  “ 

Iwml  i—\  /-I  /-I 

a m »i 

~ 22  P/  22  2 P,h,. 

(-1  (-1  1-1 
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Substituting  (12.6)  and  (12.7)  in  (12.5)  , we  will  obtain: 

•n  n ,h  H 

2.  22  cuxiims  2.  a(fl|  + 2 Pjfy.  (12.8) 

i—i  —i  i—i  I— i 

In  formula  (12.8)  right  side  does  cot  depend  on  tho  plan/layout 
of  transport  (*u).  but  depends  only  on  supplies  (<j(),  clams  (6j)  and 
payments  (o„  Pj). 

Thus,  we  demonstrated  that  the  total  pseudccost/va lue  of  any 
fwnlsaible  plan/layout  of  transport  with  the  assigned  pay  Rents 
^ one  and  the  sane  and  fren  one  plan/layout  to  the  next  does  not 

vary. 
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Until  now,  we  do  not  in  any  way  connect  payments  (a„  P>)  and 
pseudocost/value  C|/=-a|+P/  with  true  cost/values  of  transport 
Now  we  will  establish  between  them  communicaticn/connection. 

Let  us  assume  that  plan/layout  (x,j)  n onuegenet ate  (number  of 
elementary  cells  in  the  table  of  transport  is  equal  to  a ♦ n - 1). 

For  all  these  cage /cells  Let  us  determine  payment*  (o„  0/)  so 

that  in  all  elementary  cells  cf  pseudocost/value  would  be  wounds  to 
the  cost/values: 


with  *u>  0; 

as  concerns  free  cage/cells  (where  xtJ  — 0),  then  in  them  the 
relationship/ratio  between  pseudocost/ val ues  and  cost/values  can  be 
which  conveniently: 

Cu~c ti\  cll<cli  when  cu>cu  *ith  x„-0. 

Proves  to  be  the  relationship/ratio  between  pseudocost/values 
and  cost/values  in  free  cage/cells  it  shows  that  is  pian/layout 
optimum,  or  it  can  be  improved. 


PAGE  ^.1  8 

Let  us  demonstrate  following  theorem. 

Theorem. 

If  for  ail  elementary  cells  of  the  plan/layout  (*u>0) 

*1  +P/  “ eumm  fa* 

a for  all  free  cage/cells  (x,t »■  0) 

®i  + Pi — ea  < eOt 

then  plan/layout  is  optimum  and  any  methods  it  is  improved  be  it 
cannot. 

Proof.  Let  us  designate  (x,j)  - plan/layout  eith  the  corresponding 
to  it  system  of  payments  («,,  Py),  that  possesses  property  indicated 
above  (for  all  elementary  cells  of  pse udocost/value  are  equal  to 
cost/values,  but  for  free  - they  do  not  exceed  them).  Let  us 
determine  the  cost/value  of  this  plan/layout: 

*—  2 £ Cii  x°' 

i-i  /.i 

In  sun  (12.9)  are  different  from  zero  cnly  terms,  corresponding 
to  elementary  cells,  in  then  the  cost/values  are  equal  to 
pseudocost/values.  Therefore 

m n 

*-2  2 Cu*u-  (12.10) 

i • l /•  I 
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On  the  basis  that  previously  denonst rated,  tais  sum  (in  this 
sy.stea  of  payments)  is  equal  tc  certain  constant  C (see  (12.4)): 

£-2  2 cux,i-C.  (12.11) 

/—  1 /-I 


*ow  let  us  try  to  chanqe  plan/laycut  Uu).  after  replacinq  it  with 
some  other  plan/layout  (*/ <)•  let  us  designate  the  cost/value  of  the  new 
flan/layout 


£'-  2 

/-  1 


2 ^lj  Xiji 


(-1 


(12.12) 


nhere  x‘ti  - the  new  transport,  differert  from  zero,  generally 
speaking,  in  other  cage/cells,  than  x,j  Some  of  these  cage/cells 
coincide  with  previous  - base  for  a plan/layout  (*uh  and  others  - with 
free  for  a plan/layout  (*»/'■  In  the  first  - ccst/value  r ,,  on  previous 
are  equal  to  pseudocost/values,  but  in  the  second  - it  is  not  less 
then: 


clt  > C,). 


Therefore  sun  (12.12)  cannot  be  less  than  sum  (12.11)  (it  12.9): 


£'-  2 2 2 2 C,#,-  2 2 c„x„-C-L  (12.13) 

!■!  fe|  I — 1 —I  /•* 


1J 
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He  see  that  by  no  change  in  tho  plan/layout  (xij)  its  cost/value 
cu  be  decreased;  that  leans  plan/layout  (*,*)  it  is  optimum  and 
theorea  is  deaonst rated. 


It  is  not  difficult  to  show  that  this  thecrea  is  valid  also  for 
the  degenerate  plan/layout  in  which  sole  of  the  base  variables  are 
equal  to  zero.  It  is  real/actual,  then  that  in  eleaentary  cells  of 
transport  are  strictly  positive,  for  proof  it  is  unessential:  it  is 
sufficient  so  that  they  will  be  nonnegative. 


Thus,  is  proved  that  the  sign/criter icn  of  the  optiaua  character 
of  plan/layout  (*w)  is  satisfaction  of  two  conditions: 


— for  all  eleuentary  cells; 

'uKcu  toe  all  free  cage/cells. 

The  plan/layout,  which  possesses  this  property,  is  called 
potential,  and  the  corresponding  to  it  payaents  («„  M • by 
potentials  of  point/iteus  A„  Bt  (i— 1,  m;  /—  1 n). 

Using  this  terminology,  the  demonstrated  above  theorem  can  be 
formulated  thus: 


(12.14a) 


Ir 

(12.144) 


k Id 
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Any  potential  plan/layout  is  optimum. 

Thus,  for  the  solution  of  transport  problem  to  us  it  is 
necessary  one  - to  construct  potential  plan/layout.  It  turns  out  that 
it  it  is  possible  to  construct  by  the  method  of  successive 
approximations,  beiny  assigned  first  by  some  arbitrary  system  of 
paynents,  which  satisfies  condition  (12.14a). 


Page  103. 

In  this  case,  in  each  elementary  cell,  is  obtained  the  sum  of 
paynents,  equal  to  the  cost/value  of  transport  of  this  cage/cell; 
then,  iaproving  plan/layout,  one  should  si sultaneously  vary  the 
system  of  paynents  so  that  they  approach  potentials. 

During  an  improvement  in  the  plan/layout  us  uelps  the  following 
property  of  payments  and  p seudocost/va  1 ues : 

I 

whatever  the  system  of  payments  (a,,P;)t  satisfying  condition 
(12.14a),  for  each  free  cage/cell  the  value  of  the  cycle  of 
recalculation  was  equal  to  the  difference  between  the  cost/value 
and  the  pseudocost /val ue  cu  in  this  caqe/cell: 

'tu-cu—  C|/.  (»2.15) 

| 

L . _ 


T 
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Actually,  let  us  consider  some  transport  table,  for  example  m = 
5,  n - 6 (table  12.  1)  . 

Let  us  enter/write  in  this  table  neither  supplies  nor  claims  nor 
transport  (they  will  not  be  to  us  necessary),  let  us  simply  note  (let 
us  encircle  by  heavy  line)  elementary  cells. 

Let  us  take  any  free  cage/cell,  fct  example  (1.5),  and  let  us 
construct  corresponding  to  it  the  cycle  of  the  recalculation  whose 
positive  apex/vertex  lie/rests  at  this  free  cage/cell,  and  all  others 
- in  base.  Let  us  determine  the  value  cf  this  cycle.  It  is  equal  to 

Vi » “ c, » — ■ cu  + c„ — ■ cM  + c„ c„. 


w 
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Table  12.1 


Xnn 

no\ 

B' 

Bn 

LA. 

B 4 

85 

B6 

c„ 

■1 

E 

C14 

cis 

cn 

n 

■■ 

Aj 

c 31 



: 

Ijjj 

C,4 

Cj. 

a3 

C3, 

C33 

■ 

6 

^34 

Css 

c„ 

Ka 

^4 

^41 

1 

\ 

C«2 

C«3 

C44 

C45 

C44 

^5 

C», 

CM 

CM 

c* 

CM 

Page  104. 

But  for  all  elementary  cells  cf  ccst/value  are  equdl  to 
pseudocost/values;  therefore 

Yl»  — CU  — (°s  f P&)  + («s  + P»)  — (a2  + P:()  + (a2  + P»)  — 

— (ai  + P*)  — cn  — (ai  + P») = — cn> 

i.  e.  the  value  of  the  cycle,  which  begins  in  free  caye/cell  (1.5)  is 
equal  to  a difference  in  cost/value  c15  and  in  pseudocost/value^Cj  5 
in  this  cage/cell.  It  is  obvious,  the  saae  it  will  be  correct  and  for 
any  free  cage/cell. 


I 


JJ 
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Thus,  with  the  use  cf  the  method  of  potentials  for  the  solution 
of  TZ  drops  out  the  most  laborious  cell/element  of  the  distributive 
method:  the  searches  of  cycles  with  negative  value. 


The  procedure  of  the  construction  of  potential  (optimum) 
plan/layout  consists  of  following. 


As  the  first  approximation  to  optitum  plan/layout,  is  taken  any 
permissible  plan/layout  (at  least  constructed  ty  the  mettiod  of 
northwestern  angle).  In  this  plan/layout  m ♦ n - 1 elementary  cells 
where  a - number  of  rows,  n - number  of  columns  of  transport  table. 
For  this  plan/layout  it  is  possible  to  determine  payments  («i,  Py),  so 
that  in  each  elementary  cell  is  implemented  the  condition: 


®i  + F/  =ciJ- 


(12.16) 


Equations  (12.16)  entire  m ♦ n - 1,  and  number  unknown  is  equal 
to  m ♦ n.  Consequently,  one  of  these  unxnowns  can  be  assigned 
arbitrarily  (for  example,  equal  to  zerc).  Alter  this  of  « ♦ n - 1 
equations  (12.16)  it  is  possible  to  find  remaining  payments  a(l  Pj, 
and  from  them  to  compute  the  pseudccost/values: 


C4|  =■«  <*|  + P / 


for  each  free  caqe/cell.  If  it  turned  cut  tnat  ail  these 
pseudocost/values  do  not  exceed  the  cost/values 
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Co<c,),  (12.17) 

then  the  plan/layout  is  potential  and,  which  Beans,  that  it  is 
optiaal.  But  if  at  least  in  cne  free  cage/cell  pseudocost/ value  is 
greater  than  the  cost/value 

C,|  > C|J, 


then  plan/layout  is  not  optimum  and  can  be  improved  Dy  the  transfer 
cf  transport  on  the  cycle,  which  corresponds  tc  this  free  cage/cell. 
The  value  of  this  cycle  is  equal  tc  the  difference  between  the 
cost/value  and  the  pseudocost/ value  in  this  free  cage/cell. 

Thus,  we  coma  to  the  following  rule  (algorithm)  of  the  solution 
of  transport  problem  by  the  method  of  potentials. 

1.  To  take  any  supporting/reference  plan/layout  of  transport,  in 
which  are  noted  m ♦ n - 1 elementary  cells  (remaining  cage/cell  - 

f r ee)  . 


2.  To  determine  for  this  plan/laycut  payments  (a,,  py)  on  the 
basis  of  condition,  so  that  in  any  elenentary  cell  of 
pseudocost/value  were  equal  to  cost/values: 


i* 


al  + P/  = C,j. 


(12.18) 


DOC  * 78068706 


PAGEJ.26 


One  Of  the  payment s can  be  assigned  arbitrary#  for  example#  to  assume 
equal  to  zero. 
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3.  To  count  pseudocost/values  c„  «•  a,  -f  p(  for  all  free 
cage/cells.  If  it  seems  that  they  all  dc  net  exceed  cost/values,  then 
flan/layout  is  optimal. 


4.  If  although  in  one  free  cage/cell  pseudccost/va lue  exceeds 
cost/value#  one  should  begin  toward  improvement  in  track  layout  of 
transfer  of  transport  cycle#  which  corresponds  to  any  free  cage/cell 
with  negative  value  (for  which  pseudoccst/ value  more  cost/value). 


5.  After  this  anew  are  counted  payments  and  pseudocost/values, 
and#  if  plan/layout  still  is  net  optimal#  procedure  of  improvement  is 
continued  until  is  found  optimum  plan/layout. 


To  the  concepts  of  "payments"  and  cf  "pseudocost/values"  it  is 
possible  to  give  demonstrative  economic  interpretation. 


I 


Let  us  visualize  that  (ai.fi/)  - real  payments  which  point/items 
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yi,  and  Bj  pay  £ot  the  transport  of  unity  of  lead  to  some  third 
person  "care ier") . Hill  net  contrast  interests  A and  B - they  they 
function  as  single  economic  system.  The  transport  of  unity  of  the 
load  from  point/item  of  point/item  B}  onjectively  stands  clt,  and 

both  sides  A and  B together  pay  for  this  transport  to  "ferryman"  sum 
c,j  — o,  + Pj.  Optimum  will  be  such  plan/layout  of  transport  with  which 
the  point/items  A„  B)  overpay  to  "ferryman"  nothing  over  the 
objective  cost/value  of  transport,  i.e.,  such  plan/layout,  any 
departure  from  which  is  disad vantayeous  for  company  A,  13  - it  will 
force  to  pay  them  for  transport  more  than  if  they  conveyed  loads 
themselves. 


Let  us  demonstrate  the  application/use  of  a method  of  potentials 
for  the  solution  of  TZ  based  on  specific  example. 

Example  1.  To  solve  by  the  method  of  potentials  TZ,  assigned  in 
table  12.2,  where  is  written  the  first  su ppor ting/ref erence 
plan/layout,  comprised  using  the  method  of  the  northwestern  angle. 


Key:  (1).  Supplies.  (2).  Claims. 
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Solution.  Me  attribute  to  table  12.2  from  below  additional  row 
< 

for  payments  P/.  to  the  right  - an  additional  column  for  payments 
oi  (see  Table  12.3).  Pseudccost/values  ?„«,<*, -fPj  me  record/write 
in  left  upper  to  the  angle  cf  each  cage/cell,  and  cost/values  - in 
the  upper  right-hand  corner.  One  of  the  payments,  for  example  it 

is  selected  arbitrarily,  set/assum ing  that  let  us  say,  tnat  aj  = 0. 
For  each  elementary  cell  the  pseudccost/value  ctJ  = a,  + p,  must  be 
equal  to  cost/value  cu- 


r: 


L 


Set/assuming  ax  = 0,  we  find  from  the  condition 

a,  + (1,  - 10;  0 + ft  - 10;  ft  = 10. 


a froa  the  condition 


a,  + ft  - 0 + ft  = 8;  P,  ~ 8. 


Continuing  this  procedure,  we  find: 


®i  + p2  — ®i  + 8 — 6. 
-2  + ft-4; 

a,  + 6—  5) 

-l  + P«-4, 
-1+P.-3| 
a,  + 4«8; 


ft- 6; 

a> 1» 

ft-5; 
ft -4) 

a, -4. 


Since  not  all  pseudocost/values  in  free  cage/cells  table  12.3 
satisfy  condition  (12.17),  the  plan/layout,  given  in  table  12.3,  is 
not  optimum.  Let  us  try  tc  improve  it,  translating  into  base  one  of 
the  free  cage/cells  for  which  fcr  example,  cage/cell  (2.1). 

He  construct  the  corresponding  to  this  cage/cell  cycle  (it  is  shown 
in  table  to  12.3).  Value  of  this  cycle  5-8  = -3.  Let  us  transfer  on 
this  cycle  of  13  unity  of  the  load  (more  it  is  cannot  that  the 
transp-ort  in  cage/cell  (2.2)  wculd  net  become  negative),  we  decrease 
the  cost/value  of  plan/layout  fcy  13.3  = 39  and  will  pass 'to  ^able 
12.4. 

He  compute  for  a plan/layout  table  12.4  new  values  of  payments, 
as  before  set/assuming  ax  = 0.  He  see  that  in  table  12.4  still  there 


i ] 

i 


Id 
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ara  the  free  ca  ye/  cel  Is  for  which  7tj  ><;>,  for 
for  this  cage/cell  is  shown  in  table  tc  13.4. 


Key:  (1).  Supplies.  (2).  Payments.  (3).  Claims 


example  (1,  4)  . 


. (4).  Payments 
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Table  12.4 


n o d b o 3«n»cw|nA8T*tm* 
|-jh\  u<  *>i  u4  ai  a , I «t 

»0  »0  8 '"  8 S"""®  8 8 7 'ft  | 

A,  4 21 L 25  I o 

5 5 3 8 4 4 3 3 ? 8 I 

A,  >3^ 19  32  -5 

8 8 4 tJs  UU  4T3  1 1 

A,  22L>  4 40  -4 

M M 8 id  16  "aj©  • 8 8 I 

A4  20  20  I 

' Ml  W ■ ■■■■«  • *—r  *■&-—  ’ wN*  " ” ” 

3*6  >7  21  41  U 24  117 


10  8 9 8 7 


K«y:  (1).  Supplies.  (2).  payments.  (3).  claims.  (4).  Payments 


Table  12.5. 

d d n n d ! 3ana?wi  n/iaremM 

no  \j  ^ i3 : B* ; B»  I a.  I «, 

]b  — 10  b 'f?  *"■#$"  'eT~  V ' | ” 1 

A\  I 21  I 4 25  0 

~ l®  »i»  «v  4|3  *r~i|  I 

A2  17  15  32  -3 

“ i tie  7|»  sji  Vi  5|  j ~ 

26  j 10  I 4 40  1 -2 

; — J -r.zzzit_i I _ 

III  14!  1 1 1010  ,8'B  e a af  1 

A*  j +i,._ 320  j 20  | 3 

**rT: irnr“VTnTr 

rWTeflf?'  g | 8 ~5  | ~j 

Key:  (1).  Supplies.  (2).  Payments.  (3).  Claims.  (4).  Payments 
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Table  12.6. 


PAGE 


\nH 

no^ 

! * 

fl3  I 

1 

Bs 

1 8» 

3ankcM 

n/iaVf 

•l 

8 '0  0 9 

21 

7 9 

a a 
4 

s a 

25 

0 

At 

7\ 

J 

5'  6 



< « 

<8 

i 

a S 

9 9 

32 

-3 

e i 

• ft* 

6 

'<■  « 

•0 

3 3 

24 

40 

-2 

ft/ 

o u 

9 (0  8 6 

20 

f»  a 

r « 

i 

20 

1 

3a-*\K 

31 

17 

21 

T1 

j 

Jlj 

24 

117 

n /ia  t nWtM 

a 

8 

8 

6 

5 

Ray:  (1).  Supplies.  (2).  Payments.  (3).  Claims.  (4).  Pay«ents 


table  12.7. 

FCtThI  I 


3arracw 
a . 


3«uhV 


Kay:  ( 1)  • Supplies.  (2).  Claims. 
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Table  12.8. 


Key:  (1).  Supplies.  (2).  Payaents.  (3).  Claims.  (4).  Payments 


Table  12.9. 


Key:  (1).  Supplies.  (2).  payaents.  (3).  claias.  (4).  Payments 


r 
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fable  12.12. 


3#ra 


20 


20 


25 


25 


Bs 


20 


10 


3anl^w 

a, 


20 


25 


30 


30 


75 


Key:  (1).  Supplies.  (2).  Claims. 
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The  transfer  of  four  unity  cn  this  cycle  leads  to  the  plan/layout, 
presented  (with  its  payments  and  pseudocost/values)  in  table  12.5. 
This  plan/layout  still  net  optimum.  Transferring  on  the  cycle,  which 
corresponds  to  free  cage/cell  (U,  J) , 2C  unity  cf  load,  we  obtain  new 
plan/layout  (table  12.6)  with  new  payments  and  pseudocost/values. 


In  Table  12.6  already  all  pseudocost/values  do  not  exceed  the 
appropriate  cost/values,  which  means,  ttat  this  plan/layout  is 
optimal.  The  potentials  of  point/items  are  found  and  equal 
respectively : 


a,  ■ 0;  Si  B — 3;  2;  a,  =*  I* 

- s!  p,  - 8;  P,  - 7;  P.  - 6;  P*  - 5. 


h 


i 


« 
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During  the  analysis  of  these  values,  it  cannot  be  forgotten 
which  cne  of  then  (in  our  case  at)  is  assigned  arbitrarily  (a,  = 0) ; 
therefore  the  potentials  (or  equilibrium  payments)  of  point/items  are 
sufficiently  conditional.  It  is  important  that  their  sum  for  all 
transport,  different  frcm  zero,  is  equal  to  the  sum  of  the 
cost/values,  written  in  the  appropriate  cage/cells,  if  we  look  at 
these  payments  not  from  the  point  of  each  point/item  individually, 
but  from  the  point  of  an  entire  "company"  or  point/items  (A,  B) , then 
it  is  unimportant,  which  of  the  point/items  pays  more,  out  which  - is 
less.  A following  example  will  fce  dedicated  to  the  degenerate 

case. 
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optical.  Set/assuning  in  it  • -<>.  we  obtain  final  optinun  plan/layout 
(table  12.  12)  with  the  cost/value 


— 20  2 + 25-5  - 20-3+ 10-3  - 255. 


Let  us  note  that  this  cost/value  the  same,  as  cost/value  of  the 
plan/layout,  shown  in  table  12.10  when  • — 0;  this  and  it  is  logical, 
since  table  12.11  is  obtained  fron  table  12.10  by  transposition  on 
the  cycle  of  fictitious  ••  transport;  this  transfer  does  not  vary 
the  cost/value  of  plan/layout,  but  it  is  qecessary  only  in  order  to 
ascertain  that  the  plan/layout  is  optinal. 


13.  Transport  problen  with  incorrect  balance. 


Until  now,  we  exanine  only  such  transport  problen,  of  which  the 
sun  of  supplies  was  equal  to  the  sun  of  the  clains: 

f at  - £ b,.  (13.1) 

«—  i /— » 

This  - the  classical  transport  problen,  otherwise  called 
"transport  problen  with  correct  balance". 


Are  encountered  such  versions  of  TZ,  where  condition  (13.1)  is 
broken.  In  these  conditions  we  speak  about  TZ  with  incorrect  balance. 


Page  111 
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Balance  of  TZ  can  be  broken  in  twc  directions: 


1.  The  sub  of  supplies  of  the  pcint/items  cf  sending  exceeds  the 
sub  of  the  subject  clains: 

1 a,>  i bj. 

/-i  /-i 

2m  Sub  of  subject  claias  exceeds  available  stocks: 

" m 

,i,  »<>  T 

i- 1 /-I 

Let  us  a<jree  the  first  case  to  call  "TZ  with  the  surplus  of 
supplies",  and  the  second  - "TZ  with  the  surplus  of  claias". 


Let  us  consider  consecutively  these  two  cases. 

1.  TZ  with  surplus  of  supplies. 

it  point/itens  A.  <4*.  Am  are  supplies  of  load  a om; 

point/itens  B„  Bt Bn  fed  claims  ft,,  ft*  ....  ft,,  moreover 

£«,>  ift„ 

<-i  i-i 

It  is  required  to  find  such  plan/layout  of  transport  (x,j),  by 
which  all  claias  will  be  carried  out,  and  the  coaaon/jenaral/t otal 


4 
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' t 


cost/value  of  transport  is  ainivua: 


£■—  y y cuxu  — min. 

<-i  /-i 


It  is  obvious,  upon  this  foraulaticn  cl  the  problem,  some 
coadit ion- equalities  TZ  ace  converted  into  condition-inequalities, 
and  soae  - retain  the  equalities: 


(*  “ 1*  •••» 


*ij  **  (/  “ 1 1 •••»  W). 


(13.2) 


We  be  dble  to  solve  the  problea  of  linear  programming , in 
whatever  fora  - equalities  or  inequalities  - were  assigned  its 
conditions.  Stated  problea  can  be  solved,  tor  exaaple,  by  the  usual 
siaplex  nethod.  However,  prcblen  can  be  solved  simpler,  by  the  usual 
siaplex  method.  However,  problea  can  be  solved  simpler,  if  we  by 
artificial  aethod  reduce  it  to  previously  examined  TZ  with  correct 
balance. 


tot  this,  over  available  n of  stations  of  destination 

0i.  0*  ....  0„. 

^ let  us  introduce  one  additional,  fictitious,  station  of 


destination  B«.  to  which  let  us  ascribe  the  fictitious  claim,  equal 
to  the  surplus  of  the  supplies  above  the  claias: 


(13.3) 


I » 


iJ 
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and  let  us  place  the  cost/values  of  transport  of  all  PO  into 
fictitious  PN  B t equal  tc  zero: 

= 0 (i  = 1,  mi,  fn). 


Fage  112. 

Thus,  the  sendinq  of  some  quantity  of  lead  xlt>  from  point/itea  A,  of 
point/iten  B $ will  simply  irean  that  ir  point/item  A,  they  remained 
not  sent  unity  of  lead. 

By  the  introduction  of  fictitious  EN  with  its  claim  b we 

will  equal  balance  TZ,  and  rew  it  can  be  solved  as  usual  TZ  with 
correct  balance. 

2.  TZ  with  surplus  of  claims. 

At  poiat/iteus  Ax,  A Am  are  supplies  of  load  am ; 

it  m > 

point/xteas  Bu  ....  Bn  fed  claims  bu  ....  bn,  moreover  2 b,>  2 a„  i.  e.  the 

/-I  4-1 

available  supplies  insufficiently  for  the  satisfaction  of  all  claims. 

It  is  required  to  comprise  such  planylayout  of  transport  by 
which  all  supplies  will  render/show  exported,  and  the  cost/value  of 
transport  - minimum. 
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It  is  obvious,  this  prcblem  also  can  te  reduced  to  usual  TZ  with 
correct  balance,  if  we  introduce  into  examination  the  fictitious 
point/itea  of  sending  A^  with  the  supply  a^,  equal  to  tne  missing 
supply: 

ft  m 

a*  = lb,-la„ 

/-i  <-i 

and  to  place  the  cost/values  of  transport  from  PO  4,,  into  any  PN 
equal  to  zero:  = 0 (j  =1,  ....  n).  In  this  case,  seme  part  of  the  claims 

Xfj  on  each  point/item  will  remain  not  satisfied;  let  us  consider 
that  it  seemingly  is  cover/coated  because  of  fictitious  PO  A#- 


Thus,  we  will  reduce  TZ  with  the  surplus  cf  claims  to  TZ  with 
correct  balance-  Let  us  note  that  in  this  case  we  completely  did  not 
worry  about  the  "validity"  of  the  satisfaction  of  claims,  assigned  no 
conditions  for  which  pqrticn/f raction  of  its  claim  it  must  obtain 
each  PN  - us  they  interested  only  the  expenditure/consumptions  which 
must  be  minimized. 


If  we  assign  mission  differently,  for  exanple,  to  require  so 
that  everything;  PN  were  satisfied  in  an  equal  portion/fraction, 
problem  again  it  is  reduced  to  TZ  with  correct  balance.  Namely,  it  is 
necessary  subject  claims  "to  correct",  after  multiplying  each  of  them 

m ft 

by  coefficient  = after  which  to  solve  TZ  with  correct 

i.i 


balance 
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It  is  possible  to  also  assign  the  aission  of  weight  distribution 
according  to  stations  of  destination  talcing  into  account  comparative 
iaportance  of  each  point/item.  Kith  this  port  icq/ fraction  of  the 
claia  which  obtains  each  pcint/item,  it  can  be  not  identical  as  in 
recently  the  described  method,  but  different.  In  this  case  problea 
also  is  reduced  to  TZ  with  correct  balance. 


# 
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Table  13.3. 

pod  ft"  S^anacwl  Infla^emml 

no\J  B[  Bl  Bi  1 a,  [ «, 

~ Yj  »]?  75  « 0 0 *1 

| 18  2»~ lI.  1 1 50  | 0 

[5  « 7 6 5 5 0 0 I 

A,  I 33  7 40  t O 


3anBK 

b. 


p5  8|7  ,4|5  5|0  oj 

j +i- 1lU20  20 

I 18  21  33  38  | IIP 

[5  7 5 0 I 


Key:  (1).  supplies.  (2).  Payments.  (3).  Claims.  (4).  Payments. 
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Table  13.4 

FothFT 


ft  fi,,  » I b |3«*cw  naaremn 


[5  5 

1 18 

7*"  7 

1 

-r~ 

5 6|0  0 

--h?' 

50 

a2 

5 6 

7 6 

5 S 

33 

— 

0 0 

J 7 

' 40 

^3 

2 8 

4 4 

20 

2 5 

-3  0 

20 

b,  <?J 

18 

21 

33 

38 

110 

n/iarewM 
a.  (i i 

5 

7 

5 

0 1 

*•18  i(1)«  S«ppli«>.  (2)  • Payments-  (3).  Claims.  (4)*  Paym*«t«. 
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Exanple.  To  solve  TZ  with  the  surplus  of  supplies  whose 
conditions  are  assigned  in  table  to  13.3. 

Solut ion. 

m n 

V (J  — HO;  y,  b§—72j 

f-'  ^ £, 

V a - V 6, «.  110  - 72  - 38. 

I- i I- 1 

the  difference  between  supplies  and  claims  is  equal  to 

By  the  introduction  of  fictitious  riHa^,  with  claia  » ue 

bring  the  problem  to  TZ  with  the  correct  balance  (see  Table  13.2, 
Uw3,  13.4 , 13.5). 

The  plan/layout,  presented  in  table  13.5,  is  optimum,  since  in 
all  free  cage/cells  of  pseudocost/value  do  not  exceed  cost/values. 
According  to  this  plan/layout,  of  50  unity  of  load,  available  in 
point/iten  At,  are  not  transported  by  32,  and  the  others  18  are 
directed  for  point/iten  6t;  of  40  unity,  available  in  point/iten  A2, 

6 are  not  transported,  1 is  transmitted  for  point/iten  Bz  and  33  - 
for  point/iten  Bj.  All  20  units,  which  are  in  pcint/iten  A 3,  ate 
directed  for  point/iten  B2. 

14.  solution  of  transpqrt  problem  PO  to  criterion  of  tine. 


, ] 

1 ' I 


il 
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Until  now,  the  criterion  ot  the  optimum  character  of  the 
solution  of  TZ  we  have  total  cost/value  of  transport,  and  we  attempt 
this  cost/value  to  minimize. 

In  the  majority  of  the  cases  of  practice  precisely  the  criterion 
of  cost/value  is  main,  determining  the  quality  (efficiency)  of  the 
plan/layout  of  transport.  However,  in  certain  cases  to  the 
foreground,  is  put  forth  not  the  cost/value  of  transport  L,  but  time 
T,  during  which  all  transport  will  be  finished.  Thus,  for  instance, 
it  occurs,  when  speech  occurs  about  the  transport  of  the  perishable 
products  or  about  the  supply  of  ammunition  to  the  place  of  combat 
operations.  As  best  the  plan/layout  cf  transport  (xti)  will  be 
considered  that  plan/layout,  with  which  the  time  of  the  termination 
cf  all  transport  is  minimal: 

7'  = min-  (14.1) 

Such  transport  of  the  problems  where  optimum  considers 
plan/layout  the  minimum  time  T,  is  called  transport  problem  in  the 
criterion  of  tine. 

Problem  is  placed  as  follows.  There  is  m cf  point/items  of 
sending  ^1,  ....  Am  with  supplies  a„  ....  am  and  n of  stations  of 


1 
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destination  B, Bn  vith  claias  6, ft»;  the  sub  of  supplies  is 


equal  to  the  sun  of  the  clains: 


r o,  = y b,. 

<- 1 /- 1 


The  preset  tines  of  transport  ln  from  each  PO  At  into  each  PN 
By,  it  is  assumed  that  they  do  not  depend  on  a quantity  of 
transportable  load  i.e.,  a quantity  of  conveying  devices  always 

is  sufficient  for  realizing  any  volune  cf  transport.  Supplies  at. 
claias  b,  and  tines  tu  are  given  in  table  14.1,  constructed  just  as 
usual  transport  table,  with  that  difference,  that  in  the  upper 
right-hand  corner  of  each  cage/cell  instead  of  the  cost/values  clt 
stand  the  tines  t,j. 
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It  is  required  to  select  transport  (*i/)  in  such  a way  that  would 
be  satisfied  the  balance  conditions 


^ •••»  w), 

m 

" bf  (]  * 1 1 n), 


and,  furthermore,  was  converted  into  the  nininun  the  tine  of  the 
tsraination  of  all  transport  T. 
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It  is  expressed  time  T through  times  and  transport  xt).  since 

all  transport  are  finished  at  the  torq ue/mcment  when  ends  quite 
prolonged  of  all  transport,  then  time  T is  maximum  of  all  times 
which  stand  in  the  nuclei,  which  contain  ncnzerc  transport.  Let  us 
register  this  in  the  form  of  the  formula: 


T = max  i 


u> 


(14.4) 


where  the  sign  x^>0  shows  that  is  taken  maximum  not  of  all  tlf,  but 
only  from  those  for  which  the  transport  are  different  from  zero. 

He  wish  to  find  this  plan/layout  cf  transport  (x,/).  for  which  time 
T it  is  converted  into  the  minimum: 


T = max  /<y  = min. 


(14.5) 
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Table  14.1. 


\tih 

nox 

B, 

B, 

• 1 « • t 

3 

0. 

a, 

Lt» 

* 12 

*.. 

a. 

a2 

*31 

*32 

• • • • • 

*2n 

«» 

% 

• 

• 

• • • 

• • • 

• • • • • 

• • • 

• 

Am 

*m2 

• • • • • 

•An 

a. 

*3 

• • • • • 

bn 

m * 

i-i  »-• 

Key:  (1).  Supplies.  (2).  Claims. 
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Statad  problem  is  not  the  problem  c£  linear  programming,  since 
*alue  T - not  linear  function  cf  variables  x,j.  This  problem  can  be 
reduced  to  the  solution  of  the  problems  of  linear  programming,  but 
not  one,  but  several.  However,  we  will  not  be  occupied  by  such  an 
inforaation,  but  let  us  demonstrate  the  calculated  method,  which 
makes  it  possible  to  directly  find  the  optimum  solution  of  TZ  by  the 
criterion  of  conversion  time  of  transport  table.  This  method  is 
called  the  "method  of  the  forbidden  cage/cells".  Host  simple  it  will 
clarify  it  based  on  example. 
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Example.  Conditions  of  TZ  for  criteria  of  tine  (supplies,  claims 
and  the  tines  of  transport)  are  given  in  table  to  14.2.  It  is 
required  to  find  the  plan/layout  of  transport,  which  is  placed  in 
aiqiaua  time,  and  to  indicate  this  time. 

Solution.  The  initial  plan/layout  of  transport  it  would  be 
possible,  as  we  make  more  earlily,  to  comprise  by  the  method  of  the 
northwestern  angle,  but  we  see  that  in  this  case  it  will  be  obtained 
(because  of  cage/cell  (1.1))  very  long  tiae  T = 10.  Let  us  attempt 
this  to  avoid,  "after  forbidding”  to  itself  to  place  different  froa 
zero  transport  in  cage/cells  (1.1)  and  (4.1),  where  stand  the  longest 
tiaes  in  table  (tj  t = 10  ard  t41  = 11).  Let  us  cross  out  in  table 
14.3  these  cage/cells  and  will  comprise  the  new  plan/layout  of 
transport  so  as  first  of  all  to  occupy  cage/cells  with  short  tines. 

In  the  plan/layout  (table  14.3)  the  time  of  the  termination  of 
all  transport  is  equal  to  8 - it  is  reached  in  cage/cell  (3,  2).  Let 
us  try  to  improve  plan/layout,  after  fcrbidaing  to  itself  for  further 
use  all  cage/cells  where  the  tiae  /(/ ^ 8.  and  after  crossing  out 
these  cage/cells.  Let  us  transfer  14  unity  of  load  on  tne  cycle, 
indicated  in  table  14.3;  by  this  we  is  reduced  transport  by  in  the 
course  of  tiae  8.  Will  be  obtained  the  plan/layout,  given  in  table 


L 


L 
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1 4 .•  4 , in  the  course  of  tine  termination  T = 7 (cage/cell  (3,  3))- 

In  order  to  still  improve  this  plan/layout,  tie  should  reduce 
transport  from  cage/cell  (3,  3),  after  forbidding,  furthermore,  the 
transfer  into  cage /cell  (1,  5),  which  contains  the  same  tine.  7 of 
the  13  unity,  which  stand  in  cage/cell  (3,  3),  we  remove  by  transfer 
on  the  cycle,  shown  in  table  14.4.  New  plan/layout  is  given  in  table 
by  14.5. 
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R«|:  (1).  Supplies.  (2).  Claias. 


table  14.5. 
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Let  us  try  to  yet  rid  cf  remaining  6 unity  in  caye/cell  (3.3) 
via  their  end-around  carry.  For  this,  let  us  test  all  possible 
transfers  froa  this  caye/cell,  which  begin  nor izontally  or 
vertically.  The  horizontal  transfer  into  cage/cell  (3.5)  is  excluded, 
siqce  coluan  5 does  not  contain  the  not  fornidden  cage/cells.  The 
horizontal  transfer  into  cage/cell  (3.1)  is  also  excluded,  since  for 
this  it  is  necessary  to  decrease  the  transport  in  cage/cell  (2.1), 
which  is  inpossible. 

Vertical  transfer,  as  can  be  ascertained  directly,  also  gives 
not  one  cycle,  which  reduces  the  time  c£  transport. 


f 


From  this  we  conclude  that  the  plan/layout  of  transport,  datum 
in  table  14.5,  are  optimal,  and  the  mininui  time  of  transport  is 

equal  to  Tmn  - 7. 


) 


1 
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3.  DYNAMIC  PROGRAMMING. 

1.  Problems  of  dynamic  programming. 

; 

Dynamic  programming  (otherwise,  "dynamic  planning")  represents 
ty  itself  the  special  mathematical  method  of  the  optimization  of  the 
solutions,  specially  fitted  out  to  multistage  (or  multistage) 
operations . 

Let  us  visualize  that  the  operation  o being  investigated 
represents  by  itself  the  process,  which  develops  in  time  and  which 
falls  into  a serias  of  "step/pitches"  or  of  "stages",  some  operations 
are  dismembered  to  step/pitchee  logically:  tor  example,  luring 
gliding/planning  of  the  economic  activity  oi  the  group  of  enterprises 
natural  step/pitch  is  fiscal  year.  In  ether  operations  distribution 
into  step/pitches  is  necessary  to  introduce  artificially;  for 
example,  the  process  of  the  co ncl usion/der ivat ion  of  rocket  in  space 
or  lit  can  be  conditionally  decomposed  into  the  stages  each  of  which 
occupies  some  tiae/tenporar y segment  At. 


1 
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The  process,  under  discussion,  is  controlled,  i.  e. , at  each 


step/pitch  is  accepted  some  solution  on  which  depends  the  success  of 


this  stop/pitch  and  operation  as  a whole.  Control  of  operation  is 


composed  of  a series  of  elementary,  "step"  controls. 


Let  us  consider  the  example  of  a logical-multistage  operation  0. 


Let  plan/glide  ttaa  activity  or  the  group  (system)  of  industrial 


enterprises  nt,  FI .flu  for  certain  period  or  time  T,  which  consists 


cf  m of  economic  years  (Fig.  3.  1) 


In  the  Beginning  of  period  for  the  development  of  the  system  of 


enterprises,  are  selected  seme  basic  means  K0»  which  must  be  somehow 


distributed  between  enterprises.  In  the  process  of  tne  functioning  of 


system,  the  isolated  means  partially  are  expond/consumed  (they  are 


amortized}.  Furthermore,  each  enterprise  for  year  yields  certain 


income,  depending  on  the  inserted  means.  In  the  oeginning  of  each 


fiscal  year,  the  available  means  can  be  redistributed  between  the 


enterprises:  to  each  of  them  is  selected  some  pcction/f raction  of 


means . 


L 


Is  placed  the  question:  how  it  is  necessary  in  the  beginning 
each  year  to  distribute  the  available  means  between  enterprises  so 
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Fig.  3.1. 

Page  121. 

Before  us  - the  typical  problem  of  dynamic  aoout  programming. 

Is  examined  the  controlled  process  - functioning  of  the  system 
cf  enterprises.  Control  of  process  consists  of  the  distribution  (and 
redistribution)  of  means.  The  step/pitch  cf  control  is  the 
isolat ion/li berati on  of  some  means  to  each  of  the  enterprises  in  the 
beginning  of  fiscal  year. 

Let  in  the  baginning  of  the  i year  to  enterprises  n„  nt,  ....  n*  be 
selected  respectively  the  means: 

yP>  v<*> 

The  set  of  these  values  represents  by  itself  nothing  else  but 
control  at  the  i step/pitch: 

X}*' X)*').  (1.1) 

Control  U by  operation  as  a whole  represents  by  itself  the  set  of  all 
step  controls: 

U-iL'uUn UJ. 


(12) 


Jt 
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Control  can  be  good  or  poor,  efficient  or  ineffective.  The 
efficiency  of  control  U is  considered  by  the  sane  index  4,  as  the 
efficiency  of  operation  as  a whole.  In  cur  example  the  index  of 
efficiency  (objective  function)  represents  cy  itself  total  income 
from  an  entire  system  of  enterprises  fcr  m of  years.  It  depends  on 
ccgtrol  of  operation  0,  i.a.,  on  an  entire  set  of  the  step  controls: 

Um ).  (1.3) 

Does  arise  the  question:  how  to  select  step  controls  t/, 
so  that  value  W would  become  maximum? 


Stated  problem  is  called  the  problem  ci  the  optimization  of 
control,  and  the  control,  during  which  index  W reaches  maximum,  by 
optimum  control.  Let  us  designate  optimum  control  (unlike  control 
generally  II)  of  latter  u.  The  optimum  control  u oy  multistage  process 
consists  of  the  set  of  the  optimum  step  controls: 

«-(«»,«* um).  (1.4) 

Thus,  before  us  is  worth  the  problem:  determining  optimum 
control  at  each  step/pitch  u,  (/—  1, 2,  ...  m)  and,  whicn  means,  that 
optimum  control  of  the  entire  operation  u. 

Let  us  note  that  in  our  example  (control  the  financing  of  the 
system  of  enterprises)  the  index  of  efficiency  W represents  by  itself 
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the  sum  of  incoaes  for  all  separate  years  (step/pitches) : 

W-  V w„  (1.5) 

'an  1 

where  w,  - income  froa  an  entire  systes  of  enterprises  for  the  i-th 
year. 

Page  122. 

The  index,  which  possesses  this  property,  is  called  additive.  He 
will  for  the  moment  examine  only  problems  with  additive  index. 

Let  us  assign  the  mission  of  dynamic  programming  in  general 
form.  Let  there  be  operation  0 with  the  additive  index  of  efficiency 
(1.5),  that  falls  (it  is  logical  or  artificially)  to  a of 
step/pitches.  At  each  step/pitch  is  applied  some  control  Ut.  is 

required  to  find  the  optimum  control 

«=*(u„  «„  ....  un), 

with  which  the  index  of  the  efficiency 

r-f* 

<•1 

it  is  converted  into  naxinua. 

Stated  problem  it  is  possible  to  solve  differently;  either  to 
seek  immediately  optimum  control  u,  or  to  construct  it  gradually, 
step  by  step,  in  each  stage  of  calculation  optimizing  only  one 
step/pitch.  The  second  the  method  of  optimization  usually  proves  to 

1^--  ■■  - 
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be  more  simply  than  the  first,  especially  with  tne  large  number  of 
step/pitches. 


This  idea  of  the  gradual,  step-by-step  optimization  of  process 
comprises  the  essence  of  the  method  of  dynamic  programming. 


At  first  glance,  this  idea  can  seem  suificient  trivial.  In  fact, 
what,  it  would  seem,  it  is  simpler:  if  it  is  difficult  to  optimize 
operation  as  a whole,  then  to  decompose  it  intc  a series  of 
st  ep/P itches ; each  such  step/pitch  will  be  the  separate,  small 
operation  to  optimize  which  is  already  not  difficult.  It  is  necessary 
to  select  at  each  step/pitch  such  control,  curing  which  the 
efficiency  of  this  step/pitch  is  maximum.  Not  so  whether? 


It  turns  out  that  completely  not  thus  ! The  principle  of  dynamic 
p r eg ra mining  does  not  assume  in  any  way  that  each  step/pitch  is 
optimized  separately,  independent  cf  others;  that,  choosing  step 
control,  is  possible  to  forget  ABOUT  all  other  step/pitches.  On  the 
contrary,  step  control  must  be  chosen  taking  into  account  all  its 
consequences  in  the  future.  Planning  must  be  farsighted,  taking  into 
account  prospect.  What  to  sense,  if  we  do  select  at  this  step/pitch 
the  control,  during  which  the  efficiency  of  this  step/pitch  is 
maximum,  if  subsequently  this  does  prevent  us  to  obtain  good  results 
cf  other  step/pitches?  No,  choosing  control  at  each  step/pitch. 
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necessary  to  aake  this  without  rail  "with  caution  to  future",  are 
otherwise  possible  serious  errors. 

Let  us  consider  the  example:  let  plan/glido  the  work  of  the 
cjrcup  of  the  industrial  enterprises  some  of  which  are  occupied  with 
the  issue  of  consumer  goods,  others  produce  fo l tais  machines. 

Problem  is  obtaining  for  m of  the  years  of  the  maximum  volume  of  the 
issue  of  consumer  goods.  Let  plan/glide  the  investments  on  the  first 
year. 

Page  123. 

Cn  the  basis  of  the  narrow  interests  of  this  step/pitch  (year),  we 
must  all  means  put  of  the  production  of  consumer  yoods,  release  the 
available  machines  at  full  power  and  attain  toward  the  end  of  the 
year  of  the  maximum  volume  cf  production,  hut  correct  whether  will  be 
this  solution  from  the  point  of  operation  as  a whole?  It  is  obvious, 
no.  Keeping  in  mind  future,  it  is  necessary  to  isolate  some 
portion/fraction  of  means,  also,  to  the  production  of  machines.  In 
this  case,  the  volume  of  production  for  the  first  year,  it  is 
logical,  will  be  reduced,  then  will  be  created  the  conditions,  which 
make  it  possible  to  increase  its  production  during  the  subsequent 


years 
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Thus,  plan/gl  iding  multistage  operation,  it  is  necessary  to 
break  down  control  at  each  step/pitch  taking  into  account  its  future 
consequences  at  the  still  forthcoming  step/pitches. 


However,  from  this  rule  there  is  an  except  ion/elimination.  Among 
all  step/pitches  there  is  cne,  which  can  plan/glide  simply,  without 
"cauticn  to  future”.  Which  this  is  step/pitch?  It  is  obvious,  the 
latter  - after  it  there  are  no  other  step/pitches.  This  step/pitch, 
cnly  of  all,  can  be  plan/glided  so  that  it  as  such  would  bring 
greatest  advantage.  After  planning  optimally  this  last/latter 
step/pitch,  it  is  possible  to  it  to  attach  penult  mate,  to 
penultimate  - pred-  penultimate  and  so  forth. 

Therefore  tha  process  of  dynamic  programming  is  run  up/turned 
from  end  at  the  baginning:  earlier  than  all  plan/glides  last/latter, 

» step/pitch.  But  as  it  to  plan,  if  we  do  not  know  how  did  end 
penultimate?  Obviously,  it  is  necessary  to  do  different  assumptions 
about  that  how  ended  penultimate  (m  - 1)  step/pitch,  and  for  each 
of  them  to  find  such  control,  during  which  the  gam  (income)  at 
last/latter  step/pitch  would  be  maximum.  After  solving  tnis  problem, 
we  will  find  conditional  optimum  control  on  the  iu  step/pitch,  i.e. , 
the  control  which  must  be  used,  if  (m  - 1)  step/pitches  were 
finished  in  a specific  manner. 
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Let  us  assume  that  this  procedure  is*  carried  out  and  for  each 
issue  (m  - 1)  step  we  know  conditional  optimum  control  at  the  m 
step/pitch  and  the  corresponding  to  it  conditional  optimum  gain.  Now 
we  can  optimize  control  on  penultimate,  (m  - 1)  step/pitch.  Let  us 
do  all  possible  assumptions  about  that  how  ended  pred-penu ltimate,  (m 
- 2)  step/pitches,  and  for  each  of  these  assumptions  will  find  this 
control  on  (m  - 1)  step/pitch  so  that  the  gain  for  last/latter  two 
step/pitches  (from  which  the  latter  is  already  optimized)  would  be 
maximum.  Further  is  optimized  control  cn  (m-2)  step/pitch  and, 
etc. 


In  a word,  at  each  step/pitch  is  ought  such  control  which 
ensures  the  optimum  continuation  of  process  of  the  relatively 
achieved/reached  at  given  torg ue/mouien t state.  This  principle  of  the 
selection  of  control  is  called  the  principle  of  optimum  character. 
Control  itself,  which  ensures  the  optimum  continuation  of  process  of 
the  relatively  assigned  state,  is  called  conditional  optimum  control 
at  this  step/pitch. 

Now  let  us  assume  that  the  conditional  optimum  control  at  each 
step/pitch  to  us  is  known:  we  know  that  to  make  further,  in  whatever 
state  was  the  process  at  the  beginning  of  each  step/pitcn.  Then  we 
can  find  no  longer  "conditional”*  tut  simply  optimum  control  on  each 
step/pitch . 


1 


: 

1 1 
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It  is  real/actual,  let  to  us  be  known  the  initial  state  of 
process,  let  us  designate  it  S0.  New  we  already  know  that  to  take  at 
the  first  step/pitch:  it  is  necessary  to  use  the  conditional  optimum 
control,  manufactured  by  us  for  the  first  step/pitch,  wnich  relates 
to  state  S0.  As  a result  of  this  control  after  the  first  step/pitch 
system  will  pass  into  another  state  ; but  for  tms  state  we  we 
again  know  conditional  optimum  control  at  tne  second  step/pitch  u2, 
and  so  forth.  Thus  we  will  find  optimum  control  or  the  process 

u ....  um), 

giving  to  maximum  to  possible  gain 

Thus,  in  the  process  of  the  optimization  of  control  of  the 
method  of  the  dynamic  programming  of  multistage  process  "passes" 
twice: 

- for  the  first  time  - from  end  at  the  beginning,  as  a result  of 


! 


which  they  are  lorated  conditional  optimum  controls  on  each 
step/pitch  and  optimum  gain  (also  conditions)  on  all  step/pitches, 
beginning  with  datum  and  to  the  end  of  the  process. 
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- tor  the  second  time  - from  beginning  toward  the  end, 
result  of  which  are  located  (no  longer  conditional)  optimum 
controls  on  all  step/pitches  of  operation. 


as  a 
step 


These  general  rules  will  become  clearer  basel  on  specific 
example. 


2.  Problem  of  the  gain  of  altitude  and  cf  speed  by  flight  vehicle. 

I 


l 


One  of  the  simplest  problems,  solved  Ly  the  method  of  dynamic 
programming,  is  the  problem  of  the  optimum  climb  and  velocity  flight 
vehicle.  With  this  problem  we  will  begin  the  presentation  of 
practical  procedures  ot  dynamic  progra n mi ng,  moreover  for  the  purpose 
cf  systematic  clarity,  condition  of  problem  they  will  be  to  the 
extreme  simplified. 


Let  t he 
height  U„  and 
altitude  W„, 
(letter  w we 
consumption, 
any  other  H' 
con sum pt ion, 
cf  V to  v»  > 


aircraft  (or  another  flight  vonicle),  which  is  found  on 
which  has  velocity  V 0,  be  must  be  raised  to  base 
but  its  velocity  is  led  to  the  assigned  value  V. 

•ill  note  the  end  cf  the  process),  is  known  fuel 
required  for  lifting  the  apparatus  from  any  height  H to 
> H at  the  constant  velocity  V;  is  known  also  fuel 
required  tor  an  increase  in  the  velocity  from  any  value 
V at  the  constant/in  variable  height  d. 
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It  is  reguirad  to  find  the  optimum  climb  and  velocity,  by  which 
overall  fuel  consumption  will  be  minimum.  j 

The  solution  let  us  construct  as  follows.  For  simplicity  let  us 
assume  that  entire  process  of  the  gain  cf  altitude  and  velocity  is 
divided  into  a series  of  consecutive  step/pitches  (stages)  and  for 
each  step/pitch  aircraft  increases  only  height  cr  only  velocity. 

Page  125.  | 

I 

Let  us  represent  the  state  of  aircraft  as  point  S on  plane  VOH 
(Fig.  3.2),  where  the  abscissa  - the  velocity  of  aircraft,  and 
crdinate  - its  height. 

It  is  obvious,  there  are  many  possible  controls  - many 
trajectories  on  wa ich  it  is  possible  to  transfer  point  s from  S0  in 
S*.  Of  all  these  trajectories  it  is  necessary  tc  select  tvyu- WJ^on 
which  the  fuel  consumption  will  be  minimum. 


Let  us  solve  problem  the  method  of  dynamic  programming.  For 
this,  let  us  divide  the  interval  of  velocities  y,  — . y,  into  nt  of  the 
equal  parts: 
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and  the  interval  of  heights  H»  — H,  - into  n2  of  the  equal  parts: 


78068707 


H0  *2  AH 


V,*ZAV  Va**AV  Vg*6AV  Vu 


The  number  of  parts  nt  and  n2  of  fundamental  value  does  not  have  and 


can  be  selected  on  the  basis  of  requirements  for  the  accuracy  of  the 
solution  of  problem.  Since  for  each  st.ep/pitch  we  can  vary  only 


height  or  only  velocity,  the  total  Mach  nuuter  of  step/pitches  will 


Any  trajectory,  which  translates  point  S from  s0  in  so,  consists 
.'►p/pitches,  or  stages. 
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In  order  to  optimize  control  of  the  process  or  the  gain  of 

"fcht ikont* 

altitude  an)  velocity  (i.e.  to  select  m tin*  trajectory,  in  whi 


one- 

Um  trajectory,  in  which 


fuel  consumption  i t is  minimal),  it  is  necessary  to  Know 
ex penditur e/consum ption  at  each  step/pitch  (horizontal  or  vertical 
trajectory  phase)*  Let  us  assume  that  those  ex pcnditure/s o nsum ptions 
cf  problem  (see  Pig.  3.4).  With  each  segment  it  is  registered  fuel 
consumption  in  arbitrary  units. 


i 


To  any  trajectory,  which  translates  S iron:  S0  in  s„,  corresponds 
the  completely  spacific  fuel  consumption,  e^ual  to  the  sum  of  the 
numbers,  written  on  segments.  For  example,  the  trajectory,  marked  by 
rif lenan/pointers  in  Fig.  3.4,  gives  fuel  ccnsuaption: 

V'  « 12  + II  + 10  + 8 + 11  + 8 + 10  + 10  + 13  + 15  + 20  + 9+ 

+ 12  + 14  = 163. 

-t-hoJc  c/i  C-t 

We  should  of  all  trajectories  select  by,  for  which  the  fuel 
consum(tion  is  minimal.  It  would  be  possible,  of  course,  to  sort  out 
all  possible  trajectories,  but  them  toe  there  are  much.  It  will  much 
simpler  solve  problem  by  the  method  of  dynamic  programming.  Process 
consists  of  14  step/pitches;  let  us  optimize  each  step/pitch, 
beginning  with  the  latter.  The  final  state  of  aircraft  (point  SJ  to 
us  is  assigned;  the  14th  step/pitch  without  fail  must  bring  us  into 
this  pcint. 


i 
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fig. 


Page  127. 

Let  us  look,  whence  we  can  move  into  point  Sm  for  one  sta p/pitch, 
i.e.,  are  such  tha  possible  states  of  aircraft  after  penultimate, 
13th  step/pitch? 


Let  us  consider  separately  the  right  upper  angle  of  our 
rectangular  grid  (Fig.  3.5)  with  end  point  S».  At  this  point  it  is 
possible  for  one  step/pitch  to  move  of  two  adjacent  points:  Bt  and 
j32,  moreover  of  each  - only  in  one  manner,  so  tnat  the  selection  of 
conditional  control  at  last/latter  step/pitch  we  do  not  have  - it  is 
singular.  If  penultimate  step/pitch  brought  us  into  point  Bi , we  must 


move  over)  (gain  speed  horizontal  and  expend  17  unity  of  fuel;  if  we 
into  point  B2  - go  over  vertical  line(tc  gain  altitude)  and  to  expend 


14  unity.  Let  us  register  these  minimum  (in  this  case  simply 
unavoidable)  expen  diture/ccnsumptions  in  the  special  small  circles 
which  let  us  place  at  points  B1#  B2  (Fig.  3.6).  Recording  "17”  in 
small  circle  of  tix  indicates:  "if  we  they  arrived  in  b1#  then  minimum 
fuel  consumption,  translating  us  into  point  S*,  was  equal  to  17 
unity"..  Analogous  sense  has  a recording  "by  14"  in  small  circle  at 
point  B2.  The  optimum  control,  which  leads  to  this 

experditure/consum ption,  is  marked  in  each  case  by  the  ar r ow/pointer» 
outgoing  from  small  circle.  Arrow/pointer  indicates  the  direction  in 
which  we  must  move  from  this  point,  if  as  a result  of  the  previous 
our  activity  they  rendec/showed  in  it. 


Thus,  conditional  optimum  control  on  last/latter,  14th 
step/pitch,  is  found  for  any  ( B t or  B2)  issue  of  tne  thirteenth 
step/pitch.  For  each  of  these  issues,  it  is  found,  furthermore, 
conditional  minimum  fuel  consumption  because  of  which  it  is  possible 
to  move  from  this  point  in  S„. 

Let  us  pass  to  gliding/planning  of  penultimate,  13th  step/pitch. 
For  this,  let  us  consider  all  the  possible  results  of 
pred-penul timate,  12th  step/pitch.  After  this  step/pitch  we  can 
render/show  only  in  one  of  the  points  Ct,  C2,  Cs  (Fig.  3.7).  From 
each  such  point  we  must  find  optimum  way  in  point  S«  and  the 
corresponding  to  this  way  minimum  fuel  consumption. 
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If  we  render/showed  into  points  c|f  then  of  selection  no:  we 
must  be  moved  on  horizontal  and  expend  15  ♦ 17  = unity  of  fuel. 
This  expenditure/consumption  we  will  register  in  small  circle  with 
point  Ci,  and  optimum  (in  this  case  only)  control  from  point  C,  let 
us  again  mark  by  arrow/pointer. 

For  point  C2,  the  selection  is:  from  it  it  is  possible  to  go  in 
Sm  either  through  flj  or  through  02. 


Fig.  3.5. 


Fig.  3.6. 


Page  128. 


In  the  first  case  we  will  spend  13  ♦ 17  = 30  unity  of  fuel,  in  the 
second  17  «•  14  = 3 1 unity.  That  means  that  optimum  way  from  c2  in 
S»  begins  with  vertical  section  (let  us  ncte  this  vertical 
ar rcw/pointer)  , and  minimum  fuel  consumption  is  epual  to  30  (this 
number  we  will  register  in  small  circle  with  point  C2)  . 

Finally,  for  point  C3  way  into  again  only:  on  vertical  line. 

Is  bypassed  it  in  12  ♦ 14  = 26  unity;  this  value  (26)  we  will 
register  in  small  circle  with  Cj,  but  by  arrow/pointer  let  us  mark 
optimum  control. 

Thus,  passing  from  one  point  to  the  next  from  right  to  left  and 
downward  (from  the  end  of  the  process  to  its  beginning),  it  is 


L 
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possible  for  each  node  cf  Fig.  3.4  to  select  conditional  optimum 
control  at  the  following  step/pitch,  i.e. , the  direction,  which  leads 
from  this  point  of  point  S.  with  minimum  fuel  consuaption,  and  to 
register  in  saall  circle  at  this  pcint  this  minimun 

expenditure/consua ption.  In  order  to  find  in  node  optimum  control,  it 
is  necessary  to  look  over  two  possible  ways  frcm  this  point:  to  the 
right  and  upward,  and  for  each  of  then  to  find  the  sura  of  fuel 
consumption  on  this  step/pitch  and  minimum  ruel  consumption  on 
optimum  continuation  way,  already  constructed  tor  a following  point, 
where  conducts  this  way.  Frcm  two  ways  (to  the  right  and  upward)  is 
chosen  that,  for  which  this  sum  is  less  (if  sums  are  equal,  is  chosen 
an y way) . 

As  a result  of  the  execution  cf  this  procedure,  from  each  node 
(see  Fig.  3.8)  is  conducted  the  ar row/p cinter,  winch  indicates 
conditional  optimum  control,  while  in  small  circle  is  record/wr itten 
the  minimum  cost/value  cf  transition  ficm  this  point  in  S„ 
(conditional  minimum  cost/value)  , Sooner  or  later  process  is 
finished,  after  reaching  starting  point  S0. 

From  this  point,  and  from  any  other,  occurs  the  arrow/pointer, 
which  indicates,  where  it  is  necessary  from  it  to  be  movad,  and  in 
small  circle  is  registered  minimum  fuel  consumption. 


I 


Fig.  3.7. 


Page  129. 

On  this,  the  stage  of  the  conditional  optimization  of  control  it  is 
finished,  and  begins  the  concluding  stage  ct  unconditional 
optimization  - construction  of  optimum  control  at  each  step/pitch 
from  the  first  to  the  latter.  In  this  case,  we  construct  the  optimum 
trajectory  of  point  S,  being  moved  on  a irow/poi nters  from  S0  in  Su. 


Figures  3.8  shows  the  final  result  of  this  procedure  - optimum 
trajectory  it  is  noted  by  greasy/tatty  small  circles  and  further 
ri  f leman/pointers.  Number  "139",  that  stands  at  point  S0,  indicates 
minimum  fuel  consumption  less  which  it  cannot  be  obtained  in 

which  trajectory. 


Thus,  stated  problem  is  solved,  and  optimum  control  of  process 


Jj 
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is  found.  It  consists  of  following: 

~ at  the  first  step/pitch  to  increase  only  velocity,  retaining 
by  constant/invariable  height  h0,  and  tc  bring  velocity  to  V0  ♦ AV. 


- at  the  second  and  third  step/pitches  to  increase  height  to  H0 
♦ 2AH,  retaining  the  velocity  of  ccnstart/invariaole. 

- on  the  fourth,  fifth  and  by  post  step/pitcnes  to  again  gain 
speed  until  it  becomes  equal  to  V0  «■  4AV. 

- at  the  seventh  and  eighth  step/pitches  to  gain  altitude  and  to 
bring  it  to  H0  ♦ 4AH. 

“ the  ninth,  tenth,  eleventh  and  twelfth  step/pitches  to 
again  gain  speed  and  to  bring  it  to  the  assigned  finite  value  P*; 

- at  last/latter  t no  step/pitches  (the  thirteenth  and 
fourteenth)  to  gain  altitude  to  the  assigned  value  nm. 

It  is  not  difficult  in  a number  of  examples  to  ascertain  that 
the  obtained  control  real/actually  is  optimum  and  in  any  other 
trajectory  fuel  consumption  will  be  more  (or,  at  least,  not  less). 


The  examined  here  problem  of  the  optimum  qain  of  altitude  and 
velocity  is  the  simplest  example  in  which  they  frequently  demonstrate 
the  basic  idea  of  dynamic  proq ca mminq. 
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Fig.  3.8. 


Page  130. 


It  is  real/actual,  in  our  simplified  formulation  of  the  problem  at 
each  stop/pitch  we  should  choose  only  between  two  controls:  "to  gain 
altitude"  and  "to  gain  speed".  Specifically,  in  connection  with  this 
elementary  simple  set  of  controls,  problem  very  easily  is  solved  to 


This  intentional  simplified  formulation  of  the  problem  does  not 
completely  correspond  to  reality.  Actually  rlight  vehicle  can  gather 
(but  often  also  it  gathers)  height  and  velocity  it  is  simultaneous. 


In  this  case  for  each  point  on  plane  V0H  point  s can  move  at  any 
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angle  within  the  limits  of  certain  sector  (Fig.  3.9),  moreover  to 
each  direction  corresponds  its  fuel  cctsumpticn  per  the  unit  of 
length  covered  path  (it  goes  without  saying  that  not  the  real  way, 
tut  conditional  - on  plane  VOH). 


In  order  to  solve  this  problem  of  dynamic  programming,  we  must 
somehow  establish/install  "step/pit ches " or  the  "stages”  of  process. 
To  us  it  is  here  already  inconvenient  it  will  be  to  use  that 
distribution  into  stages,  which  we  selected  for  tae  previous  problem. 
Will  more  convenient  decompose  segment  StSm  intc  in  of  pacts,  lead 
through  dividing  points  a series  of  lines  of  support  (0)  - (0),  (1)  - 

(1),  ...,  (i)  - (i ) , ...,  (m)  - (m),  perpendicular  S,Sm,  and  to  assume 

that  the  "step/pitch"  consists  of  the  transition  of  point  from  one  of 
the  lines  of  support  tc  another  (Fig.  3.10).  If  wo  take  lines  of 
support  by  sufficiently  close,  it  is  pcssitie  tc  assume  that  each 
trajectory  phase,  from  one  line  of  support  to  following,  is 
straight-line.  It  goes  without  saying  that  the  direction  of  each  such 
section  must  not  exceed  the  limits  of  the  "solved  sector",  determined 
ty  the  "rose  of  directions"  in  Fig.  3.  10. 


Fuel  consumption  on  straight  portion  is  determined  by  the  point 
where  it  begins,  with  the  direction  of  section  and  with  its  length. 


The  set-up  of  the  solution  of  this  prcslem  by  the  method  of 
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dynamic  programming  is  somewhat  more  complex  than  the  "stepped" 
set-up  described  ifiove,  but  in  principle  it  differs  from  it  only  in 
terms  of  the  fact  that  at  each  step/pitch  it  is  necessary  to  choose 
not  between  two  directions,  but  between  several. 
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Key:  (1).  Trajectory. 

Page  131. 

Begins  process  from  last/latter  step/pitch  (Fig.  3.11).  First  of 
all,  are  determined  the  possible  positions  cf  point  on  straight  line 
(id  - 1 ) - (m  - 1),  from  which  it  can  arrive  in  Su  for  one  step/pitch. 
This,  obviously,  all  positions  from  A to  B (since  the  selected  by  us 
rose  of  directions  assumes  that  the  velocity  and  Height  in  the 
process  of  set  decrease  cannot.  Let  us  assign  on  segment  A~B  a series 
of  possible  positions  of  point  s,  for  each  of  them,  let  us  construct 
the  straight  portion  of  way  to  point  sm  and  will  count  on  this 
section  fuel  consumption,  fiction  along  this  section  will  be  (forced) 
optimum  control,  into  expendituce/consumption  - (unavoidable)  by 
minimum  expenditure/consumption.  Thus,  the  conditional  optimization 
of  last/latter  step/pitch  is  carried  out.  Let  us  pass  to  penultimate 

step/pitch.  Let  us  assign  a series  of  points  on  segment  CD*  of  line 
(m  - 2)-(m  - 2) . 
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it  is  i.;  n t at  two  last/latter  stop/pitches  t h*  minimum  of  fuel.  In 
order  to  find  this  direction,  w*  must  for  each  ci  the  possible 
segments,  which  combine  this  point  trcir  struiqht  lino  (a  - 1 ) — (in  - 
1)  , to  count  t uel  consumption  ami  to  sum  it  with  (already  optimized) 
ex  pend  it ur e/consum pt ion  at  last/latter  stop/pitch,  or  all  directions 
as  optimum,  is  chasen  that,  for  which  this  total 
ex )end i t ur e/consum ption  is  minimal. 


Further  we  pass  toward  optimization  (m  - t)  step/pitch  and, 
etc.  In  each  staqe  is  omjht  this  direction  ot  the  motion  riom  each 
point,  tor  which  fuel  consumption  at  the  nearest  step/pitch  plus 
(already  optimized)  fuel  consumption  at  all  remaining  to  end 
step/pitch  os  reaches  the  minimum.  This  process  cl  conditional 
optimization  is  continued  until  wo  reach  the  ricst.  stop/pitch  whose 
beqinninq  S0  no  lonqer  must  not  be  varied  - it  known.  Thus  it  is 
detei mined  minimum  fuel  consumption  tot  entire  operation,  beqinninq 
from  point  s0.  Further,  moving  from  each  point,  beqinninj  from  .S0, 
through  optimum  way,  wo  find  the  optimum  climb  and  velocity  (it  is 
noted  in  F i q • J.11  by  points). 


Let  us  note  that  the  described  methodology  or  the  construction 
cf  t)u*  optimum  trajectory  ot  point  S (optimum  control)  is  not  related 
in  any  way  only  to  the  case  of  the  qain  of  altitude  and  velocity. 

A 1 on q the  axes  can  be  p lot/ do) os i ted  net  the  hoiqht  and  the  velocity. 
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it  is  spent  at  two  last/latter  step/pitches  the  minimum  of  fuel.  In 
order  to  find  this  direction,  we  must  fee  each  cf  the  possible 
segments,  which  combine  this  pcint  from  straight  line  (m  - 1)-(ra  - 
1) , to  count  fuel  consumption  and  to  sum  it  with  (already  optimized) 
expenditure/consumption  at  last/latter  step/pitch,  of  all  directions 
as  optimum,  is  chosen  that,  for  which  this  total 
expenditure/consumption  is  minimal. 

Further  we  pass  toward  optimization  (m  - 2)  step/pitch  and, 
etc.  In  each  stage  is  ought  this  direction  of  the  motion  from  each 
point,  for  which  fuel  consumption  at  the  nearest  step/pitch  plus 
(already  optimized)  fuel  consumption  at  all  remaining  to  end 
step/pitches  reaches  the  minimum.  This  process  cf  conditional 
optimization  is  continued  until  we  reach  the  first  step/pitch  whose 
beginning  s0  no  longer  must  not  be  varied  - it  known.  Thus  it  is 
determined  minimum  fuel  consumption  for  entire  operation,  beginning 
from  point  S„.  Further,  moving  from  each  point,  beginning  from  S0, 
through  optimum  way,  we  find  the  optimum  climb  and  velocity  (it  is 
noted  in  Fig.  3.11  by  points). 

Let  us  note  that  the  described  methodology  of  the  construction 
cf  the  optimum  trajectory  of  point  S (optimum  control)  is  not  related 
in  any  way  only  to  the  case  of  the  gain  of  altitude  and  velocity. 
Along  the  axes  can  be  plot/deposited  net  the  height  and  the  velocity. 
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but  any  other  values,  for  example. 


the  Cartesian  (polar)  coordinates  of  the  ari  vmg/ao  ving  point. 


- weights  and  three  comprising  velocities  cf  rocket. 


- the  quantities  of  means,  packed  into  the  different  branches  of 


production,  etc. 


An  equal  fori,  the  maximized  (in in i mi zea)  index  of  efficiency  H 
can  be  any  nature,  for  example. 


- the  expenditure  cf  supplies  to  the  system  of  measures. 


- the  time  transferring  of  from  point  S0  in  S„; 


- the  income,  yielded  by  the  group  of  enterprises  and,  etc. 


The  selection  of  the  coordinate  system  in  which  is  solved  the 
problem,  and  the  method  of  the  articulation  of  operation  to 
step/pitches  they  can  be  the  different;  their 
concrete/specific/actual  forms  are  dictated,  mainly,  by  the 
considerations  of  convenience  in  the  design  diagram,  and  sometimes  - 
by  clarity  of  geometric  interpretation. 


J.  Common/general/tota  1 formulation  of  the  plot  lea  of  dynamic 
programming  the  interpretation  of  admin istr at  ion  in  phase  space. 

I 

After  are  examined  some  specific  problems  cr  dynamic 
programming,  let  us  give  the  co  ho  n/ge  nera  1/  to  t al  formulation  ot  such 
problems  and  will  formulate  the  principles  of  their  solution. 

Faye  13J. 

In  this  case,  we  will  use  the  generalized,  symlclic,  but  not 
calculation  formulas;  each  of  them  expresses,  which  on  what  depends, 
but  does  not  make  it  possible  anythiny  to  compute.  Nevertheless,  the 
writing  of  such  co mraon/yeneral/total  formulas  is  very  useful  for 
understanding  of  the  essence  of  method. 

Is  examined  following  com aion/yenet al/tot a 1 task..  There  is 
certain  physical  system  s,  which  in  the  course  cf  time  varies  its 
state,  i.e.,  in  system  S,  occurs  some  process.  We  can  manage  this 
process,  i.e.,  in  this  or  seme  other  way  to  affect  the  state  of 
system.  This  system  S we  will  call  the  controlled  system,  and  the 
irethod  of  our  effect  on  it  - control  U.  Recall  tnat  by  letter  U is 
designated  not  any  given  value,  but  the  whole  set  of  values,  vectors 


J 
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or  functions,  which  characterize  contLcl. 


Let  us  assume  that  with  process  is  connected  some  ojr  interest, 
which  is  expressed  numerically  by  value  W,  which  we  will  call  "qain". 
iie  wish  so  to  manaqe  process  so  that  the  qam  would  be  iiuxittium*. 

FOOTNOTE  1 . Here  and  subsequently  for  brevity  let  us  speak  only  about 
xaximization  U;  it  is  implied  that  the  "aaximux"  rn  any  event  can  be 
replaced  by  the  "minimum”.  kNbFCOTNOTE. 

It  is  obvious,  qain  dspends  on  the  control: 

U"  =*  W (t/).  (3-1) 

We  wish  to  find  this  control  (optimum) 

U-u, 

with  which  gain  is  saxiaum: 

IT^-  mix  (3.2)  ' 

Recording  sax  is  mad  "maximum  on  U"  and  indicates:  "maximum  U 
tr 

of  all  values  of  N (U)  durinq  all  possible  controls  U".  That  of  the 
controls,  at  which  is  reached  this  maximum,  and  taore  is  the  optimum 
control  u. 


Thus,  is  placed  the  coaiinon/qerieral/total  task  of  thi 
optimization  of  control  of  physical  system.  However,  it  is  placed 
still  not  completely.  Usually  in  such  tasks  must  be  taken  into 


j 


account  some  conditions,  super  imposed  cn  the  initial  state  of  system 
S0  and  final  state  Sm. 

In  the  simplest  cases  these  states  can  be  completely  assigned 
(for  example,  see  §2).  In  other  cases  they  can  te  assigned  not 
completely,  but  are  only  limited  by  any  particular  conditions,  i.e., 
are  shown  the  region  of  the  initial  states  s0  and  the  region  of  final 
states 

Page  134. 

For  example,  in  the  task,  similar  examined  in  the  previous 
paragraph,  it  can  seem  that  flight  vehicle  must  be  given  not  into  the 
accurately  assigned  state  Sm  but  into  some  region  on  plane  VoH  (let 
us  say,  that  to  achieve  height,  net  lesser  than  given  one,  having  in 
this  case  velocity,  included  within  certain  limits);  initial  velocity 
V0  alsc  can  be  not  in  accuracy  assigned,  but  it  it  is  possible  to 
arbitrarily  choose  in  seme  boundaries. 

The  fact  that  the  initial  state  of  system  s0  enters  in  region 

AT 

S0,  we  will  record/write  with  the  help  cf  the  taken  in  mathematics 
"sign  cf  connection/inclusion"  £: 

So  6 Si- 


lt is  analogous,  for  the  final  state  of  the  system: 
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Thus,  the  con mon/general/total  task  of  optimum  control  is 
formulated  as  follows: 

from  many  possible  controls  U tc  find  such  optimum  control  and, 
which  translates  the  physical  system  S from  initial  state  S,.£S„  into 
final  state  so  that  in  this  case  the  gain  * would  be  converted 

into  maximum. 

Let  us  give  to  control  process  geometric  interpretation.  For 
this,  tor  us  it  is  necessary  tc  soircwhat  wiuen  cur  customary 
geometric  representations  and  to  introduce  the  concept  of  the 
so-called  phase  space  (or  state  space). 

State  S of  system  3,  by  which  we  is  controlled,  always  can  be 
described  with  the  help  of  one  or  the  ether  quantity  of  numerical 
parameters.  Such  parameters  they  can  be,  for  example: 

- coordinate  of  body  and  its  velocity; 

- quantity  of  means,  inserted  into  the  branch  of  production; 

- number  of  groupings  of  the  troops 
and  so  forth. 
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These  parameters  we  will  call  the  phase  coordinates  of  system  S, 
and  the  state  of  system  as  representative  point  S with  tnese 
coordinates  in  certain  conditional  phase  space  (state  space).  The 
dimensionality  of  this  space  depends  on  the  number  of  phase 
coordinates.  If  the  state  of  system  is  characterised  by  one  parameter 
then  phase  space  will  be  one-dimensional  and  represents  by 
themselves  the  section  of  the  axis  of  abscissas  (b’i.'j.  J.12)#  and 
control  is  interpreted  by  the  law  of  the  motion  of  point  S from 
initial  state  S,  p into  final  state  s»  6 


' 1 
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Fig.  3.12. 


Key:  (1).  Region  of  tho  possible  states  of  system  (phase  space). 
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If  tl.e  state  of  system  is  characterized  by  two  parameters  and 
(for  example,  by  velocity  and  height,  as  into  §2,  chapter  3),  then 
phase  space  will  be  two-dimensional  (plane  or  its  part),  and  process 
will  be  represented  transferring  as  of  point  S from  s#£$,  in  s«€S» 
over  the  specific  trajectory  cn  phase  plane  CjOF*.  Trajectory  this 
will  represent  control  (Fig.  3.13). 


If  the  state  of  system  S is  characterized  by  throe  coordinates 
6i,  £*/  (for  example,  abscissa,  velocity  and  acceleration),  then 
phase  space  will  be  three-dimensional  space  or  its  part,  and  the 
controlled  process  will  be  depicted  transferring  as  of  point  S over 
space  curve  (Fig.  3.14). 


If  the  number  of  parameters,  which  characterize  the  state  of 
system,  is  more  than  three,  then  geometric  interpretation  loses  its 
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clarity,  but  geometric  terminology  continues  tc  remain  convenient.  In 
the  <jeneral  case  when  the  state  of  system  s is  described  n the 
par  am  ot  pis 

i iii  •••■ 

wo  will  speak  about  point  S in  N'-d  imens  io  nai  phase  space  and  about 
its  transferring  from  region  into  region  5*  over  such  trajectory, 
for  which  gain  W is  maxi  mu  a. 

The  selection  of  phase  coordinates  €l#  £2  ...»  that  determine 
the  state  of  system,  and  the  corresponding  geometric  interpretation 
can  be  that  or  other,  depending  on  convenience  in  the  construction  of 
design  diagram.  In  certain  cases  as  one  of  the  pnase  coordinates, 
which  characterize  the  state  of  system  S,  is  tc  convenient  select 
time  t,  past  from  the  beginning  of  process;  then  stages 
(step/pitches)  are  visually  visible  in  the  phase  space  as  of 
transferring  of  point  S from  cne  of  the  planes  (hyperplanes)  t = 
const  to  another  (Fig.  3.15). 

Let  us  assume  that  the  phase  coordinates  €lr  €2,  ...,  the 
determining  state  systems  S,  are  selected,  ihe  common/general/total 
task  ot  the  optimization  of  control  in  geometric  terms  can  be 
formulated  thus: 


find  this  control  and  (optimum  control),  under  the  effect  of 


i 
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which  point  s of  phase 
into  finite  domain  5m 
maximum. 


1 

i 


f 

! 


Stated  common/general/total  problen  can  be  solved  d/  different 
methods  - in  any  way  not  only  method  of  dynamic  ptoqra m«i ng. 
Characterist  ic  for  dynamic  programming  is  the  specific  systematic 
method,  which  consists  of  following:  the  process  of  transferring  the 
point  S from  1T0  in  $„  is  divided  on  several  step/pitches  (stages) 
(sec  Fig.  3.16),  and  then  is  conducted  the  st e p-uy-ste p optimization 
cf  control  and  gain. 


4 

| 


L* 
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Fig.  3.13. 


Key:  (1). 


Domain  of  the  possible  states  of  system  (phase  space) 


Page  136. 


Fig.  3 i 1 4. 


Key:  (1).  Domain  of  the  possible  states  of  system  (phase  space) 
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Key:  (1).  the  n step/pitch.  (2).  1st  step/pitch.  ( J)  . 2nd  step/pitch. 


Page  1J7. 


The  procedure  ot  the  construction  of  optimum  control  of  the 
method  ot  dynamic  program mimj  tails  at  two  sta<je:  preliminary  and 
final.  At  preliminary  sta^e  is  determined  tor  each  step/pitch  the 
conditional  optimum  control,  which  depend-;  011  state  3 ot  system 
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(reached  as  a result  of  the  previous  st ep/pit ches)  , and  conditional 
optimum  gain  at  all  re'Od  ining  step/pitches,  beginning  with  datum, 

also  depending  on  state  S.  | 

I; 

At  final  stage  is  determined  tor  each  step/prtch  tinal 
(unconditional)  optimum  ccntrcl. 

Preliminary  (conditional)  optimization  is  produced  on  the 
step/pitches,  in  the  reverse  order:  from  last/latter  stop/pitch 
toward  the  first;  final  (unconditional)  optimization  - also  on  the 
step/pitches,  but  in  the  natural  order:  from  the  cirst  step/pitch 
toward  the  latter. 

Of  two  stages  of  optimization  inccinpa  tab  1 y more  important  and 
more  is  laboriously  the  first.  After  the  termination  of  the  first 
stage,  the  satisfaction  of  the  second  difficulty  does  not  represent: 
there  remains  only  to  "read"  the  recommendations,  already 
prefabricated  during  the  first  stage. 

At  the  basis  of  step  by  step  procedure,  lie/rests  the  already 
mentioned  principle  of  optimum  character,  which  consists  of 
to  1 low  ing: 


l 


Whatever  state  S of  system  as  a result  of  some  number  of 
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step/pitches,  we  must  choose  control  at  the  nearest  step/pitch  so 
that  it,  in  conjunction  with  the  optimum  control  at  all  subsequent 
step/pitches,  would  lead  to  maximum  qain  in  all  remaining 
step/pitches,  including  datum. 

Let  us  register  the  fundamental  structure  of  Loth  stages  of 
optimization  with  the  help  ct  commcn/ge ne ra 1/t o ta 1 symbolic  formulas. 
"Symbolic"  we  them  call  because  in  them  will  figure  the  functions 
arguments  of  which  will  be  not  the  numbers,  while  "states"  and  the 
"controls",  each  of  which  in  the  general  case  is  characterized  not  by 
one  number,  but  by  the  whole  set  of  numbers  or  by  runction. 

Let  us  introduce  some  designations.  Let  us  agree  to  designate 
W'KS)  (3.3) 

the  conditional  optieua  gain,  obtained  at  all  subsequent 
step/pitches,  beginning  with  the  i-th  and  to  end;  it  it  is  reached  at 
optimum  control  at  all  these  step/pitches  and  it  is  equal  to  the 
maximum  gain  which  can  be  ettained  at  all  tnese  step/pitches 
together,  if  at  their  beginning  system  is  in  state  s.  Briefly  we  will 
call  value  V’,(S)  conditional  optimum  gain. 

Let  us  agree  to  also  designate 

u,(S)  (3.4) 


the  conditional  optimum  control  at  the  i step/pitch,  which,  together 


r 
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with  optimum  control  at  all  subsequent  step/pitches,  converts  gain  at 
all  remaining  step/pitches,  beginning  with  datum,  into  maximum.  Nore 
shortly  let  us  call  control  w,(S)  of  conditional  optimum  control. 

Fage  1 38. 

Let  us  assign  the  mission:  to  determine  functions  U",(S)  and  u((S), 
i.  e. , conditional  optimum  gain  and  conditional  optimum  control,  for 
all  step/pitches  (i  = 1,  2,  ...,  m)  . 

Let  us  consider  the  i step/pitch  of  control  process.  As  a result 
of  i - 1 previous  step/pitches  system  arrived  into  state  S,  and  we 
was  selected  some  control  U , at  the  i step/pitch.  If  we  it  us«# 
then,  first  of  all,  we  will  obtain  at  a given  i-tn  step/pitch  some 

gain  tty,  it  depends  both  on  the  state  of  system  S and  on  the  used 

( 

control  U,'- 

w,~w,(S,Ut).  (3.5) 

Furthermore#  we  will  obtain  some  gain  at  all  remaining 
step/pitches.  With  respect  to  the  principle  of  optimum  character,  let 
us  consider  that  it  is  maxioum.  In  order  to  find  this  gain,  we  must 
Know  the  state  of  the  system  before  the  following,  (i  ♦ 1)-st 
step/pitch.  Under  the  effect  of  control  Ut  at  the  i step/pitch,  the 
system  from  state  S (in  which  it  was  before  this  step/pitch)  will 
pass  into  some  new  state  S'.  This  new  state  will  depend,  furthermore. 
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cn  the  previous  state  S and  the  used  control  Ut: 

S'  = %(S,Ut).  (3.6) 

Let  us  register  the  gain  which  we  will  obtain  at  all 
step/pitches,  beginning  with  the  i-th,  if  at  the  L step/pitch  it  will 
be  used  any  (generally  speaking,  not  optimum)  control  Ut,  but  on  all 
following  (from  (i  ♦ 1 ) -st  to  the  m-th  optimum  control.  This  gain 
will  be  egual  to  gain  a,  at  this,  i-th  step/pitch,  plus  conditional 
optimum  gain  at  ail  subsequent  step/pitches,  beginning  with  (i  ♦ 

1) -st  determined  for  the  new  state  of  system  S';  let  us  designate 
this  " semi  optimum"  gain  through  yj. 

9,(S,  t/4)=wl(S,l/l)  + W’j+l(S'), 

cr,  taking  into  account  (3.6), 


9,  (S,  (/,)  (5,  U,)  + V,+ , (*,  (5,  U,)).  (3.7) 

Mew,  in  accordance  with  the  principle  of  optimum  character,  we 
mu3t  select  such  control  (/(  = u„  during  which  value  (3.7)  is  maximum 

and  it  reach**  tha  values: 

r,  ( S)  - max  | w,  (S,  U,)  + r<+  ,(f , (S,  (/,))).  {3.8) 

The  control 

Ui  “ui  (S)t 

at  which  this  maximum  is  reached,  and  there  is  conditional  optimum 
control  at  the  i step/pitch,  but  value  itself  ( J.  c3)  - a conditional 
optimum  gain  (at  all  step/pitches,  beginning  with  the  i-th  and  to 
end)  . 

! 

j 


L 
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in  equation  (3.8)  of  function  w,(S,  Ut)  and  q>t(S,  L/,)  dre  known. 
Unknowns  remain  functions  ^(S)  and  U^+iW;  of  then  the  first  is 
expressed  as  the  second. 


Page  139. 


Formula  (3.8)  represents  by  itself  the  so-called  fundamental 
functional  equation  or  dynamic  programming  ; it  ma*es  it  possible  tc 
determine  function  1F,(S),  if  is  known  following  after  it  ia  order 
function  UVJ+,(S). 


As  concerns  function  Vm(S)  (conditional  optimum  gain  at 
last/latter  step/pitch),  it  can  be  determined  very  simply,  it  is 
real/actual,  after  last/latter  step/pitch  there  is  no  other,  and  it 
is  necessary  to  simply  convert  into  maximum  gain  at  the  last/latter 


st  ep/pitch : 


(S)  =■  max  {wm  (S,  Um)) . 


Maximum  in  formula  (3.9)  is  taken  not  cn  all  possible  controls  fm  at 
the  in  step/pitch,  but  only  cn  those  which  give  system  into  the 
assigned  domain  of  final  states  5„,  i.«.,  on  those  for  wnich 

Vm(S.Um)tSa. 

This  always  must  be  ked  in  mind  with  the  use  of  formula  (3.9). 


The  control  Ut 


uJS).  at  which  is  reached  the  maximum  of  gain 


PAGE  3*3- 

(3.9),  and  is  conditional  optimum  control  at  last/latter  step/pitch. 

Now  it  is  possible,  one  after  another,  to  construct  entire 
chain/network  of  conditional  optimum  controls.  It  is  real/actual, 
knowing  ®"«,(S).  possi  ble,  on  ccmmon/gener al/tctai  formula  (1.8), 
set/assumi ng  in  it  i t 1 - i,  to  find  function  ir„,_,(S)  and 
corresponding  conditional  optimum  ccntrcl  IT^.^S)  then  m„,_»(S)  and 
um-t(S);  and  so  on,  up  to  the  latter  from  the  end  (the  first)  of  the 
step/pitch,  for  which  will  be  found  functions  l»,(S)  and  u4  (S) . 
Function  W,(S)  is  conditional  optimum  gain  tor  entire  operation, 
i.  e.  , all  step/pitches , beginning  with  the  tirst  and  to  tn**  latter 
(if  the  first  step/pitch  begins  from  the  specific  state  s of  system 
S)  . 

Thus,  preliminary  optimization  is  finished  - are  found 
conditional  optimum  gain  and  conditional  optimum  control  for  each 
st  ep/p itch . 

Let  us  now  pass  to  the  second  stage  of  optimization  - finding 
the  unconditional  (final)  optimum  control 

U ™(U|,  Uj,  um). 

Let  us  begin  in  the  first  step/pitch.  Lot  us  assume  that  the 
initial  state  S0  to  us  is  completely  krcwn.  Let  us  substitute  this 
state  S0  into  formula  for  the  conditional  optimum  gain  Wt(S).  He  will 
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obta  i n 


Optimum  control  on  th**  first  step/pitch  will  bo  located 
siuiult  anoously  with  (3.10): 

Further,  knowing  the  initial  state  SD  and  control  ul#  we  can 
rind  state  sf  o£  system  alter  the  first  step/pitcn: 

(3.U) 


Fage  140. 


Knowing  this  state  S*,  it  is  possible  to  rind  optimuii  control  on 
the  second  ^tep/pi  tc),  u,  = u*  (Sf)  , then  S$  = * , (sf,  u,»)  and  so  forth. 
Thus,  going  over  the  chain/network 

S,-*  U\  (5*)  (5])  — ► ...  — *•  Sm  _ i — *■  un  (Sm  — i)  -*■  Sm.  (3. 12) 

we  let  us  deteraine,  one  in  other,  all  step  optinun  controls  let  us 
find  the  consisting  of  thee  optiaue  ccntrol  of  operation  as  a whole 

<W|,  W|,  wm), 

and  also  (if  it  was  not  in  accuracy  assigned  previously)  the  final 


state  of  the  systea: 


Sl- 


it goes  without  saying  that  this  state  will  belong  to  donain 
$*,  because  »e  chose  control  at  last/latter  step/pitch  precisely  so 

that  this  condition  would  be  observed: 

S«,~f(Sm_|,  ttm)  6 
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Let  us  assume  now  that  the  initial  state  of  system  is  known  to 
us  not  completely,  but  it  is  only  limited  fcy  tne  condition: 

S0  € S#. 

Then  it  is  necessary  to  find  such  (optimum)  initial  state  sj,  in 

which  conditional  optimum  gain  tor  all  the  step/pitches  is  maximum: 

Vmax  - max  {W,  <S)}.  (3.14) 

s fl. 

The  initial  state  So*  tor  which  this  naximum  is  reached,  and 
must  be  selected  as  initial.  Further  optimum  control  is  constructed 
in  exactly  the  sane  way,  as  before  cn  the  cnain/network: 

<S»  -*■  «i  (S0)  -►  Si  -*■«*  (Si)  Sm — i -+•  wm  (Sm_  i)  — ► Sm,  (3.15) 

that  also  gives  optimum  control  of  operation  as  a whole: 

u =(w„  u, um) 

and  the  final  state  of  syst cm  Su  — S'm,  if  it  was  not  previously 
completely  determined. 

On  this,  the  process  of  optimization  it  is  finished. 

In  this  paragraph  we  used  the  system  of  the  symbolic  formulas 
which,  it  goes  without  saying,  are  unsuitable  fcr  direct  calculation 
cn  them:  in  these  formulas  is  not  shown  not  only 

concrete/specific/actual  the  fora  of  the  function  K.((S,  and  M i(S,  u,l 
but  even  and  those  arguments  s and  (/,  ~ number,  vectors,  or 
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Ne vert  hoi? us , the  system  of  symbolic  formulas  is  very  useful  for 
organizing  the  procedure  of  dynamic  prcgra  nmi  ng.  During  tne  solution 
cf  any  problem  of  dynamic  programming,  it  is  convenient  to  adhere  to 
once  of  the  forever  established/installed,  standard  order  of  actions. 
This  order  can  be  establish/installed,  for  ixanjle,  in  this  fora. 


1.  To  select  method  or  describing  process,  i.e-#  parameters, 
which  characterize  state  cf  system,  phase  space  ana  method  of 
articulation  of  operation  tc  "step/pitches". 


2.  To  register  gain  on  r step/pitch  defending  on  state  of  system 
S in  the  beginning  of  this  step/pitch  and  control  Ut: 

w,  -tt'i  (S,  U,l 

3.  To  register  for  i stop/pitch  function,  wnich  expresses  change 
in  state  of  system  from  S toward  s'  under  tne  effect  of  control  U,: 

S'  — ^p,  (S,  U |). 

4.  To  register  fundamental  functicnal  equation  (J.8),  which 

expresses  function  U ,(S)  through  ^ 

»’  ,($)  - max  |w,(S,  (fi  (S,  t'l)))*  (3- 16) 

5 . To  find  function  Vm(S)  (conditional  optimum  gain)  for 


DOC  = 780od707 


3$(* 


last/latter  skep/pitch: 

(»,(S.  Uj)  (3.17) 

^ m 

(maximum  is  taken  only  on  those  controls  which  give  system  into 
assigned  domain  of  findl  states  and  corresponding  to  i t 

conditional  optimum  control  at  last/latter  step/pitch: 

“«($)• 

h.  Knowing  tt' m(5)  and  using  equation  (l.lo)  with 
concrete/spucific/actual  ferm  oi  the  function  “’((•$.  Ut),  <p((S,  U,),  to  find 
cne  behind  another  function 

r._,(S),  \r,n-,(S) ir,(S) 


and  cot res pond ing  to  them  conditional  optimum  controls: 

Un-i(S),  Um_}  (S)  • ••••  U|  (S). 

7.  If  initial  state  S0  is  assigned,  to  find  optimum  gain 
® mo*  = ttr,(S0'  and  further  unconditional  optimum  controls  (and,  if  it 
is  must,  final  state  S‘m)  on  chain/ network: 

S0—u,  (S0)-+S,-*u,  (Si)  — *■ ...  ► Sm  — i ~ u„,  (S„-  {)  -►  S„- 


Page  1h2. 


8.  If  initial  state  S0  assigned,  tut  it  is  only  limited  by 


condi t ion 


to  find  optimum  initial  state  S^,  by  which  gain,  <1 , (S)  reaches 


ita  ximuir 


IT — max  (IT,  (S)} 

s*S. 
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and  further,  on  ch  ain/net  work , unconditional  o^troium  controls. 

Subsequently,  solving  difrerent  problems  01  dynamic  programming, 
we  will  adhere  to  this  sequence  of  actions. 

Ir.  conclusion  let  us  note  rollowinq.  In  principle  tne  process  of 
dynamic  proqramminy  can  be  rur  up/turned  (althcuqh  not  so  it  is 
loqical),  also,  in  the  direction,  opposite  to  that  wnicn  we  took: 
conditional  optimum  controls  can  be  found  out  in  direction  from  the 
first  step/pitch  toward  the  latter,  but  unconditional  - from  the 
latter  toward  the  first.  For  example,  in  the  task  of  the  qaiu  of 
altitude  and  velocity  which  «e  considered  in  the  previous  paragraph, 
rothiny  interferes  with  us  to  construct  process  not  from  right  upper 
angle  to  lower  left,  but  on  the  contrary,  and  result  in  this  case 
will  be  obtained  the  same.  This  is  related  to  any  task  of  multistage 
gl idiny/pl anning.  It  is  possible  tc  first  plan/glide  the  first 
step/pitch,  when  it  will  give  system  into  state  S,  then  the  second, 
so  as  to  gain  for  two  first  of  step/pitch  (the  first  - already 
optimized)  would  be  maximum,  anu  so  forth.  After  all  conditional 
optimum  controls  and  the  corresponding  gain^  they  will  be  known,  it 
is  possible  to  find  unconditional  optimum  controls  on  all 
step/pitches.  Computationally  this  diagram  no t a bit  than  not  worse 
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proposed  above,  bat  in  the  sense  of  ccrvenicnco  i ;i  the  presentation 
and  understanding  is  inferior  to  it.  Therefore  we  everywnere  will 
adhere  to  the  diagram  outlined  above:  conditional  optimum  controls 
are  located  in  reverse  order,  from  last/latter  stop/pitcn  toward  the 
first,  and  unconditional  - in  direct/straignt  crder,  from  the  first 
step/pitch  toward  the  latter. 

4.  Tasks  of  distributing  the  resource/1  if etimes. 

In  practice  very  frequently  are  encountered  the  multistage 
operations,  connected  with  the  reasonable  distribution  of  one  or  the 
ether  re so urce/lif etimes.  speech  can  gc,  tot  example,  about  the 
distribution  of  money  resources,  raw  material,  wor*>  forca  in 
enterprises,  the  branches  of  industry  or  the  stages  of  separate  works 
or,  let  us  say,  that  about  the  distribution  of  projectiles  according 
to  target/purposes,  tne  total  weight  G,  diverted  to  technical 
equipment/device,  according  to  its  separate  a g y re  ga  te /uni  t s,  and  so 
forth  - generally,  about  the  distribution  or  all  possible  resources 
according  to  some  categories  of  measures. 


Let  us  begin  with  most  idle  time  of  the  "classical"  task  of 
distributing  the  resource/lifetimes,  cn  which  it  is  easy  it  will  be 
to  demonstrate  the  special  fea ture/peculi ar rt y of  similar  tasks. 
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Tdsk  is  placed  as  follows. 

There  is  the  specific  initial  quantity  of  resources  K0  (it  is 
not  necessarily  in  money  form) , which  we  must  distribute  during  m of 
the  years  between  two  branches  of  production  I and  II. 

Page  14J. 

The  resources,  inserted  into  each  branch,  yield  for  year  the  specific 
income,  depending  on  the  volume  of  insertions.  If  we  is  put  resource 
X into  branch  1,  then  for  year  we  will  obtain  the  income,  equal  f ( X)  ; 
in  this  case,  the  inserted  resources  partially  are  reduced  (they  are 
amortized,  they  are  expended),  so  that  toward  the  end  of  the  year 
from  them  remains  some  part: 

<p(X)<  X. 

It  is  analogous,  resources  Y,  inserted  into  branch  II,  yield  for 
year  income  g(Y)  and  are  reduced  tc 

*{Y)<Y. 

After  a year,  which  remained  from  K0  resource  anew  are 
distributed  between  branches  I and  II.  New  resources  do  not  en'er 
from  without,  and  into  production  are  packeu  all  the  remaining  in  the 
presence  resources;  income  into  production  is  net  packed,  but  it  is 
accumulated  separately.  It  is  required  to  find  this  method  of  control 
of  resource/lifetimes  (which  resources,  in  which  years  and  into  which 


i 


I 


I 

branch  to  pack,  by  which  total  income  ftoui  noth  uranches  for  m of 
years  will  be  maximum. 

Let  us  solve  problem  the  method  of  dynamic  programming, 

i 

according  to  the  expanded/scanned  above  standard  diagram. 

| 

1.  System  S in  this  case  - two  tranches  with  inserted  in  them 
resources.  It  is  characterized  by  two  parameters  X and  Y,  which 
express  quantities  of  resources  in  branches  1 and  II  respectively. 

The  natural  "step/pitch"  (by  stage)  of  process  is  fiscal  year.  During 
the  ccrtrol  process  of  value  X and  Y,  they  vary  depending  on  two 
reasons; 


- redistribution  of  the  resources  between  branches  in  the 
beginning  of  each  year; 

- decrease  (expenditure)  of  resources  lor  year,  wnich  manifests 
itself  at  the  end  of  each  year. 

Control  Uf  at  the  i step/pitch  will  be  the  puantities  of 
resources  Xi.V'i.  packed  in  branch  I and  II  at  this  step/pitch.  Control 
of  operation  0 consists  of  the  set  of  all  step  controls: 

U~(Ult  Ut,  ....  Um).  (4  | » 


We  should  find  this  (optimum)  control 


r 


I 


i 
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14  ■■  (Mi.  “»••••.  «„).  (4.2) 

with  which  the  total  income,  yielded  by  both  branches  in  in  of  years 


* it  was  laxiiun : 

IT -IP. 


(4.3) 


2.  State  of  system  before  i step/pitch  is  characterized  by  one 
parameter  K - by  quantity  of  resources,  which  were  preserved  after 
previous  i - 1 step/pitches. 


paqo  144. 


Control  Ut  at  the  i step/pitch  will  consist  in  tno  fact  that  we  will 
isolate  into  branch  I cf  resource  X,\  value  Y,  will  be  determined 
automatically;  it  will  be  equal  to  the  remaining  resources: 

V.-K-X,. 

Cain  (income)  at  the  i step/pitch  will  be: 

»,(*.*<) -/(A ,)+fHK—Xl).  (4.4) 

3m  Under  the  effect  of  this  control  at  i step/pitch,  system  will 
pass  from  state  K into  state 

K'  = f (*,)+*  (*-*<)•  ^-5> 

4.  Main  functional  control  takes  form: 
r,(K)~  max  |/(Xp  + *(A;  - *,)  + 

0<  Xj «Af 

+ r/^,(f|Xl)  + t(K-MJ.  (4.6) 

where  sign  0<A',<A'  designates,  that  maximum  is  taken  on  all 


Id 
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nonnegative  insertions  Xi,  which  do  not  exceed  available  stock  of 
resources  K. 

Conditional  optimum  control  at  i step/pitch  X,(K)  will  bo  that  of 
the  values  Xh  with  which  expression  in  the  curly  braces  it  Leaches 
na ximu m. 

5.  Conditional  optimum  gain  at  last/latter  step/pitch  will  be 

Wm  (K)  - max  {/  (Xj+g(K  -XJ);  (4.7) 

to  it  corresponds  conditional  optiaua  control  xm(X),  by  which  this 
maximum  is  reached. 

6.  Knowing  fu  notion  W"m(/f),  we  find  through  formula  (4.6) 
conditional  optimum  gains  on  two  latter#  on  three  latter  and  so  forth 
st  ep/pitches: 

r._,(/C)-  max  (/  (X„_|)+fl(/(  — Xm_,)  + 

+ W„Av(Xm.l)  + t(K  -xm.,))|; 

? (X)  = max  If  (Xm—t) -f-g  (X — 

0<Xm_,«K  g 

+ I (<p(Xm- j)+V(X  — Xm_*))|; 

r,(X)-  max  (f(Xl)  + g(K-Xi)  + 

•<*.<* 

and  corresponding  to  thea  conditional  optiaum  contLols: 


>*-  l(X),  Xm-t{K),  •••t 


(4.9) 
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7.  Initial  state  k0  (initial  supply  of  resources)  is  assigned; 
therefore  maximum  income  (optiaua  gain)  will  be 

Optimum  control  at  the  first  step/pitch  will  be: 

<i  *=  Jt|  (A0). 

State  of  system  after  the  first  step/pitch; 

Optimum  control  at  the  second  step/pitch: 

' x,  =x,  (/(  i )> 

and  so  forth  on  chain/network,  state  of  system  arter  i of  the 
st  €p>/pitch  es: 

K]  *><p(x,)-j-  t(/C’_  i — x().  (1. 10) 

Optimum  control  at  the  i step/pitch: 

x,  = *,(/Ci_  i) 

and  so  forth,  up  to  last/latter  step/pitch,  on  the  chain/network: 

<1  <*o)  -*■  K ^ xt  (K  i)  /Cm—  | -*■  Xm  (/Cm—  l)  — ► /Cm- 

Value  Km  will  represent  by  itself  a quantity  of  resources, 
which  remained  (during  optimum  control)  after  last/latter  step/pitch. 
The  set  of  the  resources,  inserted  on  years  into  oranch  I: 

x “ Uj,  x,(  xm) 

will  represent  by  itself  the  optimum  control  along  with  which  has 
sense  to  consider 

y " (Vli  ,4l*  •••*  Vm)  “ (/CM — x„  K l — X,#  /Cm—  I — xm) 


DOC  = 78068707  PAGE  3H 


- a quantity  of  resources,  inserted  into  branch  II  on  years. 

Let  us  give  to  the  process  of  distributing  the 
resource/1 ifetimes  geometric  interpretation.  From  the  considerations 
of  clarity,  let  us  do  phase  space  two-dimensional,  although  it  was 
possible  to  be  bounded  one-dimensional.  Let  us  plot/deposit  along  the 
axis  CX  of  resource  X,  packed  into  branch  I,  alcng  the  axis  OY  - 
resource  Y,  packed  into  branch  II.  The  sum  ol  these  resources  cannot 
be  more  than  a quantity  of  the  initial  resources  K0;  therefore  phase 
space  - this  the  part  of  plane  xOy,  included  within  the  isosceles 
right  triangle  AOB  with  legs  K0  (Fig.  3.17). 

Since  in  the  beginning  of  the  process  of  distribution  the  sum  of 
resources  of  both  branches  is  equal  to  K0,  the  domain  of  the  initial 
states  s0  is  nothing  else  but  the  hypotenuse  of  triangle  A B.  To  a 
quantity  of  resources  at  the  end  of  period  ui  of  the  years  of  no 
limitations,  besides  0<  A'„  + /„<  Kv  it  is  superimposed;  therefore 
domain  S,  the  final  states  of  systee  is  entire  triangle  A3B  (besides 
hy  pot  enuse ) . 


T 


I 


r 


1 
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It  is  represented  the  trajectory  cf  pant  S in  phase  space  (Fig. 

3.18). 


Let  us  visualize  that  in  the  teginning  of  each  year  occurs  the 
distribution  (or  redistr ibuticn)  of  means  according  to  Branches,  and 
during  year  the  inserted  means  are  expended  and  is  formed  income. 
Then  each  componen t/link  of  the  trajectcry  of  point  S of  phase  space 
will  consist  of  two  half-sections:  cn  the  first  occurs  only  the 
redistribution  of  means  and  point  S it  is  moved  in  parallel  AB",  on 
the  second  - means  they  are  expended  and  pcint  S steps  down  and  to 
the  left,  it  is  nearer  at  the  beginning  of  coordinates.  Exception  is 
only  first  step/pitch,  for  which  the  first  naif-section  is  absent: 
immediately  they  are  assigned  xt,  Yt,  and  begins  the  expenditure  of 
■earn*.  The  mum  of  abscissa  and  ordinate  of  last/latter  point  in  the 
trajectory  Sm  represents  by  itself  a guantity  of  means  ^ m which  it 
will  be  preserved  toward  the  end  of  the  period  daring  this  control. 
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5.  Example  of  the  solution  of  the  problem  of  distributing  the 

resource/1 if etimes. 

Example.  Plan/glides  the  activity  cf  two  branches  of  production 
I and  II  period  to  5 years  (m  = 5).  Are  assigned  to  the  "function  cf 

income": 

KX)  «<n-t-e“n 

and  the  "functions  of  expenditure": 

*<X)-0,76X;  * W -0.3  V'. 

It  is  reqnirnd  to  distribute  the  available  means  iu 
size/dimension  K0  = 2 (arbitrary  units)  between  branches  I and  II  on 
years,  on  the  basis  of  maximum  conditict  of  income. 

Solution.  In  accordance  with  the  ccmmon/general/total  diagram, 
given  in  §4,  we  obtain: 


1.  As  in  p. 


1 commcn/general/tctal  uiagram. 


I . 
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2.  Gain  at  i step/pitch: 

«’i(AC,  X,)  — l—e~Kf  + 1—  e“* <*“*»>-  2 — (e~*» -4- e_* ~ 

3.  Onder  the  effect  of  control  x,  (insertion  of  neans  X|  into 
branch  I,  and  Yi^K  — X,  into  branch  II)  systei  at  i step/pitch  will 
pass  froa  state  K in 

K'  - 0,75  X,  + 0.3  (K-Xt). 

4.  Fundaaental  functional  equation: 

W,{K)~  max  |2 — [e"**+e-***“*')]  + 

0<  X(<At 

+ W\+  i (0,75  X,  + 0,3  (/(  — A,))  I- 

Conditional  optinu*  control  at  the  i step/pitch  - that  at  which 


is  reached  this  naxinun. 
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With  fixed/recorded  K the  expression,  which  stands  in  the  curly 
braces,  there  is  the  functicn  ◦£  argument  Xs,  convex  upward. 
Depending  on  the  value  cf  K the  maximum  of  this  function  can  be 
reached  either  within  cutting  off  (0,  K)  (Fig.  3.19),  or  at  his  left 
end  (F ig.  3.  20)  . 

In  order  to  find  this  maximum,  let  us  differentiate  the 
expression 

w»(K.  X*)  ••  2 — |e~x*  + e-2 1* - •*•>) 

with  f ixed /recorded  K on  1%  and  will  nake  derived  equal  to  zecc 

_ p-x.  _ 2e-‘ »*  - — 0-  (51> 

ax» 


F 


i 

! 

I 

i 

r 
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On  the  datum  (fifth  step/pitch  to  ns  still  be  managed  to  solve 
equation  (5.1)  in  literal  form;  at  further  step/pitches  such  problems 
it  is  necessary  to  solve  nuaerically  (graphically).  From  (5.1)  we 

have: 

— X,  = In  2 — 2X  f 2X,;  (5.2) 

X,~(2K-ln2)/3.  (5.3) 

He  ace  it  follows  that  if  K >(ln  2)/2  * 0.  347,  then  maximum  is  reached 
within  cutting  off  (0,  K)  at  point  xs(K)  = (2K  - ln2)/3,  but  if  K < 
(in  2)/2  e 0.347,  then  aaxiaua  is  reached  at  the  end  of  the  segment; 

x»(K>  = 0. 


Thus,  conditional  optimua  contcol  cn  last/latter  (the  fifth) 
step/pitch  is  found:  if  we  approached  this  step/pitch  with  the  supply 
of  aeans  K > (In  2)/2,  then  from  these  weans  one  should  isolate  into 


I 
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branch  I portion/f ract icn  (5.J);  but  if  we  approached  the  fifth 
step/pitch  with  a supply  of  means  less  than  (lc2)  /l,  then  all  these 
leans  it  is  necessary  to  return  into  branch  II.  As  to  be,  if  we  do 
approach  the  fifth  step/pitch  with  the  supply  of  means,  in  accuracy 
equal  to  (In  2)/2?  It  is  obvious,  in  this  case  both  controls  indicate 
one  and  the  same,  namely:  tc  select  means  into  branch  I not  is 
necessary.  Let  us  register  the  obtained  conuiticnal  optimum  control 
on  the  fifth  step/pitch  in  the  form  of  the  formula 


('N 


| 0 iibii  K 

*‘<K)  U2/C-  in  2>/3  npn  K 

My:  (1).  with. 


ngn  K<(ln2)/2, 
> (In  2)/2. 


(5.4) 


Let  us  find  now  conditional  optimum  gain  (income)  on  the  fifth 

step/pitch  which  will  be  obtained  during  this  control: 

(K)  -2—  |e—  <*>  +e-*l*-**  <*»|. 
or#  substituting  here  expressions  (5.4): 

I | _e-»*  n^H  K < (In  2)/2, 


n^H  K > (In  2)/2. 


Key:  (1).  with. 


Since  for  us  subsequently  it  is  necessary  to  compute  value  K % (K) 
for  the  different  values  of  argument,  let  us  construct  its  graph 
depending  on  K (Fig.  3.21). 


i 


■ 


i 

1 
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On  the  sane  graph,  but  on  other  scale,  it  is  represented 
dependence  on  K of  the  conditional  optimum  control  xs (k) . The  second 
curve  represents  by  itself  troken  line  which  tc  K = (ln/2) /2  goes 
along  the  axis  of  abscissas,  and  after  this  point  it  grows  linearly. 


With  the  construction  of  this  graph  are  finished  all  procedures, 
connected  with  the  optimization  of  last/latter  step/pitch. 


6.  He  pass  to  penultimate  (the  fourth)  step/pitch.  The  problem 
of  its  conditional  optimization  let  us  solve  numerically,  being 
assigned  by  a series  of  values  K (quantity  of  means,  that  remained 
after  the  third  step/pitch). 

In  order  not  to  make  unnecessary  work,  let  us  explain  that  within 
which  limits  can  be  located  K-  Let  us  find  largest  of  the  possible 

values  of  K. 


Fage  149. 

It  will  be  obtainad,  if  at  the  first  three  step/pitches  all  means 
will  be  enclosed  in  branch  I,  where  the  expenditure  are  minimum;  then 
after  three  years  we  obtain: 

0.75*  = 0,844. 


The  small  value  K will  be  obtained,  if  at  the  first  three 


— 


I 
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step/pitches  all  leans  will  be  invested  in  branch  II: 

Ko-0.3»=0.054. 

On  section  0.054-0.844,  are  included  all  the  possible  values  K. 

Let  us  assign  on  this  section  several  reference  values  of  h:  K = 

v 

0.1;  0.2;  0.3;  0.4;  0.5;  0-b;  0.7;  0.8  and  tor  each  of  them  let  us 
find  conditional  optimum  control  on  the  fourth  step/pitch  x4  (K)  and 
conditional  maximum  income  cn  two  last/latter  step/pitches  W4(K).  For 
this,  let  us  construct  the  series  ot  curves,  that  represent 
"semioptim urn"  gain  W4  at  two  last/latter  step/pitches  (during  any 

control  at  the  fourth  step/pitch  and  with  optima  - on  the  fifth); 

(AC.  X4)  = ip,  (AC.  Xt)  + IFj  (0,75 X,  + 0.3  (AC  -X,)). 

where  first  tera  w, (AC,  X,)  = 2 — |e-*.-pe-!<*- •*.>),  and  second  term  W5  is 
determined  froa  the  curve/graph  of  Fig.  5.3,  for  which  it  is 
necessary  to  enter  into  it  instead  ot  K with  argument  K*  = 0.75X4  ♦ 

0.  3 (K-X4) . 

The  curves  of  dependences  W4  cn  X4  (with  assigned  K)  for  the 
sixth  step/pitch  are  represented  in  Fig.  3.22. 

I 1 

Let  us  find  on  each  ot  the  curves  point  with  maximum  ordinate 
and  will  mark  it  by  small  circle.  The  crdinate  of  this  point 
represents  by  itself  conditional  maximum  income  at  two  last/latter 
step/pitches  W4  (K)  , and  abscissa  ~ conditional  optimum  control  x4(K). 

After  determining  these  values  for  each  value  of  K = 0.1;  0.2; 

0.8,  let  us  construct  the  graph/diagrams  of  depeadences  M4(K) 


L 


and  x4  (K)  for  the  fourth  step/pitch  (Fig.  3.23) 
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Further  we  pass  to  the  optimization  of  the  third  step/pitch.  Foz 
it  the  possible  values  k are  within  the  limits  from  2«0.3*  = 0.18  to 
2*0.75*  = 1.12.  Let  us  again  assign  a series  of  reference  values  K:  K 
0.3;  0.5;  0.7;  0.9;  1.1  and  for  each  cf  them  let  us  compute  income 

on  the  third  step/pitch  depending  on  K and  controls  x3: 

w,  (X,  X.)  =.2  - fe-*-  +e-»  «-*•>]. 

Then  let  us  adjoin  to  it  the  already  optimized  income  at  two 
last/latter  step/pitches  W4,  which  we  will  determine  according  to  the 
curve/graph  of  Fig.  3.21,  entering  in  it  instead  of  K by  argument  K' 

= 0.75X3  ♦ 0.3(K-X3),  and  we  will  obtain  "sem icptimum"  gain  at  three 
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last/latter  step/pitches  (during  optimug  control  on  two  latter  and 
any  control  - at  the  third  step/pitch)  tT3  (K,  X3)  = w3  (ri,  X3)  ♦ W4 

(0.75X,  ♦ 0.3  (K- X 3) ) . 


Por  this  function  let  us  again  construct  the  graph/diagra as  of 

A* 

dependences  W3  on  X3  with  fixed/recorded  K.  Pot  each  of  the  curves, 
let  us  again  note  maximum  (Fig.  3.24).  After  this  let  us  construct  on 
one  graph  (Fig.  3.  25)  two  curves:  the  conditional  optimum  control 

I 

ij  (K)  and  the  conditional  optimum  gain  b3(K). 


I 
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In  perfect  analogy  is  solved  the  problem  of  the  optimization  of 
the  second  step/pitch.  Ace  varied  values  K troa  2*0.3  = 0.6  to  2*0.75 
- J- 5:  K = 0.6;  0.9;  1.2;  1.5.  Is  deterained  income  at  the  second 
step/pitch : 

a,  (K,  At)  - 2 — |e-* 
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To  it  is  adjoined  the  conditional  nuximum  income  W3(K'),  determined 

on  the  curve/graph  of  rig.  3.25  with  the  entrance 

AC'  — 0,75  A",  4-0,3  (K — A,). 

Is  obtained  value  tf2#  for  which  again  are  constructed  the  graphs 
(Fig.  3.26).  On  each  curved  is  round  the  maxirnu*  and  are  constructed 
two  curves:  x2  (K)  and  J?(k)  (Fig.  3.27). 

It  remained  to  optimize  one  only  first  step/pitch.  This  - 
already  more  easy  problem,  since  the  initial  state  of  system  K0  = 2 
to  us  is  known  and,  which  means,  that  nust  not  vary  rtself.  Therefore 
tor  the  first  step/pitch  is  constructed  only  one  curve  dependence 
W | (K 0,  X,)  on  Xt  with  the  krewn  K0  (Fig.  3. id),  where 

V , (AC*.  X,)  — m>,  (K*  Xj  + UP*  (AC')  - 

. 2 -(«-*■  + *-»  •*•-*»>!  + y,  (*'), 

a last/latter  term  is  located  through  the  curve/graph  or  Fig.  3.27 
upon  the  entrance  into  it  with  argument  K*  = 0.75Xj  ♦ O.J(K0-Xj), 
where  K0  * 2. 


Determining  on  only  curved  (see  Fig.  3.28)  maximum,  let  us  find 
the  final  (no  longer  conditional)  value  of  maximum  income  in  all  of 


five  years: 


-«.35 


and  the  corresponding  tc  it  unconditional  cptimun  control  nt  the 
fltst  step/pitch: 

Mt  - 1,6. 
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6.  After  the  process  of  construction  of  conditional  optimua 
controls  and  gains  is  finished,  it  is  necessary  to  lead  second  stage 
of  optimization,  passing,  step  by  step,  control  process  from  first 

step/pitch  to  latter  on  chain/network: 


K J -+  Xs  -►  K3  X4  -►  K 4 X*-*-  K 5. 


x,  — ► K I -*  x,,  — ► /v  j — ► f\  3 ■ 

Knowing  zt  ■ 1.6,  we  find  tie  supply  of  means  after  the  first 
step/pitch : 


K;  -0,7r.xk  + 0,3(K0— x,)**=  1.32. 


After  entering  with  this  value  K'\  into  graph  x,  (K)  in  Fig. 
3.27,  we  find  optiaua  control  on  the  second  step/pitch: 

x,-  1.02. 


Id 
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The  residue/r eaainder  cf  aeans  after  the  second  step/pitch  will 

be : 

K J - 0,75  xt  + 0,3  (K  \ — xt)  - 0,86 

Bith  this  vela#  A'j  we  enter  in  graph  x3(K)  (see  Fig.  3.25)  and  we 

find  optinua  control  on  the  third  step/pitch 

xt  * 0,62. 

Besid ue/renai nder  of  aeans  after  the  third  step/pitch: 

K J = 0,75  a,  + 0,3  (A  i - *,)  - 0,54. 

Through  the  curve/graph  of  Fig.  3.23,  we  find  optimum  control  on 


the  fourth  step/pitch 


x4  ->  0,30. 


Besid ue/reaai nder  of  aeans  after  the  fourth  step/pitch: 

K i - 0,75  x,  f 0,3  (K  s— x4)  = 0,30. 

Bith  this  walae  A";  we  enter  in  graph  xs(K)  (see  Fig.  3.21)  and  we 
find  optiaaa  control  on  the  last/latter  step/pitch  x5  - 0. 


Thus,  gliding/planning  is  finished:  obtained  optimum  control, 
which  indicates,  how  many  aeans  with  their  initial  supply  K0  = 2 nust 
be  packed  into  branch  I on  years.  This  control  will  be: 

* * (1,60;  1,02;  0,62;  0,30;  0). 

Taking  into  account  that  the  available  means  prior  to  the 
beginning  of  each  year  are  known  and  eqaal  to: 

A',-2;  AT  -=  1,32;  *1- 0,86;  /Cj-O.M;  K\-0,30, 
we  iaaediately  find  quantities  of  aeans,  packed  into  branch  11 
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y = (0,40;  0,30;  0.24;  0,24;  0,30). 


Thus,  it  is  possible  tc  formulate  following  recommendations 
regarding  the  insertion  of  means. 


Page  153. 


Proa  the  available  ir.  the  beginning  supply  K0  = 2 and  the  remaining 
aeans  at  the  end  of  each  year,  it  is  necessary  to  pack  on  years  in 

branch  1 and  II  follouing  suss: 

TO  (•*) 1 °* 

~ : i ; ii  : i r~ 


My:  (1).  Branches.  (2).  Year. 


During  this  distribution  of  means  in  five  years,  will  be 
obtained  the  aaxiaum  income,  egual  tc 

The  r esidue/r eaainder  of  aeans  at  the  end  cf  the  period  will  be 
equal  to:  0.  3*0.30  = 0.09. 


Figures  3.29  depicts  optimum  trajectory  in  the  phase  space  (each 
stage,  except  the  first,  is  divided  into  half-steps ) . 


Proa  the  examined  example  it  is  evident,  how  complex  and  tedious 
is  step-by-step  optimization  "by  hand”,  even  for  the  most  elementary 
problems  (only  two  branches  of  productions;  the  simplest  "functions 


of  income"  and  the  "function  of  expenditure").  Under  any  more  complex 
conditions  the  development  or  optimum  plan/layout  of  the  method  of 


dynamic  programming  is  virtually  impossible  without  the  enlistment  of 
high  speed  ETsVN. 


5mu  **44  3~£  2-ii 

$ t # # # 


fig.  3.29. 


Key:  ,(1).  year. 


Page  154. 


6.  Other  probleas  of  distributing  the  resource/lif etines. 


The  problea  of  distributing  the  resonrce/lifetimes  has  aany 
versions.  Some  of  thea  comparatively  differ  little  from  the  siaplest 
problea,  examined  in  §§  4 and  5,  others  are  so  dissimilar  to  it  on 
its  verbal  formulation,  which  until  the  next  time  is  difficult  to 
catch  in  thea  comaon/general/tctal  features.  Here  and  in  following 
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paragraph  we  will  give  several  examples  of  similar  problems. 

1.  Distribution  of  resource/li fet imes  in  heterogeneous  stages. 

On  the  problem,  examined  in  §U,  stages  were  uniform  in  the  sense 
that  the  “functions  of  the  income"  of  f (X)  , of  g(Y)  and  "the  function 
cf  expenditure  <j>(X),  t(Y)  were  identical  ter  all  step/pitches.  It  can 
seem  that  they  vary  from  enm  step/pitch  to  the  next,  namely  for  the  i 


step/pitch  they  are  egual  to: 

f,(X).  ♦,0')J 

In  this  case  the  standard  set-up  cf  the  solution  of  problem 


(i  * 1.  2,  /n). 


barelys  change.  Basic  functional  eguaticn  takes  tne  form 

W,(K)-  max  I M*,) + *,(*-*.>  + 

+ ir(+1(V((XJ)+tj  (K-x,))|. 

The  condition  of  the  optimization  of  the  ■ step/pitch  will  be: 

Vm(K)~  max  \lmWn)+gm(K—Xj), 

o<xm<a 

a in  all  the  remaining  procedure  of  the  construction  of  solution  it 
will  remain  constant. 

2»  Problem  of  the  redundancy  of  resource/1 itet imes. 

There  is  a total  of  one  branch  cf  production  and  certain  supply 
of  means  K0,  which  can  be  packed  into  production  not  wholly,  but 
partially  to  reserve.  If  at  the  i step/pitch  of  production  are 
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invested  means  Xf  then  they  give  income  f,(X ) and  are  reduced  to 

It  is  required  to  rationally  distribute  the  available  and 
remaining  means  on  m of  step/p it ches  sc  that  the  total  income  for  all 
m of  step/pitches  would  be  maximum. 

Page  155. 

It  is  not  difficult  to  see  that  this  fioblera  is  reduced  to 
previous  real/actually,  the  reserved  means  can  te  considered  inserted 
into  seme  fictitious  second  branch  where  they  are  not  expended,  but 
also  do  not  give  the  income: 

g,(Y)  i=0;  ^(00  = 1 m )• 

Tahing  into  account  this  condition  the  protiem  is  solved  in  exactly 
the  sane  way  just  as  problem  of  distributing  the  resource/lifetimes 
in  heterogeneous  stages.  The  geometric  interpretation  of  problem  in 
phase  space  is  shown  on  Fig.  3. 30. 

Let  us  consider  the  special  case  of  the  problem  of  the 

redundancy  of  resource/lif etimes,  when  in  all  stages 

(Pi  (X)  * 0 * 1 , i»i  /n), 

i.«.  the  inserted  means  are  ex pend/censumed  by  pillar  (Fig.  3.31). 
Since  means  are  expended  by  pillar,  then  each  horizontal  trajectory 
phase  reaches  the  very  axis  cf  ordinates. 
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Stated  problem  is  reduced  to  finding  of  th€  maximum  of  function 
■ cf  arguments  (Xlt  X*.  ....  X*): 

uksre  Xlt  X„  ....  Xw  are  nonnegative  and  United  by  the  condition: 

£*,<*.•  <6t) 

If  incoss  f,(X)  (as  this  logical  to  assume)  represents  by  itself 
the  nondecreasing  function  of  the  inserted  means  X,  then  inequality 
sign  in  fornula  (6.1)  can  be  re ject/thrown , since  under  these 
conditions  to  expend/consume  means  net  to  end  is  disadvantageous. 


Page  156. 

Let  us  note  that  seme  simplest  problems  of  the  redundancy  of 
resource/lifetimes  admit  elementary  soluticn  also  without  the  method 
of  dynamic  programming.  To  them  belongs,  fer  example,  tad  simplest 
case  when  the  "function  of  income"  in  all  stages  one  and  the  same: 

,|(X)  = /,(*)=  ...  =/m  (*)  = /(*) 
and  means  are  expend/consumed  completely: 

qj,(X)  = <p2(X)=  ...  =<pm(X)=0. 

It  is  not  difficult  to  ascertain  that  if  the  function  of  income 
is  convex  downward  (Fig.  J.22),  then  it  is  more  advantageous  anything 
to  put  all  means  in  some  stage,  and  intc  the  others  not  to  pack.  But 


I 
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if  the  function  of  income  is  convex  upward  (Fig.  j.3i),  then  the 
maximum  of  income  is  reached  during  the  even  distribution  of  means 
between  the  stages:  = x,  = = xm  = Ko/m. 

3.  Problem  of  distributing  the  rescurce/lifetimes  between  three  and 
■ ere  by  branches. 

Let  us  assume  that  under  conditions  of  problem  of  j 4 
resource/lif etimes  are  distributed  not  between  two  branenes  (1  and 
II),  tut  between  several:  I,  II,  ...»  (n)  : moreover  for  each  (the 
j-th)  branch  are  assigned:  the  "function  of  income"  fiij)(X), 
expressing  the  income,  yielded  by  means  X,  inserted  on  the  i year 
into  the  j-th  branch,  and  the  "function  of  expenditure"  <p(('>(X)  < X, 
showing,  how  much  decrease  means  X,  inserted  on  the  i year  into  the 
j-th  branch. 

Problems  it  differs  from  that  examined  in  the  point/itera  of  1 
this  paragraph  only  by  dimensionality  (number  cf  parameters,  which 
determine  the  state  of  system).  For  example,  for  three  branches  I,  II 
and  III  phase  space  is  shewn  on  Fig.  3.34.  For  the  case  of  more 

I 

than  three  branches  geometric  interpretation  leses  clarity,  but  the 

essence  of  problem  remains  the  same.  The  state  cf  system  will  be 

’ i 

determined  no  longer  by  the  pair  of  numbers  X,  Y,  but  of  n by  the 

numbers  *"'■  *<2' x,n)’ 

designating  insertions  into  each  of  the  branches. 
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i.Yi 


1 0 *P 

/k„ 


t<cK.  •J.-JM 


The  process  of  distributing  the  means,  as  in  the  two-dimensional  case 
can  be  divided  into  stages  and  produced  first  conditional 
optimization  (from  end  at  tie  beginning),  and  then  - unconditional 
(from  beginning  toward  the  end).  The  state  of  the  system  prior  to  the 
beginning  of  each  step/pitch  will  be  as  betore  characterized  by  the 
sum  of  the  means,  subject,  to  d istr  ibut  icn , r.e.,  by  one  number  K. 


Mill  more  complex  be  matter  with  control.  Control  at  the  i 
step/pitch  wili  consist  of  the  rsc  la t ic n/ L iteration  ot  means  not  of 
one  branch,  but  of  n of  the  branches: 

*1  — I 

A,"',  A,'"' A ^ A,<». 

It  is  necessary  to  find  the  maximum  of  the  function  of  several 
variables..  Kith  the  number  ct  branches  n > J problems  of 
optimization,  it  does  become  very  bulky  and  without  aid  of  EVM 
[ 9BM  - computer]  scarcely  it  can  be  solved. 


i 

M 

) 

i 

‘ * 

: i 


i 


DOC  - 78068708 


PAOE  33£ 


7.  Distribution  of  resources  with  insertion  of  incones  into 
production.  f 


Until  now,  in  the  problems  of  the  distribution  of 
resource/lifetimes,  we  examined  the  "income",  yielded  by  enterprises, 
it  is  conpleted  independent  of  the  distributed  means;  it  even  could 
be  expressed  in  other  units  (for  example,  resource/lifetimes  - in 
man-hours,  and  income  - in  rubles).  Now  we  will  consider  the  case 
when  income  is  packed  into  production  (in  full  cr  in  part).  It  goes 
without  saying  that  for  this  income  and  means  must  be  given  to  single 
(money)  equivalent. 


The  problem  of  the  distribution  of  resource/lifetimes  with  the 
insertion  cf  incomes  into  production  car.  be  placed  differently, 
depending  on  whether  is  packed  the  income  in  full  or  in  part  and 
which  value  is  maximized. 


Is  given  below  series  cf  problems,  in  each  of  which  occurs  the 
speech  about  the  distribution  of  resource/lifetimes  according  to  two 
branches  of  production  with  the  insertion  (lull/total/coaplete  or 
partial)  of  incomes  into  production,  during  different  objective 


functions. 


DOC  = 78068708 


PAGE 


1.  Income  is  packed  into  production  completely,  is  maximized  sum 
of  all  means  (basic  plus  income)  after  m stage. 


In  this  case  gain  W represents  Dy  itself  the  sum  of  all  means, 
which  were  preserved  in  both  tranches  after  the  completion  of 
last/latter  stage,  plus  the  income,  given  by  both  branches  in 
last/latter  stage.  This  entire  gain  is  acquired  only  on  one, 
last/latter  stage,  but  it  represents  by  itself  a special  case  of  the 
additive  index  of  efficiency  for  which 

v = 

if  we  consider  that  the  gains  in  all  stages,  except  the  latter,  are 


equal  to  zero 


W,  = tt'j  = 


= 0;  w„=W. 


Page  158. 


Since  all  means  (and  basic  and  income)  are  packed  into 
production  on  equal  basis/bases,  there  is  no  necessity  to  examine 
separately  the  "functions  of  income"  and  of  "function  expend",  and  it 
suffices  to  introduce  for  each  branch  only  according  to  one  function: 
for  branch  I - functio n Ft(X),  showing,  hew  many  means  (including 
income)  it  will  be  obtained  at  the  end  of  the  i step/pitch  in  branch 
I with  the  insertion  of  it  cf  means  x in  the  beginning  of  this 
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step/pitch.  Analogous  function  for  branch  Ii  will  be  G,(Y).  Let  us  nan^ 
the  functions 


F,{X).  G,(Y) 


the  "functions  of  a change  in  the  means"  in  the  i stage.  Let  us  note 
that  is  generally  possible  any  of  the  relatioijship/ratios: 

F,  tX)>  X;  F,(A)<X;  MX)  * X 
(it  is  analogous  for  G,(K)). 


Let  us  consider  the  phase  space,  corresponding  to  this  problem 
(Fig.  3.3S).  This  space  will  be  no  longer  triangle  AOB  (as  in 
problems  without  the  insertion  of  incomes),  but  entice  first  guadrant 
10Y  (means  can  not  only  be  reduced,  tut  also  increase).  Trajectory 
consists  as  before  of  a series  of  the  com pcnen t/1 inks,  being 
deaomposed  into  half-sect iors;  the  first  half-section  (for  all 
stages,  except  the  first)  represents  redistribution  of  the  means 
(point  S moves  in  parallel  A B ) , the  second  - expenditure  and 
acquisition  of  the  means  (pcint  s can  move  m any  direction).  Unlike 
previously  examined  protlems,  here  income  yields  only  one,  the  latter 
coapoaent/link  that  in  Fig.  3.35  is  isolated  by  heavy  arrow. 


In  this  case  the  value  of  index  W is  directly  evident  on  drawing 
- this  sum  of  abscissa  and  erdinate  of  the  point  Sv,  of  the 

representing  final  state  system.  Problem  of  the  optimum  control:  to 
deduce  point  S»  on  straight  line  AmBm', parallel  AU  and  outermost  from 


s 
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the  origin  of  coordinates.  The  value  of  gain  for  any  trajectory  in 
phase  space  represents  by  itself  each  of  the  segments, 
intercept/detached  by  straight  line  on  the  coordinate  axes. 


[ 


Let  us  construct  the  set-up  of  the  solution  of  this  problem  by 
the  nethod  of  dynamic  programming,  without  uetailed  vernal 
explanations  (throughout  the  specinen/sanple  of  the  previous 
problems).  On  function  F,(X)  and  Gt(Y)  thus  far  let  us  set  no 
li  natations. 

Gain  at  all  step/pitches,  except  the  latter,  is  equal  to  zero; 
therefore  we  will  not  it  record/write. 


jjEU 


1 
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At  last/latter  step/pitch  it  is  expressed  by  the  formula: 

wm(K,  X„)~  Fm(X„)  + Gm(h ’ —Xm).  O 1 

where  K - the  leans  with  which  we  apprcached  the  last/latter 
step/pitch. 

The  fundamental  functicnal  equation  of  dynamic  programming  will 
be: 

W,(K)-  max  |»',.m(MA',)  + G((A-X/))|.  (7.2) 

0<X,  <A 

where  K - the  leans  with  which  we  apprcached  the  i step/pi tch- 

At  last/latter  step/pitch  we  obtain  the  conditional  optimum 

gain,  equal  to 

— 'nax  (7,3* 
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and  condition  the  optimum  control  at  which  this  gain  is  reached:  x„{K). 

Further,  through  formula  (7.2)  we  find  everything  conditional 
gain  and  conditional  optimum  controls  cn  all  step/pitches,  beginning 
with  the  latter,  after  which  process  it  passes  in  forward  direction 
they  are  determined  unconditional  optimum  controls  at  each 
step/pitch. 

Is  such  the  set-up  of  the  solution  of  problem  by  the  method  of 
dynamic  programming  with  any  form  of  the  function  of  a change  in 
means  F,(X),  G,(Y).  However,  it  we  on  these  functions  superimpose  some 
(very  natural)  limitation,  set-up  can  te  highly  simplified. 

Let  us  assume  that  all  the  functions  G,(>')  represent  by 

themselves  the  non  decreasing  functions  cf  their  arguments,  i.e.,  with 
an  increase  in  the  quantity  of  inserted  means,  the  sum  of  income  and 
remaining  means  toward  the  end  of  the  stage  cannot  decrease. 

Let  us  show  that  in  this  case  conditional  optimum  gain  there  is 


the  nondecreasing  function  from  the  issue  of  each  of  the  previous 
st cp/p itches,  i.e.  from  the  sum  of  means  of  its  end. 


I 
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Actually,  let  the  issue  of  some,  let  us  say,  that  (i-1)  step 
(sun  of  means  of  its  end)  is  equal  to  Let  us  consider  optimum 

gain  under  this  condition  as  function  Kt-X.  since  gain  is  acquired  only 
at  last/latter  step/pitch,  then  it  is  unimportant,  to  examine  this 
gain  fcr  all  the  step/pitches,  either  cnly  for  last/latter 
step/pitch,  or  for  all  the  step/pitches  beginning  with  the  i-th.  Lot 
us  select  the  latter:  let  us  consider  the  optimua  gain  W for  all  the 
step/pitches  by  beginning  with  the  i-th  as  function  A,_,: 

(7.4) 

It  is  necessary  to  demcnstrate  that  this  function  - 
nomdecreas ing.  Proof  let  us  conduct  the  method  ct  full/total/complete 
induction,  but  not  from  one  i to  i ♦ 1,  but,  on  the  contrary,  from 

one  i ♦ 1 to  next.  Let  us  assume  that  the  proven  property  is  correct 

for  i ♦ 1,  i.e. 

W,.m(K()  (7>5) 

there  is  the  nondecreasing  function  of  its  argument  K,  (sum  of  means 
at  the  end  of  the  i step/pitch).  Let  us  demcnstrate  that  then 
nondecreasing  function  it  will  be  and  (7.4). 


Page  160. 


It  is  real/actual,  according  to  eguaticn  {7.2)  {where  A',_,  ■ i»  narked 
simply  K)  function  represents  by  itself  the  naxinun  of  the 

expression 


!Ti4-  i (F |(Af,)-f -Gt(Ki—  i — A',)) 


(7.6) 


t a 
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Let  as  show  that  (7.6)  there  is  the  ncndecreasing  function  from 
AT,-,;  then  will  bo  it  is  clear  that  as  its  maximum  value  IT, (/(,_,)  with 
an  increase  decrease  cannot. 


Let  us  fix  sone  value  K,-\-  Let  for  this  value  expression  (7.6) 
reach  naxisua  in  A„  equal  to  V'i(ACi-t),  during  the  specific  control  x<- 
Let  us  give  now  to  value  Kj-i  certain  positive  increase  AA,_,.  Por  us 
was  formed  certain  surplus  of  means,  which  we  can  put  additionally 
either  into  branch  I or  into  branch  £1,  or  into  both  immediately. 
Since  function  Ft{X),G,(Y)  nondecreasing,  the  from  this  "addition"  of 
means  each  term  under  the  sign  of  function  (7.6)  can  only  be 
increased,  and  alsc,  therefore,  their  sum  it  can  only  be  increased, 
but  not  shape  less.  What  in  this  case  will  stop  with  function  (7.6)? 
According  to  our  assuaption,  function  U',+1  — nondecreasing,  which 
means,  that  with  an  increase  k ,_i  expression  (7.6)  decrease  cannot. 
Thus,  transition  from  i e 1 to  i is  proven. 


Let  us  show  now  that  our  property  is  correct  tor  a last/latter 
step/pitch  (i  ♦ 1 = m) . This  is  proven  simpry.  Cn  formula  (7.3)  the 
gain  at  the  a step/pitch  during  optimum  control  represents  by  itself 

the  aaxiaua  of  the  expression 


Fm(Xm)+Gm(Km.,~Xm) 


recently  it  was  proved  for  any  i,  and  also*  therefore*  for  i = m/ . 
Thus*  W'miKm-,)  there  is  nondecreasing  function  Km-],  a that  means  that 
according  to  the  principle  of  tull/tot  a 1/coaplcte  induction*  and  any 
of  gains  Wt(Ki~ i)  — nondecreasing  function,  which  it  was  required  to 

prove. 

from  that  demonstrated  escape/ensue  very  simple  recommendations 
regarding  optimum  control.  It  is  real/actuai*  it  final  optimum  gain 
there  is  nondecreasing  function  from  the  ccmmon/general/tota 1 sum  of 
means*  realized  on  the  issue  of  each  step/pitch,  then  optimum  control 
lies  in  the  fact  that*  as  a result  of  each  step/pitch  obtaining  the 
of  maximum  value  of  this  sum  means.  That  leans  that  control  of  each 
separate  step/pitch  can  be  chosen  cn  the  basis  of  the  interests  of 
this  separate  step/pitch,  without  taking  into  account  the  others. 

This  special  feature/peculiarity  of  stated  problem  leads  to  the 
fact  that  the  process  cf  glidirg/planning  strongly  is  simplified. 
There  is  no  already  necessity  for  the  complex  procedure  of  the 
determination  of  conditional  optimum  ga*ns  and  conditional  optimum 


controls  - for  each  step/pitch,  beginning  with  the  first,  immediately 
it  is  located  unconditional  optimum  control.  At  the  first  step/pitch 
it  is  necessary  to  select  the  control  x(*  during  which  it  is 
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On  the  second  - the  control  during  which  is  converted  into  maximum 


value  + C*(A*  — A«): 


Kl=  max  (F,(A,)4-Gi(Ki  — A)), 


0<.\2<K| 


and  so  forth  to  Km-i-Haxiaua  gain  at  the  a step/pitch  will  be  equal 
to:  \ym  = max  ! A m (AJ  + Gm(Km_i— AJ|. 


Thus,  during  nondecreasing  functions  A,(X),  G,(Y)  stated  problem 
of  distributing  the  resource/lifetimes  is  only  cutvardly  similar  net 
the  problem  of  dynamic  programming,  but  actually  - is  much  simpler 


The  similar  degenerate  problems  of  the  dynamic  programming  where 
the  optimua  control  consists  cf  the  simple  optimization  of  each 
step/pitch,  frequently  are  encountered  in  practice.  If,  having 
focused  attention  on  this  special  fea tr re/peculiarity,  to  solve  them 
all  the  same  method  of  dynamic  programming,  solution,  it  goes  without 
saying,  it  will  be  accurate,  but  will  require  many  times  of  more 
tine,  than  if  we  immediately  take  into  account  their  degeneracy. 


2.  Income  is  packed  into  production  completely  in  all  stages. 
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except  latter;  we  are  maximized  income  at  last/latter  step/pitch. 

Problem  differs  frcm  that  examined  above  by  the  fact  that  is 
maximized  not  the  sum  of  the  remaining  means  plus  income  at 
last/latter  step/pitch,  but  only  one  income  at  last/latter 
step/pitch,  regardless  of  the  fact,  how  many  means  were  preserved 
from  initially  inserted. 


In  order  to  separate/liberate  the  sum  of  the  remaining  means 
from  income,  it  is  necessary  fcr  a last/latter  step/pitch  to  assign 
not  the  function  of  a change  in  the  means,  but  separately  of  the 
"function  of  income"  /«,(X)t  gmQ')  and  the  "function  of  expenditure" 


It  is  easy  to  ascertain  that  the  problem  sc  placed,  is  reduced 
to  previous.  It  is  real/actual,  set/assuming  at  the  last/latter 
step/pitch  fm(X)  = /M(X);  G*(>)  -«m00. 


we  obtain  conditions  p.  1.  It  is  logical  that  if  all  the  functions 
F,(X),  Gt(Y)  (i  * 1#  ...»  *)  ~ nondecreasing,  this  problem,  as 
previoan,  will  be  degenerated. 


3.  Income  is  packed  into  production  net  completely,  but  some 
part  of  it  is  dropped  from  the  roll;  is  maximized  f ull/total/complete 
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deducted  income  in  all  stages  plus  residue/iema inder  of  means  after  a 
stage. 

Fage  162. 

For  the  solution  of  this  prodem,  must  be  assigned  to  the 
"function  cf  income"; 

fi(X),  ff(O’)  (<  = l m), 

the  "functions  of  expenditure" ; 

Ti|AKX;  t,  (>')<>'  <«~» m >• 

and  still,  additionally,  the  "function  of  deductions": 

M^)<D  0 = 1.  ...  I"). 

showing,  what  part  of  income  D»  obtained  at  the  i step/pitch,  is  not 
packed  into  production  at  fcllcving  (i  ♦ 1)  step,  but  it  is  dropped 
from  the  roll. 

Let  us  plan  the  set-up  ot  the  solution  of  problem  by  the  method 
of  dynamic  programming.  The  state  ot  tie  systei  prior  to  the 
teginning  cf  the  i step/pitch  let  us  characterize  a guantity  of  means 
K,  which  are  subject  to  distribution;  it  is  obtained  from  the  issue 
of  the  prewious  step/pitch  via  the  deduction  of  the  specific  fraction 
cf  income. 

Gain  at  the  i step/pitch  mill  be 

u’i (K,  A-,)**'  (/i(A|)  + £<(A  A <>)• 


r 

L 
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Control  .X,  at  the  i step/pitch  (insertion  of  means  X,  into 
branch  I,  and  remaining  means  - into  branch  II)  translates  system 
from  state  K into  the  new  state: 

X'  = <Fi  (X,)  -i-'MX  — X()  + (X,)  + 

+Si  (.K—X,)—r,  ([,  (X,)  + Si  (X— X,)). 

Fundamental  functional  equation: 

W>  <*>  Vi  ( fi  (X,)  + g,  (K - X ,))  + 

+ U"  + , (q>,  (X ,)  + 1,  (K  - x ,)  + f , (X ,)  + 

+ Si  (X  — Xs)  + 'i  {fi  (X()  + {K  — X,)))). 

Conditional  optimua  gain  at  the  m stec/Ditrh- 

UT  (/()=-  max  i/m(Xra)+gm(K— XJ4-«fm(Xm)  + H>m(X— Xm)). 

0KXm<K 

I n the  reaaiaing  set-up  of  dynamic  programming  remains  the  same, 
as  before  for  the  nondegenerate  problems  of  distributing  the 
resource/1 if etimes . 


He  recommend  to  reader  as  an  exercise  to  sketch  the  set-ups  of 
the  solution  of  the  following  problems  cf  distributing  the 
resource/1  if etimes. 

4.  Income  is  packed  into  production  net  completely,  but 


partially;  maximized  only  full/tot al/ccoplete  deducted  income  for  all 
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■ -of  step/pitches,  without  account  of  the  remaining  means. 


5.  Income  is  packed  into  production  net  completely,  but 
partially;  is  maximized  total  quantity  cf  means  (oasic  plus  income) 
after  m step/pitch,  without  account  previously  deducted  sums. 


Hill  not  be  any  of  these  problems  under  some  conditions 
degenerated? 


Page  163. 


8.  Solution  of  the  problem  of  dynamic  programming  taking  into  account 
the  prehistory  of  process. 


All  problems  of  the  dynamic  programming  which  we,  until  now, 
examined,  differed  in  terms  of  the  following  special 
feature/peculiarity:  "income"  wt  at  each  i step/pitch  and  the 
maximum  income  W beginning  with  the  i step/pitch  and  they  further 
depended  only  on  state  S of  system  S before  this,  i step/pitch  and  on 
the  used  control  u but  they  did  not  depend  on  how  (in  what  way) 
system  arrived  into  state  S,  i.e. , as  a result  of  which  controls  when 
and  as  this  occurred.  By  other  owls#  the  problem  of  the  optimization 


cf  control  at  each 


(i-th)  step/pitch  we  solved  taking  into 


account  the  present  state  S,  but  without  the  account  to  the 
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prehistory  of  process. 

For  example,  solviny  the  problem  of  distributing  the 
resource/lifetimes  between  by  two  (or  it  is  more)  branches  of 
production,  we  as  the  characteristic  of  the  state  of  the  system 
before  each  step/pitch  took  one  value  - available  available  means  K; 
to  us  was  in  no  way  matters  to  that,  when  and  as  system  it  arrived 
into  this  state,  i.e. , as  were  distributed  means  between  branches 
over  all  previous  stages-  Was  importantly  only  quantity  of  means  K, 
with  which  we  arrived  at  next  step/pitch. 

In  many  problems  of  dynamic  progr  amm  ing,  this  "independence  from 
prehistory"  does  not  occur.  For  example,  income  at  the  i step/pitch 
caq  depend  not  only  on  the  quantity  of  means,  inserted  into  each 
branch  at  this  step/pitch,  but  even  on  which  means  and  at  which 
step/pitches  were  packed  into  it  earlier. 

Theoretically  always  it  is  possihle  tc  take  into  account  the 
prehistory  of  process  with  the  help  cf  the  rollcwing  method:  to 
include/connect  in  the  number  of  phase  coordinates,  characterizing 
state  S of  system  s before  this  step/pitch,  all  those  parameters  from 
the  past,  on  which  depends  future. 


For  example,  if  income  at  the  i step/pitch  depends  not  only  on 
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the  inserted  leans  A',,  but  also  on  previously  inserted  means  Z,  it  is 
possible  to  characterize  the  state  of  the  system  before  the  i 
step/pitch  by  the  simply  not  available  available  supply  of  means  K, 
tu.t  set  (K * Z)  , where  z - previously  inserted  means. 


If  is  essential  not  only  common/yener 
inserted  means,  but  also  when  precisely  an 
packed  * in  principle  it  is  possible  "tc  e 
information  from  the  past.  Thus,  theoretic 
to  introduce  into  the  number  of  parameters 
state  of  system  at  present  tor gue/moment, 
parameters  from  "the  past",  however,  in  pr 
phase  space  rapidly  leads  tc  boundless  com 
programming,  with  so  complex  that  the  meth 
suitable.  Indeed  the  main  idea  of  the  dyna 
cf  one  time  solving  of  complex  problem,  ma 
comparatively  simple"  ceases  itself  to  jus 
ceases  to  be  "idle  time". 


al/tctal  sum  previously 
d how  many  means  were 
nLich"  state  S and  by  these 
ally  always  it  is  possible 


, W 

h ieh 

characte 

rize  the 

as 

much 

as  desir 

ed  t he 

act 

ice  t 

his  "enr 
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nd  circuit  of 
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Therefore  the  attempts  to  solve  by  the  method  of  the  dynamic 


programming  of  problem  with  complex  effect  "prehistory"  usually  to 
nothing  good  do  not  lead. 
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However,  if  the  effect  of  "pr ehistcr y " can  oe  taken  into  account 
with  the  help  of  the  small  number  of  parameters  (one,  two,  three), 
sometimes  to  construct  a comparati vely  simple  set-up  of  dynamic 
programming  and  it  is  possible  to  solve  the  prctlem  of  optimization. 

As  an  example  of  problem  "with  prehistory”  let  us  consider  the 
problem  of  the  maintenance  cf  technology. 

Problem  is  placed  as  fellows. 

There  is  the  technical  eguipment/dev ice  S,  exploited  during  ■ of 

years. 


Operating  costs  depend  on  the  following  factors: 


- from  the  "age”  of  eguipment/dev ice  t,  i.e.,  quantity  of  years, 
its  past  from  input  time  into  operation; 


- from  a quantity  of  maintenance  k,  produced  to  torque/moment  t; 


- from  a quantity  cf  years  r,  of  past  from  time  last/latter 


maintenance 


i 


DOC  = 78068708 


PAGE 


3# 


POOTNOTE  1 . Strictly  speaking,  operating  ccats  depend  not  only  on 
time  r,  passed  after  last/latter  repair,  but  also  on  periods  previous 
k of  repairs;  but  this  dependence  is  weak,  and  it  it  is  possible  net 
to  consider.  ENDFOOTNOTF. 

Let  us  assume  that  the  maintenance  is  produced  (if  it  is 
produced)  instantly,  also,  in  the  beginning  of  year.  It  is  logical  to 
assume  that  the  expenditures  cn  this  repair  (cost/value  of  repair) 
depend  on  the  same  arguments  t,  k and  r that  and  operating  costs. 

He  wish  so  to  distribute  maintenance  cn  years,  in  order  to  the 
sum  of  overall  expenditures  (operating  costs  plus 

expenditure/consumptions  to  repair,  if  it  was  produced)  they  would 
reach  the  minimum. 

Stated  problem  can  be  solved  by  the  method  of  dynamic 
programming,  if  we  characterize  the  state  ct  system  (technical 
eguipment/device  S)  at  the  beginning  of  each  step/pitch  by  three 
phase  coordinates;  t - the  "age"  of  system,  k - by  quantity  of 
repairs  in  the  past  and  r - by  time,  past  from  the  torque/ mome nt  of 
last/latter  repair. 


i 
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in  order  to  solve  the  problem  of  the  optimization  of  control,  it 
is  necessary  to  assign  both  the  operating  costs  and  the 
expenditure/consua ptions  to  repair  in  function  from  these  phase 
coordinates. 


Let  us  introduce  following  designations. 


3,(/)  — the  cost/value  of  the  operation  of  equipment/device  for 
the  year,  which  begins  at  torgue/moment  t,  if  to  torgue/aoment  t of 
no  repair  it  was  produced; 


3,(f,  t) the  cost/value  of  the  operation  of  equipaent/device 

for  the  year,  beginning  at  torque/moment  t,  if  to  torque/aoment  t was 
produced  one  repair,  and  from  the  time  of  this  repair  it  passed  r 
years; 


and  generally 


3h(t,  t)  — cost/value  of  the  operation  cf  equipment/ievice  for 
one  year,  beginning  at  torque/moment  t,  if  to  torque/moaent  t was 
produced  k of  repairs,  and  fro*  the  time  of  the  latter  of  them  passed 
r years. 


Page  165. 
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R0(M  ~ the  cost/value  of  the  repair,  produced  at  tor que/moaent 
t*  if  to  torque/mo ment  t of  no  repair  it  was  produced; 

Rj(t,  r)  - the  cost/value  of  the  repair,  produced  at 
torque/moment  t,  if  to  torque/moment  t was  produced  one  repair,  and 
from  the  time  of  this  repair  it  passed  r years; 

and  generally 

RkV,  x)  — cost/»alue  of  the  repair,  produced  at  torque/aoaent  t, 
if  to  torque/aomen t t was  produced  k of  repairs,  and  from  the  time  of 
the  latter  of  them  passed  r years. 

Let  us  represent  the  state  of  the  technical  equipment/device  S 
as  point  S in  phase  space;  alcng  one  axis  we  will  plot/deposit  the 
"age"  of  equipment/dev ice  - time  t,  cn  another  - the  time  t,  past 
from  the  torque/moment  of  last/latter  repair,  cn  the  third  - quantity 
cf  repairs  k (Fig.  3.36).  Since  under  all  conditions  r < t and  k < t, 
then  all  the  possible  states  of  system  will  be  represented  as  points 
within  trihedral  angle  GAtB.  If  to  torque/moment  t of  repair  it  was 
not,  point  S is  located  on  axis  Ot ; if  was  one  repair  - point  S it  is 
located  in  plane  KO'L,  parallel  tOr  and  by  that  distant  behind  it  up 
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to  distance  of  1,  and  sc  forth. 

In  order  not  to  use  t hree-dinensic cal/space  picture,  "it  is 
stratified"  phase  space  on  several  parts  which  we  will  designate: 

(0),  (i),  (2)i  •••>  w»  ••• 

Part  (0)  of  phase  space  represents  by  itself  simply  axis  Ot; 
part  (1)  - triangle  on  plane  KO'L,  part  £2)  - triangle  on  the  plane, 
parallel  tOr  and  lying  of  it  at  a distance  cf  2 and  so  forth.  With  an 
increase  in  the  number  cf  space  the  si  2 e/dimens  ions  of  triangles 
always  are  reduced.  The  parts  cf  phase  space  (0),  (1),  (2),  ...,  (k)  , 

are  shewn  on  Fig.  to  3.37. 

Prior  to  the  beginning  of  each  year  of  us,  exists  a selection 
between  two  controls: 

0°  - not  to  make  repair  (to  continue  to  exploit  equipment /device 

S)- 

0 1 - to  do  a repair  (and  after  it  to  continue  to  exploit 
eq uipsent/de vice) . 

Let  us  look,  which  transferring  in  phase  space  experiences  point 
S under  the  action  of  each  control. 


Pig.  1.36. 


Page  166. 

Let  point  S is  locate  in  space  (0)  - cn  axis  Ot  at  point  with 
coordinate  t (see  Fig.  3.37).  Under  the  effect  cf  control  U°  (to 
continue  to  exploit)  it  for  yeaL  will  neve  into  point  with  abscissa  t 
♦ 1 on  the  sane  axis. 

Under  the  effect  of  ccntrol  U*  (tc  do  a repair)  it  will  move 
into  point  S*  in  space  (1)  witn  coordinates  (t  ♦ 1,  1).  The  second 
coordinate  r * 1,  since  repair  is  produced  in  the  beginning  of  year, 
i. •. , for  year  to  end  of  next  step/pitch. 

Now  point  S occupies  seme  attitude  (1).  Ccntrol  U°  (to  continue 

to  exploit)  will  lead  to  the  fact  that  both  t and  r for  one 

step/pitch  will  be  increased  on  one  unit,  i.e.,  point  S will  nove 
upward  and  to  the  right  (in  parallel  the  hypotenuse  of  triangle)  into 

point  with  coordinates  (t  ♦ 1,  r ♦ 1),  if  previous  coordinates  were 

It*  r). 
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point  with  coordinates  (t,  t)  cf  point  with  coordinates  (t  * 1 , r ♦ i 

1)  , but  control  J*  - of  the  following  in  order  space  (k  *■  1)  , of 
point  with  coordinates  (t  ♦ 1,  1). 

I . 

'I 

Let  us  register  the  rules  of  the  transition  of  point  S in  phase 
space  under  the  effect  of  ccntrols  U°  and  Ul  in  the  form  of  the 
"table  of  transformation"  (see  Table  8-1,  the  first  of  five  columns). 

Thus,  to  us  it  is  clear,  as  is  moved  the  point  in  phase  space 
under  the  effect  of  any  control,  i.e.,  we  know  the  function 

I 

S'  = <r(S.  U)< 

according  to  which  it  varies  the  state  of  system  under  the  effect  cf 
the  used  control  U (U  = U»,  U»). 

Now  let  us  look,  to  which  "gain"  - to  the 
expenditure/consum  ption  of  u',  at  this  step/pitch  will  bring  each 
control.  If  we  will  use  control  U°,  then  at  this  step/pitch  we  will 
have  only  operating  costs;  if  control  U*  - expenditure/consumptions 
to  repair  plus  operational  to  the  nearest  year,  but  others,  than  if 
repair  was  not.  Let  us  register  these  expenditure/consumptions  in  the 
sane  fable  8.1  in  the  form  cf  additional  column- 

Using  this  table,  we  can  now  for  any  state  of  system  S and  any 

J 


control  (U ° or  Ul)  , used  at  the  any  monent  t,  to  find: 


T 
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- where  will  move  point  S under  control  effect; 


- to  which  expenditure  of  resources  this  will  lead. 


After  this  tanle  it  is  comprised,  it  is  already  not  difficult  to 
organize  the  very  procedure  of  optimization. 


1 


r 
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'fible  8.  1. 
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Key:  (1).  Initial  position-  (2).  New  state-  (3)-  space.  (4). 
coordinate.  (5).  Control.  (6).  Expenditure  at  this  step/pitch,  which 
begins  at  torque/moment  t. 


Eage  168. 


Be  will  begin,  as  ever,  froa  last/latter  step/pitch,  let  us  sort  out 
all  the  possible  states  of  the  system  before  this  step/pitch  and  for 
each  of  thea  will  find  conditional  optimum  control  (U°  or  U1)  on  the 
■ step/pitch  and  conditional  optimum  gain  (minimum  expenditure)  on 
last/latter  step/pitch.  Further  let  us  optimize  (m-1)  step/pitches, 
so  as  to  it,  in  conjunction  with  the  already  optimized  m-th,  would 
give  minimum  expenditure,  etc. 


Let  us  demonstrate  this  methodology  on  concrete/speci f ic/actual 


3 
1 


1# 

a 


example . 


I 
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Sxanpleg  a section  cf  railway  line  is  exploited  during  m = of 
6 years.  Operating  costs  for  one  year,  which  begius  at  torque/moment 
t,  (in  arbitrary  units)  are  expressed  ty  the  functions:  30  (t) , 3,  (t, 
v)  0 3*  (t,  r)  , 33  (t  , r)  , 34  (t,  r)  , 3S  (t , r)  (index  - quantity  of 
previous  repairs,  r - quantity  of  years,  past  from  the  last/latter 
repair  of  way).  The  cost/value  cf  repair  is  assigned  by  functions 
(t)  , R|  (t,  r)  , B,  (t,  r)  , R3(t,  r)  , R4  (t,  r)  . The  values  of 
functions  3 and  r are  giver  in  Tables  8. 2 and  8.3. 
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K«y:  (1).  Function. 


DOC  = 78068708 


PAGE  3$7 


ToJrCv  ^.*4 . 

CO  Vuoima  ohthmh .lauHH  uiacroro  warn 


K 

Coer citcre- 

Mbl 

PbAoa  np* 
ynpaBAOHMH 
V 

e> 

Pbcxoa  npn  yn* 

OniMM*AkHnr 

(v 

CTpJHCT  BO 

(KOOpAHH  JTbl 

.paiMH'llllll  U% 

ynpwM.ncHHC 

pacxoA 

(0) 

(=5 

6,6 

3, 0+6. 3=9. 3 

ty° 

6,6 

(1) 

(5.1) 

6.4 

2, 4 + 5, 5=7 ,9 

u° 

6,4 

(5.2) 

6.5 

2, 5+5, 5=8,0 

Ua 

6.5 

(5.3) 

6.6 

2,6+5, 5=8,1 

L'o 

6.6 

(5,4) 

6.6 

2, 9+5, 5=8, 4 

i’O 

6,6 

(2) 

(5.1) 

5.7 

2. 0+4, 5=6,5 

U° 

5,7 

(5.2) 

6.0 

2, 1 + 4, 5=6, 6 

i'O 

6,0 

(5.3) 

6.2 

2, 3+4, 5=6, 8 

G,2 

(3) 

(5.1) 

4.7 

5.5 

1,1  + 4, 2=5, 3 

V " 

4,7 

(5.2) 

1,4+4, 2=5.6 

u° 

5,5 

(4) 

(5.1) 

4.5 

1.0 ' 3. 8=4, 8 

LJo 

4,5 

K«y:  (1).  Conditional  optimization  of  the  sixth  step/pitch-  (2). 
Space.  (J)  . State  of  systeir  (coordinates  t,  r)  . (4).  Expenditure 
during  control.  (5).  Optimua  control.  (6).  Minimum  expenditure. 

Page  170. 

Solution.  Using  the  tables  of  functions  8.2  and  8.1  and  the 
table  of  transformation  8.1,  let  us  develop  the  process  of  dynamic 
programming.  As  ever,  let  us  begin  Iron  the  optimization  of 
last/latter  (the  sixth)  step/pitch. 

All  the  possible  states  of  system  s before  this  step/pitch  will 
be  represented  as  points  a ky  abscissa  t = b in  spaces  (0)  , (1),  (2), 


DOC  = 78068708 


PAGE 


■ ’ 


(3)#  (**)  (st'e  Fig.  3.38).  Fcr  the  sixth  (latter)  step/pitch  optimum 
will  be  the  control  (U^  or  U1)  , during  whicn  the  expenditure  at 
last/latter  step/pitch  is  minimal.  Expenditures  let  us  compute 
according  to  last/latter  column  Table  8.1.  in  Fig.  3.38,  besides  the 
state  of  system,  we  will  designate  even  the  optimum  control:  U°  will 
be  designated  by  the  arrow/pointer,  directed  tc  the  rignt  (in  space 
(0))  and  to  the  right  and  upward  (in  remaining  spaces).  Control  U*, 
which  removes  point  from  this  section  cf  the  phase  space  and  which 
translates  into  following  in  ocder  part,  let  us  represent  as  the 
arrow/pointer,  directed  to  the  right  and  dcwnwerd.  For  each  point 
within  small  circle  let  us  reccrd/write  the  minimum  expenditure  at 
all  remaining  step/pitches,  which  corresponds  tc  this  state  of  system 
(conditioi^al  optimum  gain). 
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Table  8.5. 


[Ovcjiohmu*  onmMH  <auHM  natoio  iiiara 

npocT 

paNCTMO 

Co^rcHHiu 
CACTI  Mhi 
(KOC  pAH  • 
Hd  1 hi  t.  t) 

(*» 

1 acxcA  upii  ynp«B- 

AC H Hit 

<r 

PacxoA  npH  ynpaB- 
achhh  V 1 

(V 

,'Onruua.ib’ 
hoc  yn* 

pltfc/U  HMv 

<V 

Mhmh* 

Ma.lbHMH 

pacxoA 

(0) 

1 = 4 

5,1  + 6,6=11,7 

2,3+5,0+6,4  = 13,7 

Uu 

11.7 

(i) 

(4.1) 

(4.2) 

(4.3) 

5,1  + 6,5=11,6 
5,1+6,6=11,7 
5.1+4,6=11.7 

1,9+4,8+5,7=12,4 

2,0+4,8+6,0=12,8 

2,1+4,8+6,2=13,1 

U» 

u« 

v> 

11,6 

11.7 

11.7 

(2) 

(4.1) 

4,9-6,0=10,9 

1,5+3,9+4,7=10,1 

U' 

10,1 

(4.2) 

5,0+6,2=11,2 

1.6+3,9+4,7=10,2 

U' 

10,2 

(3) 

(4.!) 

4, 0+5, 5=9, 5 

0,8+3, 5+4 ,5=8,8 

U' 

8.8 

^cjio»Han  omuMMsauH*  scTsepToro  uiara 

(0) 

(=3 

4,0+11,7=15,7 

1,8+3,8+11,6=17,2 

u« 

15,7 

(1) 

(3.1) 

3,9+11,7=15,6 

1,4+3,7+10,1  = 15,2 

ul 

15,2 

(3,2) 

4,0+11,7=15,7 

1,5+3,7+10,1  = 15,3 

ul 

15,3 

(2) 

(3,1) 

3,8+10,2=14,0 

1,2+2,8  + 8,8=12,8 

L" 

12,8 

^ Vctiobhou  onTHMHsaUMfi  tpcTbero  uiara 

(0) 

1 ■-» 

3,1+15,7=18,8 

1,4+2,4+15,2=19,0 

U <* 

18,8 

(1) 

(2.1) 

2,5+15,3=17,8 

1,2+2,3+12.8=16,3 

L /» 

16,3 

Vcaobhb*  ohthmh sauiifi  rroporo  uiara 

(0) 

t = 1 

2,5+18,8=21,3 

1,24-2,2+16,3=19,7 

U' 

19,7 

(\o)  OnTHMHsauH n nepBoro  ultra 

(0) 

/ = 0 

2,0+19,7=21,7 

— 

u* 

21,7 

Key:  (1).  Conditional  optimization  of  the  fifth  step/pitch.  (2). 
Space.  (3) . State  of  system  (coordinates  t,  r) . (4) . Expenditure 
during  control,  (5).  Optimun  ccntrcl.  . (6)  . Minimum  expenditure.  (7). 
Conditional  optimization  of  fourth  step/pitch.  (8).  Conditional 
optimization  of  third  step/pitch.  (9).  Conditional  optimization  cf 
second  step/pitch.  (10).  Optimization  of  first  step/pitch. 


i 
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Page  172. 

The  calculations,  connected  with  optimization,  let  us  take  shape 
in  the  form  of  the  tables  (see  Table*  8. <4  and  8.5  on  page  169,  170). 

Thus,  optimization  is  finished.  It  will  lead  us  to  following 
conclusions. 

Minimum  expenditure/consumption  is  equal  tc  21.7.  Is  reached  it 

at  th«  following  optimum  control: 


« « (£/°.  UK  UK  UK  i'K  {,'•), 


i.e.  : 


- on  the  first  year  section  is  exploittd  without  repair; 

- in  the  beginning  of  the  second,  third,  fourth  and  fifth  years 
is  produced  repair; 

- on  sixth  year  section  is  exploited  without  repair. 
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in  this  case,  the  expenditure/consumptions  reach  the  mini  mum, 
equal  to  21.7  arbitrary  units  ». 

FOOTNOTE  *•  During  the  analysis  of  this  example,  it  is  necessary  to 
keep  in  mind  that  the  numerical  data  are  selected  from  methodical 
considerations  and  nothing  in  common  with  validity  have.  ENDFOOTNOTE. 

9.  Problems  of  dynamic  progtamming , not  connected  with  time. 

Until  now,  we  examine  cnly  such  problems  of  the  dynamic 
programming  where  the  planned/glide  operation  is  developed  in  time 
and  falls  into  a secies  of  the  step/pitches  (stages),  following  after 
each  other  in  natural,  time/temporary  order  - from  the  first 
step/pitch  toward  the  latter.  Generally,  this  not  is  compulsory: 
breakdown  into  steps  or  "staging"  in  the  problems  of  dynamic 
programming  can  be  produced  not  or  time,  but  according  to  any  other 
sign/criterion,  tor  example,  according  to  the  reference  number  of  one 
or  the  other  object. 

As  an  example  let  us  consider  following  task. 

Let  there  be  the  group  of  the  enterprises 

rift  n, nm,  (9*i) 

which  issue  one  and  the  same  production.  We  have  available  - some 
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supply  of  means  K0f  which  we  can  put  in  the  group  of  enterprises 
(9s  1)  in  order  to  produce  over  plan/laycut  maximum  output. 

Let  us  assune  that  each  enterprise  can  master  only  limited 

quantity  of  Mans,  and 

hii  km  (9.2) 

represent  the  maxiaua  suns,  which  can  master  respectively  enterprises 
(9.7).  If  in  enterprise  I"I,  are  invested  means  X,  it  will  give  <T/(A) 
unity  cf  further  (above-plan)  production. 

It  is  required  so  to  distribute  the  available  means  between 
enterprises  so  that  the  total  volume  W cf  further  production  would  be 

•axiauB. 


Fage  t73. 

Control  of  means  lies  in  the  fact  that  to  enterprises  are  selected 

respectively  the  aeans: 

A|,  A*,  ...»  Am, 

not  exceeding  in  the  sua  of  available  capital  K0: 

i A ,<K,» 

it  is  required  to  find  the  optiaua  control,  by  which 

w, —mix, 

where  - further  production  of  the  i enterprise. 


? 
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Stated  problem  is  easily  solved  by  the  method  of  dynamic 
programming;  the  "stage"  of  the  process  of  distriouting  the  means  is 
the  isclat ion/libe rati  on  of  means  to  the  i enterprise. 


Let  us  label  stages  (step/pit ches)  by  way  c£  numbers  of 
enterprises  (i.e.  in  arbitrary  order) . let  us  assume  that  the  means 
to  enterprises  n,, n„_,  are  already  isolated,  and  at  last/latter,  m 
step/pitch  me  arrived  with  some  supply  of  means  K. 


It  is  obvious,  optimum  control  on  last/latter  step/pitch  lies  in 
the  fact  that,  isolating  ■ enterprise  cf  all  the  remaining  means  K, 
if  they  do  not  exceed  kM,  and  a maximally  possible  guantity  of  means 
if  K > *m.  Thus,  conditional  optimum  control  at  the  last/latter 

step/pitch : 


*»(*>- 


K when 


km  Ui.hen  K > km- 


During  this  control  maximum  income  at  last/latter  step/pitch 


will  be 


Thus,  the  method  of  dynamic  progr  a mm  in^,  which  initially  was 
presented  to  us  as  specific  method  of  the  cptinization  of  the 
processes,  which  develop  in  time,  has  much  wider  field  of 
application/ uses. 


l 

M 
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Example.  one  must  plan  multistage  space  vehicle  within  the 
limits  of  the  specific  launching  weight  G . Cosmonaut's  cab  has  the 
assigned  weight  It  is  assumed  that  the  rocket  will  nave  m of 

step/stages.  Launching  weight  of  rocket  is  composed  of  the  weights  ct 
all  stages  of  rocket  plus  the  weight  of  the  cafc: 

where  Q0  - weight,  isolated  into  all  a cf  step/stages. 


Each  step/stage  has  some  fuel  reserve.  After  fuel  depletion,  the 
waste  step/stage  is  discarded  and  enters  into  action  following. 


I 


The  velocity  of  rocket  at  the  end  of  tne  active  section  fcf  is 

W|.  tt’t K'm. 

composed  of  m of  velocity  increments^  which  it  it  acquires  on 

the  individual  sections  of  trajectory,  as  a result  of  the  work  of 
each  step/stage.  The  additional  velocity  »t,  given  to  rocket  at  the  i 
step/pitch,  depends,  in  the  first  place,  cn  the  weight  x(.  isolated 
into  the  i-th  step/stage,  and  in  the  second  place,  on  that  passive 
weight  P,  which  is  necessary  to  carry  this  step/stage: 

“i P).  <9.6) 

It  is  required  to  find  this  weight  distribution  Q0  according  to 
separate  step/stages,  by  which  the  velocity  at  the  end  of  the  active 
section  is  maximum. 


i 
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Solution.  Let  us  consider  m of  the  step/stages  of  rocket  as  m of 
the  stages  of  acceleration.  State  s of  the  system  prior  to  the 
beginning  of  each  step/pitch  we  will  characterize  one  parameter  Q - 
ty  remaining  weight,  which  are  subject  to  distribution  between 
step/stages.  Control  on  the  i step/pitch  consists  of  the  selection  of 
weight  *«•  abstract/removed  from  the  remaining  weight  Q to  this,  i-th 
step/stage. 

Since  a velocity  increment,  according  to  formula  (9.6),  depends 

cn  two  arguments  - weight  of  step/stage  and  passive  weight  P,  let  us 

P - Q - Xrh 

determine  this  passive  weight.  It  is  otvious,  it  is  equal  to  ^ 
and  a velocity  increment  will  be: 

«-*,+«„)• 

Under  the  effect  of  ccntrcl  X,  tie  system  passes  from  state  Q 
into  state  q;  - o — x,. 

fundamental  functional  equation  will  take  the  form: 

r,<Q)-m«  {/(*,,  <?-*,+*„)+ *,+  ,(«-*,)}.  (9.7) 

0<A,«W 

Optimum  control  at  the  i step/pitch  is  the  value  X,  = x,,  with 
which  it  is  reached  this  maximum. 


Optimum  control  at  the  m step/pitch  (under  the  natural 
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assumption  that  with  a gain  in  weight#  abstract/removed  by 
step/stage,  a velocity  increment,  it  increases)  , lies  in  the  fact 
that#  weighing  out  to  last/latter  step/stage  of  entire  remaining 
weight  Q.  \n  this  case,  at  last/latter  step/pitch,  there  will  be 
acquired  the  velocity* 

(<?)  = /«?,  *«).  (9-8) 

Further  the  procedure  cf  dynamic  programming  is  r^'i  up/turned  by 
usual  order.  As  a result  is  located  the  optimum  set  of  tne  weights  of 
the  step/stages: 

x = (*i.  <9-9) 

imparting  to  last/latter  step/stage  (cab)  the  maximum  spaed: 

9^mojr=*  i (Qo)- 

Page  175. 

uJii-K, 

10.  Problems  of  dynamic  programming  -S — b-y-  multiplicative  criterion. 

Until  now,  we  examine  cnly  such  problems  of  the  dynamic 
programming  in  which  the  gain  (criterion,  or  the  index  of  efficiency) 
is  composed  of  the  sum  of  gains  ui  at  the  separate  step/pitches: 

(lo.i) 

i 

i.  €.  was  additive. 

Sometimes  appear  the  problems,  in  which  value  W represents  by 
itself  not  sum,  but  the  product: 

m 

, w n ai„ 

t—  i 


(10.2) 
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•here  k'i  - a gain  at  the  i step/pitch  jit  is  assuaed  that  everything 
wi  are  positive).  This  index  or  the  criterion  of  efficiency  is 
called  multiplicative. 


It  is  not  difficult  to  ascertain  that  any  problem  with 
sulti plica tive  criterion  can  fce  reduced  to  protlem  with  additive 
criterion.  For  this,  is  sufficient,  for  example,  to  take  the 
logarithm  of  expression  (10.2)  and  to  seek  the  solution,  which 
rotates  into  maximum  the  logarithm  of  value  W.  Since  logarithm  - 
increasing  function,  then  the  maximum  cf  logarithm  corresponds  to  the 
maximum  of  value  W. 


However,  for  the  scluticn  of  problems  with  multiplicative 
criterion,  there  is  no  direct/straight  necessity  to  without  fail  take 
the  logarithm  of  it.  Entire/all  procedure  of  dynamic  programming  can 
be  for  this  case  constructed  directly.  As  the  basis  its  is  put  this 
selection  of  conditional  optimum  contrcl  at  each  step/pitch  by  which 
is  converted  into  maximum  the  gain  at  all  remaining  step/pitches, 
equal  to  the  product  of  gain  at  this  step/Fitch  and  of  the  already 


optimized  gain  at  all  subsequent  step/pitches. 


The  fundamental  functional  equation  of  dynamic  programming  for 
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this  case  will  take  the  fora: 

tt7,(S)  — max  |tt»,(S,  Vty  ITi+i  (q>(  (S,  Ut))\,  (10.3) 

^ the  condition  of  the  optimum  character  of  last/iatter  step/pitch 

will  be  preserved  in  the  sane  fora  as  with  the  additive  criterion: 

U7„(S)-max  \wm{S.UJ).  (10.4) 

Entire/all  procedure  of  dynaaic  programming  with  multiplicative 
criterion  in  no  way  differs  from  the  usual,  besides  the  fact  that 
under  the  sign  of  maximum  stands  not  the  sum,  tut  product. 

let  us  consider  one  of  the  typical  problems  of  dynamic 
programming  with  multiplicative  criterion. 

Page  176. 

Distribution  of  means  for  the  increase  of  the  reliability  of 
technical  equipment/de  vice. 

There  is  the  technical  equipaent/device  S,  which  consists  of  m 

3i  3,  3m 

cf  cell/elements,  or  ncde/ucits  ^ ”see  Pig.  3.39).  The 

failure-free  operation  of  each  cell/eleaent  is  unconditionally 
necessary  for  the  work  of  equipment/de v ice  S as  a whole. 


•; 

\ J 


Cell/eleaents  can  reject  (go  out  cf  orderj,  moreover 
independently  of  each  other.  The  reliability  (probability  of 
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1 


i 


| 

j 

i 

i 


failure-free  operation)  of  entire  equipment/device  is  equal  to  the 

product  of  the  .reliability  of  all  cell/clewents: 

m • 

p-  n (io.5) 

where  p,  - reliability  of  the  i cell/eleeent. 

II 

Available  are  some  means  K0  (in,  weight  or  other  mouetary 
terns),  which  can  be  used  to  the  increase  ct  the  reliability  of 
cell/elene  nts. 

A quantity  of  means  X,  inserted  into  the  attachments,  which 
increase  the  reliability  of  the  i cell/element,  leads  it  to  the  value 

Pi -/,(*)•  (10.6) 

All  the  functions  f»(X)  - nondecreasing. 


It  is  required  to  deternine  the  optimum  distribution  of  means 
according  to  cell/ elements,  which  leads  to  the  greatest  reliability 
of  eguipne nt/device  as  a whole. 

Problem  is  solved  by  the  method  of  dynamic  programming.  Before 
us  - problaa  with  nultiplicati ve  criterion,  gain  at  the  i step/pitch 
Pi  "*  /i(*i).  where  the  control  - quantity  of  means,  inserted  into  the 

i csll/slsasnt. 

I 


i! 
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Fundamental  functional  equation  takes  the  fora: 

P,(/C)-  max  \f,(X,)  P,+  ,(K-Xt)),  . (10.7> 

0 X K 

where  P,(K ) - a conditional  optimum  gain,  i.e.,  the  maximum 

reliability  of  the  egu ipment/d evice,  cciprised  of  all  cell/ele  Bents, 
beginning  with  the  i-th  and  to  the  m-th,  if  after  i - the  1st 
step/pitch*  i.e.,  after  the  provision  with  the  means  of  previous  i - 
1 cell/elements,  available  remained  means  K.  Conditional  optimum 
control  at  the  i step/pitch  x,(K)  - the  quantity  of  means  at  which  is 
reached  this  maximum. 

As  in  all  problems  of  distributing  the  rescurce/lif et imes  where 
the  means  are  expe nd/cc nsumed  to  end,  and  gain  - nondecreasing 
function,  optimum  control  on  last/latter  step/pitch  lies  in  the  fact 
that,  isolating  into  this  step/pitch  of  all  the  remaining  means: 

(10.8) 

In  this  case,  is  reached  the  conditional  cptiaua  gain,  equal  to 


I i 


W 
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Fig.  3.J9. 


Fage  177. 


By  the  consecutive  application/use  of  formula  (10.7)  foe  i = m - 
1*  a - 2,  ...,  2,  as  c>ei,  we  find  the  conditional  optimum  controls 

*»•  n i (AC ),  *»i_!(K),  X|(K) 

and  conditional  optimum  gains 

Pm-  i (AC),  Pm_,(AQ P, (K). 

The  first  step/pitch  in  this  case  is  optimized  not 

conditionally,  but  it  is  unconditional,  since  an  initial  guantity  of 

means  K0  is  assigned: 

P,(AC,)  = max  I/,  (X,)-P.  (*.-*»)!•  (10.10) 

0<X.<K, 

The  control 

j 

at  mhich  is  reached  maximum  (10.10),  anc  there  is  unconditional 
optimum  control  at  the  first  step/pitch,  but  Pi(K0)  - unconditional 
optimum  gain,  i.e. , maximally  attainable  by  given  means  the 
reliability  of  egu ipment/de vice.  Further  optimum  control  is 
constructed  according  to  the  diagram: 

x,  -►  AC  i*  - *i  -*■*»-►  Ki  - Ki — jr,  -► ... 

h.  — ► Km—  I ■ AC. i — 1 Xm  — I X, Km  •■0. 
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11-  Infinite-step  process  of  dynamic  programming. 

All  problems  of  the  dynamic  programming  which  we  examine,  until 
now,  are  related  to  the  processes,  which  were  being  divided  into  the 
finite  Nach  number  of  step/pitches.  It  goes  without  saying  that  all 
the  practical  problems,  connected  with  gliding/planning  of  economic 
and  similar  to  them  operations,  are  related  to  thrs  class  - to 
plan/glide  it  makes  sense  cnly  to  the  finite  (even  very  large) 
segment  of  time  forward-  However,  there  are  the  problems,  in  which 
this  section  of  time  is  represented  previously  not  by  completely 
determined,  and  us  it  can  interest  the  solution  of  the  problem  of 
optimum  gliding/planning  irrespectively  of  that,  at  which  precisely 
step/pitch  the  operation  will  be  finished.  In  such  cases  sometimes 
there  is  expedient  to  consider  as  the  model  of  phenomenon  certain 
idealized  infinite-step  controlled  process,  which  will  oe  obtained 
from  real  with  ■-*■•«  This  model  is  convenient  in  that  in  it  there 
is  of  exceptional  on  its  role  "last/lat ter  step/pitch"  - all  the 
step/pitches  between  themselves  are  egual,  no  process  in  known  sense 

C 

uniform.  Conditional  optimum  control  in  this  process  proves  to  be  not 
depending  on  the  number  of  step/pitch,  hut  depending  only  on  state  S 
of  systen  5 prior  to  the  beginning  of  step/pitch.  It  goes  without 
saying  that  for  this  it  is  necessary  that  the  step/pitches  would  be 
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unifora,  i.e.,  the  functions,  deter  m in  i eg  incoire  and  change  in  the 
state  of  system  under  ccntrcl  effect,  were  for  all  step/pitches 
ident  ical. 


Page  178. 


One  should  emphasize  that  in  uniform  infinite-step  process 
identical  for  all  step/pitches  prove  tc  be  only  conditional  optimum 
controls;  as  concerns  unconditional  optimum  control,  then  it,  being 
dependent  on  the  state  of  system,  reached  to  this  step/pitch,  in  the 
general  case  varies  frcit  one  step/pitch  to  the  next. 


Let  us  note  that  unlike  finite-step  problems,  for  which  optimum 
control  always  exists,  infirte-step  problems  can  and  not  have 
solution.  In  order  to  be  convinced  of  this,  let  us  consider  an 

elementary  example. 


Let  there  be  the  problem  of  distributing  the  resource/l if etimes 
with  the  redundancy  (see  §6),  but  with  the  infinite  number  of 
step/pitches.  Means  X,  inserted  into  production,  give  for  year  income 
t(l)  and  are  expend/consumed  tc  end.  Available  is  an  initial  supply 
of  means  K 0,  which  is  required  optimally  tc  distribute  on  years,  so 
as  to  total  income  would  be  maximum. 


r 


i 


*• 


i 


L. 
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Existence  and  the  form  of  solution  depends  on  which  fora  of  the 
function  f (X) . 

let  us  assume  that  this  function  is  ccnvex  downward  (Fig.  3.40). 
Then  it  is  obvious  that  the  optimum  solution  exists  aud  lies  in  the 
fact  that,  putting  into  production  of  all  tte  available  means  in  the 
first  year,  it  is  real/actual,  let  us  suppose  that  we,  tor  example, 
divided  means  in  half,  the  first  half  they  put  in  production  on  the 
first  year,  and  the  second  - cn  following  year,  it  is  obvious,  this 
will  be  disadvantageous,  since  for  the  convex  downward  function  f(X) 

2/(K,2)<f(K,). 

let  us  assume  now  that  function  f^^  is  ccnvex  upward  (Fig. 

3.41)  . 

it  is  obvious  that  in  this  case  it  is  profitable  not  to  pack" 
into  production  all  means  immediately,  but  "to  stretch"  them.  For 
example,  if  we,  instead  of  packing  into  preauction  of  all  means  at 
the  first  step/pitch,  is  distributed  them  to  two  step/pitch,  then  we 
will  obtain  the  larger  income: 

2/ <*V2)  >/(*,). 


to  three  step/pitch  - still  larger,  and  so  forth.  With  an  increase  in 
the  number  ot  step/pitches,  to  which  are  distributed  the  means, 
income  only  grows. 
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Let  us  determine  limit,  to  which  will  strive  total  income  with 
the  unlimited  increase  of  the  number  of  step/pitches,  into  which  are 
packed  the  means,  and  that  leans  that  during  the  simultaneous 
decrease  of  the  number  of  means,  packed  at  each  step/pitch.  Let  us 
assume  first  that  we  plan/glide  tc  m of  years  and  each  year  we  pack 

into  production  one  and  the  same  sum 

AA-K»/m, 

and  then  let  us  direct  m to  infinity,  tut  AX  - to  zero.  Figure#  i.42 
shows  that  with  sufficiently  small  AX  it  is  possible  to  replace 
section  curved  f (X ) with  the  section  of  tangent  in  tue  beginning  of 
coordinates.  Then  the  income,  obtained  for  year,  is  approximately 

equal  to 

HO)  AA  w f (0)  KJrn, 
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where  f'(0)  - a value  of  the  derivative  of  rncomo  in  the  beginning  or 
coordinates.  In  this  case,  total  income  during  entire  period  of  m of 
years  will  be  approximately  egual  to 

r*f'(0)K^  (11.1) 

With  m 1 ^ - approximate  equality  (11.1)  is  converted  into 

precise. 

Thus,  mu  obtained  the  paradoxical  conclusicn/derivation:  than 
lesser  means  we  pack  into  production  or  eacn  year,  the  fact  will  more 

be  income;  within  limit,  with  m ^ -,  will  be  obtained  maximum 

income  (11.1).  But  if  we  directly  pass  to  limiting  case  and  to  place 
AX  * 0,  i. e.,  not  to  pack  into  the  production  of  any  means,  then, 
cbviously,  and  income  will  te  egual  to  zerc. 

This  is  an  example  of  the  infinte-step  problem  where  the  optimum 
solution  does  not  exist,  tfith  any  final  m it  exists  and  lies  in  the 
fact  that,  packi'g  of  means  in  all  stages  egually,  while  with  the 
infinite  number  of  step/pitches,  it  ceases  to  exist. 

Bith  setting  and  solution  of  infinite-step  problems  by  the 
method  of  dynamic  programming  it  is  always  necessary  to  trace  a 
question  concerning  the  existence  cf  solution 


FOOTNOTE  *.  The  conditions  for  existence  of  solution  in  infinite-step 
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probleas  ace  examined,  tot  exavple,  in  [10].  fcNDFOOTNOTE. 

Int inite-step  model  in  the  probleas  o£  dynamic  programming  in  a 
series  of  the  cases  can  render/show  simpler  than  t inite-step.  It  is 
real/actual,  instead  of  a series  of  functional  equations,  solved  one 
after  another  in  the  usual  procedure  of  dynamic  progranunin  g,  here  it 
is  necessary  to  solve  in  all  only  one  the  functional  equation  for  a 
conditional  optimum  gain,  suitable  for  any  step/pitch. 

Let  us  register  this  orly  tunctiocel  equation. 


F 
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Let  the  infinite-step  controlled  process  occur  in  the  pnysical  system 
S',  let  us  designate  S - state  of  this  system  after  some  (any) 
step/pitch.  Under  the  effect  of  control  U,  system  $ for  the  next 
step/pitch  passes  into  the  new  state  S',  which  depends  on  past  state 
S and  the  used  control  l : 

S'  =f(S,  U). 

For  this  step/pitch  we  obtain  gait  (income)  w,  also  depending  on 
£ and  U: 

w-HS,U). 

Then  it  is  possible  to  write  basic  functicnai  eguation  for 

infinite-step  problem  in  the  form: 

T (S)  - max  |/ (S,  (/)  + IP  (<p(S,  (/))},  (11.2) 

u 

where  W(S)  - the  conditional  maximum  gain  which  can  be  obtained. 


managing  system,  which  is  found  in  state  S.  In  eguation  (11.2)  W (S) 
only  unknown  function;  remaining  functions  (*,  f)  are  given  ones. 
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Conditional  optimum  control  u(4)  - the  control  at  which  is  reached 
maximum  (11.2). 

In  soae  simplest  problems  succeeds  in  selecting  function  W (S)  so 
that  it  would  satisfy  eguaticn  (11.2).  The  general  methods  of  the 
analytical  solution  of  functional  equations  do  not  exist.  In  cases 
when  it  is  impossible  to  select  function  W (S)  , that  satisfies 
equation  (11.2),  they  rescrt  tc  approximate  solution  of  this 
equation.  For  this,  can  be  used  the  method  of  successive 
approximations,  which  consists  of  following:  is  solved  the  problem  of 
dynamic  programming  for  final,  continually  of  the  increasing  number 
of  step/pitches  a;  if  solution  exists,  then  with  increase  m of 
function  W,(S)  and  u,(S),  that  determine  conditional  optimum  gain 
and  conditional  optimum  control  for  the  step/pitches,  are  sufficient 
distamt  from  end,  they  are  stabilized,  approaching  appropriate  by 
functions  W(S)  and  u(S)  for  infinite-step  process,  as  which  they  can 
be  approximately  undertaken. 


In  conclusion  let  us  note  that  the  infinite-step  problems  of 
dynamic  programming  can  be  obtained  not  only  because  of  the  unlimited 
increase  in  the  number  of  step/pitches  at  the  assigned  length  of  each 
step/pitch,  but  also  because  of  the  unlimited  decrease  of  the  length 
of  step/pitch  At,  when  discrete  step  by  step  control  passes  into 


continuous,  such  problems  are  fairly  complicated,  and  we  will  not  be 

n>  f k.l  sf aDDad. 
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4.  SIMULATION  OP  OPERATIONS  ACCORDING  TO  THE 
PATTERN  OF  MARKOVIAN  PROCESSES. 


1.  The  Markovian  process  s ty  discrete  states. 


Many  operations,  which  it  is  necessary  to  analyze  at  the  visual 


angle  of  the  selection  of  optimum  solution,  are  developed  as  random 


processes,  course  and  issue  of  which  depend  on  a series  of  the  random 


factors,  accompanying  these  operations. 


In  order  to  compute  the  numerical  parameters,  which  characterize 


the  efficiency  of  such  operations,  it  is  necessary  to  construct 


certain  probabilistic  model  of  phenomenon,  which  considers  its 


accompanying  random  factors. 


For  the  mathematical  description  of  many  operations,  which 


develop  in  the  form  of  random  process,  can  re  successfully  used  the 
mathematical  apparatus,  worked  out  in  the  probability  theory  for  the 
so-called  Markovian  processes. 
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Let  us  explain  the  concept  of  the  Harkovian  process. 

Let  there  be  certain  physical  system  £ whose  state  varies  in  the 
course  of  time  (under  system  S can  be  understood  anything:  technical 
equipnent/device,  repair  shop,  computer,  railroad  junction,  etc.).  If 
the  state  of  system  $ varies  in  time  by  random,  previously 
unpredicted/unpredictable  form,  we  say  that  in  system  £ proceeds  the 
random  process. 

Examples  of  random  processes  they  can  be: 

- process  of  functioning  of  ETsVH  f 3UBM  - digital  computer]; 

- process  of  guidance  to  the  target/purpose  of  the  guided 
missile  or  space  vehicle; 

- process  of  maintain/ser viceing  the  clients  of  barbershop  or 
repair  shop; 

- process  of  the  fulfilment  of  the  plan  of  the  supply  of  the 
grcup  cf  enterprises,  etc. 


The  concrete/specif ic/actual  course  of  each  of  such  processes 
depends  on  a secies  of  the  random,  previously 

unpredicted/unpredictable  factors,  such  as:  j 

1 

- admission  of  orders  by  ETsVM  and  the  for*  or  these  orders; 
random  output/yields  of  ETsVM  from  system; 

- the  random  disturbances  (interference)  in  the  system  of  rocket 

i I 

control; 

- random  character  of  the  flow  cf  the  claims  (requirements),  of 
th«  entering  from  the  side  clients; 

- random  interruptions  in  the  fulfilment  cf  the  plan  of  supply, 

j 1 

etc. 

. 

1 
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The  random  process,  which  takes  place  in  system  5,  is  called 
Markov  process  (or  "process  without  aftereffect") , if  it  possesses 
the  following  property: 

F 

<or  each  torque/moment  of  time  t0  probability  of  any  state  of 
system  in  the  future  (with  t > t0)  depends  only  on  its  state  in 

\ J 

J 
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present  (with  t = t0)  and  dees  not  depend  cn  that,  when  and  how 
system  arrived  into  this  state  (i.e.  as  it  was  developed  process  in 
the  past). 


In  other  words,  in  the  Markovian  process  its  future  development 
depends  only  on  present  state  and  does  not  depend  on  the  "prehistory" 
cf  process. 


Let  us  consider  an  example.  Let  system  «S  represent  technical 
equipment/device,  which  already  studied  certain  time,  by 
corresponding  form  "was  worn  out"  and  arrived  into  certain  state, 
which  was  being  characterized  by  the  certain  degree  of  worn  out 
nature  S.  Us  it  interests,  as  will  work  system  in  the  future.  It  is 
clear  that,  at  least  in  the  first  approximation,  the  performance 
characteristics  of  system  in  the  future  (failure  rate,  the  necessity 
for  repair)  depend  on  the  state  of  eguipment/de vice  at  present 
torque/moment  and  do  not  depend  on  that,  when  and  as  equipment/device 
it  achieved  its  present  state. 


In  practice  frequently  are  encountered  the  random  processes, 
which*  with  one  or  the  other  degree  of  approximation,  can  be 
considered  Markov. 

The  theory  of  the  Markovian  processes  is  the  at  present  very 
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vast  section  of  the  probability  theory  with  the  wide  spectrum  of 
different  applicat ion/a ppendices  - frca  the  description  of  physical 
phenomena  of  the  type  of  diffusion  or  mixing  of  charge  during 
smelting  in  blast  furnace  to  the  processes  of  queueing  or  propagation 
of  the  mutations  of  genes  in  biological  population.  Os  will  interest, 
mainly,  the  application/uses  of  theory  cf  tne  Markovian  processes  to 
the  construction  of  the  mathematical  models  of  the  operations,  course 
and  issue  of  which  depends  substantially  on  random  factors. 

T 

\he  Markovian  processes  are  divided  into  classes  according  to 
some  sign/criteria,  depending  on  tm  and  at  which  moment  of  time 
system  S can  vary  its  states. 


Random  process  is  called  process  with  discrete  states,  if  the 
possible  states  of  the  system: 

•Sit  s„  Sji  ••• 

can  be  enumerated  (to  index  one  after  another,  and  process  itself 
lies  in  the  fact  that  from  time  to  time  system  S abruptly  (instantly) 
jumps  of  one  state  intc  another. 

Page  18J. 

Example  1.  The  technical  equipment/device  S consists  of  two 


u 


assemblies:  I and  II,  each  of  which  can  during  the  work  of 
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equipnent/device  fail  (break  down).  Are  possible  the  following  states 
of  the  system: 


S | - both  assembly  work; 


S 2  ~ first  assembly  failed,  the  second  works; 


S 3  - second  assembly  failed,  the  first  works; 


S 4  - both  assemblies  failed. 


The  process,  which  takes  place  of  system,  lies  in  the  fact  that 
it  randomly,  at  some  moment  of  time,  passes  (it  jumps)  from  state 
into  state.  In  all  the  system  has  four  possible  states  which  we  will 
index.  Before  us  - process  with  discrete  states. 


Besides  processes  with  discrete  states,  there  are  random 
processes  with  the  continuous  states:  for  these  processes  is 
characteristic  gradual,  smooth  transition  from  state  into  state.  For 
example,  the  process  of  changing  the  vcltage  in  lighting  system 
represents  by  itself  random  process  with  continuous  states. 


In  this  chapter  we  will  examine  only  random  processes  with 
discrete  states. 
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During  the  analysis  of  random  processes  with  discrete  states,  it 
is  very  convenient  to  use  geometric  pattern  - by  the  so-called 
graph/count  of  states.  The  graph/count  cf  states  geometrically 
represents  the  possible  states  of  system  and  its  allowed  transitions 
frcm  state  into  state. 

Let  there  be  system  S with  the  discrete  states: 

Sji  S„  ...i  s„. 

He  will  represent  each  state  as  rectangle,  and  allowed 

) 

transitions  (•' jump/mig  rat  icns" ) from  state  into  state  - by 
rif leaan/pointers,  who  combine  these  rectangles  (Fig.  4.1). 

Let  us  note  that  by  r if leman/pointers  are  noted  only  direct 
transitions  from  state  into  state;  if  system  can  pass  from  state  Si 
in  S j only  through  S2,  then  by  rif lema n/pointers  will  be  noted  only 
transitions  S»  — ^ S2  and  S2  ^ S3<  tut  not  s3  ^ S3- 

i 


i 
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Example  2.  $ - truck  system  which  can  te  located  in  one  of 
the  five  possible  states: 

Sj”is  exact,  it  works; 

S2-is  defective,  it  expects  inspection; 

S3  - will  be  scanned; 


S 4 - is  overhauled; 
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Sg'is  copied. 


The  graph/count  of  the  states  of  system  is  shown  on  Fig.  Wt  4.2. 

Example  00  3.  To  construct  the  graph/ccunt  of  states  under 
conditions  of  example  1 (is  assumed  that  the  repair  of  assemblies  in 
the  course  of  process  is  net  produce^ 

Solution.  The  graph/count  of  states  is  represented  in  Fig. 

4.3.  let  us  note  that  cn  graph/count  is  not  shewn  the  allowed 
transition  from  state  St  directly  in  s*  which  will  be  carried  out,  if 
strictly  simultaneously  leave  the  system  both  assembly.  The 
possibility  of  this  event  we  disregard. 

Example  4.  System  S,  as  in  example  1,  represents  technical 
equipaent/device,  which  consists  of  twe  assemblies:  I and  II;  each  of 
them  can  at  some  moment  of  time  refuse.  The  refused  assembly 
immediately  begins  to  be  restored. 


I 
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S 2 ~ first  assembly  is  restored,  the  second  works; 


Sj  - first  assembly  works,  the  seccnd  is  restored; 
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the  second  - the  same  states  for  the  second  assembly,  so  that,  for 
example,  S23  will  indicate;  the  first  assembly  it  will  be  scanned, 
the  second  - is  restored,  and  so  forth. 


The  possible  states  of  system  S will  te: 


S4l  - both  unit  work. 


S|^  - first  unit  works,  the  second  will  be  scanned. 


Sj3  - both  unit  are  restored. 


(a  total  of  9 states) 


The  graph/count  of  states  is  shewn  on  tig.  4.5. 


(jjl  bh, 

2.  Random  processes  s by-  discrete  and  ty  continuous  time.  Markov 


ta  rget/pur  pose. 


'•Che  methods  of  the  mathematical  description  of  the  Markovian 


process,  which  takes  place  in  system  with  discrete  states,  depend  on 
that,  at  which  torgue/mcments  of  time  - previously  known  or  random  - 


I 


i 


I 


\ 


I 
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can  occur  the  transitions  ("  ju  mp/migrat  ion  s")  of  system  from  state  I 

into  state. 

random  process  is  called  process  v«ith  discrete  time,  if  the 
transitions  of  system  from  state  into  state  are  possible  only  at  the 
strictly  defined,  previously  f ixed/reccrde d moment  of  the  time:  t1# 
t2,  In  time  intervals  between  these  tcique/moments  system  $ 

retains  its  state. 

I! 

Random  process  is  called  process  with  continuous  time,  if  the 
transition  of  system  frcm  state  into  state  is  feasible  in  the  any,  in 
advance  unknown,  random  moment  t. 

Let  us  consider  first  of  all  the  Markovian  process  with  discrete 
states  and  discrete  time- 


Let  there  be  the  physical  system  S,  which  can  be  located  in  the 


states : 


Sji  St,  Sm, 


moreover  the  transitions  (" jump/nigrat  icns")  cf  system  from  state 
into  state  cart  are  possible  only  at  the  tcique/moments: 

f»t  ••••  

Let  us  call  these  torque/ moments  the  "step/pitches"  or  by  the 
"stages”  of  process  and  examine  the  random  process,  which  occurs  in 
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system  3 as  function  of  the  integral  argument;  1,  2,  ...,  k,  ... 
(number  of  step/pitch) . 

Page  186. 

The  random  process,  which  occurs  of  system,  lies  in  the  fact 
that  at  successive  moments  cf  time  t,,  t2,  tj,  ...,  system  S proves 
to  be  in  one  or  the  other  states,  behaving,  for  example,  as  follows; 

Sj  — ► Sj  — *■  Sj  — ► S|  — ► Sf  —*■  Si  —*•  ... 

or 

Si  — ► Sf  — ► Si  — ► Sj  -*■  Sf  — ► S,  —*■  Si  —*■ ... . 

In  general  case  at  ter gue/moments  t* , t2,  ...  systea  can  not 
only  vary  state,  but  also  remain  in  previous,  fer  example; 

, Si  -*■  Si  -*■  St  -*■  St  -*■  Sf  -*■  Sf  -*■  St  — ► Si  -►  ... 

Let  us  agree  to  designate  st(k)  the  event,  which  consists  of  the 
fact  that  after  k of  step/pitches  the  system  is  in  state  St.  with  any 
k cf  the  event 

S,<*>,  S,<*> ....  Sn<*> 

is  formed  full/total/complete  group  and  are 
incompatible/inconsistent. 

The  process,  which  occurs  in  system,  can  te  presented  as 
seguence  (chain/network)  cf  the  events,  for  example: 


St«>\  St"K  S,<*>,  S,<»>(  ... 
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This  random  sequence  of  events  is  called  Markov  chain,  if  for 
each  step/pitch  transitional  probability  from  any  state  St  into  any 
Sj  does  not  depend  on  that,  when  and  as  syste*  it  arrived  into  state 

5,. 


We  will  describe  Markov  chain  with  the  help  of  the  so-called 
probabilities  of  states.  Let  at  the  any  moment  cf  time  (after  any,  k 
step/pitch)  system  J can  be  in  one.  of  the  states: 

Si>  •••>  Sn, 

i.e.  it  will  be  carried  out  one  of  the  fall/total/complete  group  of 
the  antithetical  events: 
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Fig.  6.6. 

Page  1P7. 


L«t  us  designate  the  probabilities  of  these  events: 

Ml)-W>);  P,(D -P(St'")-.  pJD-rtfJ") 

- probability  after  the  first  step/pitch, 

Px(2)-P(Sx'").  pt(2)-P(Sti*>)-,  pn(2)-P(Sn**>)  (2. 1 > 

~ probability  after  the  second  step/pitch;  and  generally  after  the  k 
step/pitch : 

pi <*) M /> pt(k)-P(St'»),  pn(ti)-P(Sn<»).  (2.2> 

It  is  easy  to  see  that  for  each  nuaber  of  step/pitch  k 

Pi  (A)  *P.(*)  + +P„(A)“l, 

since  this  - the  probability  of  incompatible  events,  which  form 
f ull/t otal/coaplet e group. 

Let  us  call  the  probabilities 


'ft  (A).  Pt  (A),  ...»  pH  (A) 


probabilities  of  the  states  of  system  for  any  k. 

X 

•it  is  represented  the  state  of  system  in  the  form  of  graph/count 


(Fiy.  4.6),  where  the  pointers  showed  possible  transitions  of  system 
from  state  into  state  for  one  step/ pitch. 


ji 


Random  process  (Markov  chain)  can  te  visualised  in  the  manner 
that  as  if  the  point,  which  represents  system  S # randomly  moves  (it 
roans)  on  the  yraph  of  states,  jumpituj  iron  state  into  state  at 
torque/noments  t,,  t2,  ...»  and  sometiuts  (in  the  yenerai  cast)  and 
beiny  detained  some  number  cf  step/pitches  in  one  and  the  same  state. 
For  example,  the  sequence  of  the  transitions 

S|  — ► 5,  — ► St  — ► S|  — ► St  — ► S,  -+■  St  — ► St 

it  is  possible  to  represent  on  the  yraph/ccunt  cf  states  as  sequence 
of  different  positions  of  the  point  (see  broken  pointers, 
representiny  transitions  from  state  intc  state  in  Fiy.  4.7).  The 
"delay”  of  system  in  state  Sz  on  third  staye  is  depicted  by  the 
ar row/pointer,  outyoiny  troa  state  S2  and  to  it  returniny. 


hi 
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Key:  (1).  ^6.  step/pitches. 

Page  188. 

Por  any  step/pitch  (t orque/mo ment  cf  tiae  tk,  ...  oc 

number  1,  2,  ...,  k.,  ...)  exist  some  the  transitional  probabilities 
of  system  from  any  state  into  any  another  (some  of  them  are  equal  to 
zero,  if  direct  transition  for  one  stef/pitch  is  impossible),  and 
also  the  probability  of  the  delay  of  system  in  this  state. 

Let  us  call  these  probabilities  the  transient  probabilities 

Harkov  chain. 

Harkov  chain  is  called  uniform,  if  transient  probabilities  do 
not  depend  on  the  number  of  step/pitch.  Otherwise  Harkov  chain  is 
called  heterogeneous. 


Let  us  consider  first  unitors  Harkov  chain.  Let  systes  $ have  n 
of  possible  states  S„  S*  ....  Sn.  Let  ce  assune  that  for  each  state 

to  us  is  known  transitional  probability  into  any  other  state  for  one 
step/pitch  (including  the  probability  cf  delay  in  this  state).  Let  us 
designate  pt)  transitional  probability  for  one  step/pitch  of  state 
Si  of  state  PH  it  will  be  the  probability  of  the  delay  of 
system  in  state  Sf.  Let  us  register  transient  probabilities  Pu  in 
the  fora  of  rectangular  array  (aatrix/die) : 


Pu 

Pu  ••• 

Pu 

•••  Pin 

Pu 

P t|  ••• 

Pu 

•••  P*n 

1*1/1- 

Pn 

• • • • 

P it  ... 

Pu 

•••  Pin 

Pm 

Pn*  ••• 

P*J 

•••  Pnn 

Scae  of  the  transient  probabilities  P,i  can  be  equal  to  zero: 
this  aeans  that  for  one  step/pitch  tfce  transition  of  system  of  the  i 
state  into  the  j-th  is  inpcssible.  Alcpg  the  principal  diagonal  of 
the  aatrix/die  of  transient  probabilities,  stand  the  probabilities 
Pu  of  the  fact  that  the  systen  will  net  leave  the  state  S„  but  it 
sill  reaain  in  it. 

•slag  introduced  above  events  sf\  Si*’.  transient 

probabilities  P,i  can  be  registered  as  conditional  probabilities: 


*i/-*W*VS, <*-"). 
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Hence  it  follows  that  the  sum  of  the  terms*  which  stand  of  each 

of  buildings  of  matrix/die  (2.3)*  must  be  equal  to  unity*  since*  in 

whatever  state  the  system  was  before  the  k step/pitch,  events 
*•<*>  d*'  c<*' 

" were  incompatible/inconsistent  and  form 

fu.il/total/coaplete  group. 

In  the  examination  Markov  chains,  frequently  it  is  to  convenient 
use  the  graph/count  of  states*  on  whom  cf  arrow/pointers  are  written 
the  corresponding  transition  probabilities  (see  E’ig.  4.8).  This 
graph/count  we  will  call  the  "labeled  graph/count  of  states". 


Let  us  note  that  in  Fig.  4.8  are  written  net  all  transient 
probabilities*  but  only  those  of  them*  that  are  not  equal  to  zero  and 
vary  the  state  of  system,  i.e. , Pn  with  i jL  j;  "probability  of 
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delay"  P14,  P 2it  •••  to  enter/wnte  cn  graph/ccunt  is  excessive, 
siqce  each  of  then  supplements  to  unity  the  sub  of  the  transient 
f robab Hit ies,  which  correspond  to  all  arrcw/pc inters,  wnich  proceed 
from  this  state.  For  example,  for  the  graph  of  Fig.  4.8 


PlX  = 1 — (P  It  + P It)* 

P**  “ * (P*»  + P»  ■+•  Pt t). 

P* t **  l — (P tfh  P m)> 

P»-l~P„. 

P*i  “ I (P»t  ■+■  Pmh 

Pf  “•  1 — P tt- 

If  from  state  S,  proceeds  not  one  ar tew/pcinters  (transition 
from  it  not  into  which  another  state  it  is  impossible),  the 
corresponding  probability  of  delay  Pu  it  is  equal  to  unity. 

Having  available  the  labeled  graph/count  of  states  (or,  that 
equivalently,  the  matrix/die  of  transient  probabilities)  and  knowing 
the  initial  state  of  system,  it  is  possible  to  find  the  probabilities 
of  the  states 

• Pi  (*).  Pt  •••  • P»  W 

after  any  (k-th)  step/pitch. 


Let  us  show  how  that  is  made. 

Let  us  assume  that  at  the  initial  moment  (before  tne  first 
step/pitch)  the  system  is  in  some  specific  state,  for  example. 
Then,  for  initial  moment  (o)  we  are  have: 

Pi (0)  =*=  0;  p*(0)  «*0; ... ; pm( 0)  p„(0)-0. 


i.e.  the  probability  of  all  states  are  equal  tc  zero,  besides  the 
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probability  of  initial  state  which  is  egual  to  unity. 


Let  us  find  the  protafc ilities  of  states  after  the  first 
step/pitch.  «e  know  that  before  the  first  step/pitch  the  system 
knowingly  is  in  state  S„  That  aeans  that  for  the  first  step/pitch  it 
will  pass  into-  states  Si,  S»,  ....  Sm SB  with  the  probabilities 

P ml'  P Ml’  • P mm • •••  • 

these  registered  in  the  a matrix  row  of  transient  probabilities. 

Thus,  the  probabilities  of  states  after  the  first  step/pitch  will  be: 
MU Ml) -Pm.;...;,  MD-P.*.;...;  p«<l)-J>M.  (2.4) 

Page  190. 

Let  us  find  the  probabilities  of  states  after  the  second 


step/pitch 


Pi  (2),  P»( 2), ... , P|  (2). ... , Pi,  (2). 


Let  ns  coapute  then  according  to  the  formula  of  composite 
probability,  with  the  hypotheses: 


- after  the  first  step/pitch  system  was  in  state  S,; 


- after  the  first  step/pitch  system  was  in  state  S2; 


- after  the  first  step/pitch  system  will  te  in  state  •$,. 


The  probabilities  of  hypotheses  are  known  (see  (2.4))  ; the 
conditional  probabilities  o£  transition  into  state  S,  with  each 
hypothesis  are  also  known  ar.d  registered  in  the  matrix/die  of 
transient  probabilities.  Cn  the  formula  of  composite  probability#  we 


(2.5) 


'(2.6) 

£n  foraula  (2.6)  the  addition  extends  formally  to  all  states 
Si. ...,  S,;  . to  actually  consider  is  necessary  only  those  of  them,  for 
which  transient  probabilities  Pit  are  different  trom  zero,  i.  e., 
those  states  from  which  can  be  completed  the  transition  into  state 
S|  (or  delay  in  it). 

I 

Thus,  the  probabilities  of  states  after  the  second  step/pitch 


M2>-Ml)Pu+pl(l)Pll+...  + p(,(l)PBl; 
Pt  (2)  - fh  ( 1 ) Plt + p,  ( 1 ) PM  + ...  + pn  ( 1 ) Pnt- 

P,  (2)  -Pi  (1)  P„  +P,  (1)  Pw  + ...  + p„  (1)  P„|j 

Pn  (2)  -P,  (1)  P„  +P,(1)  P„  + +P„  (DP,,. 

or,  it  is  auch  shorter, 

Pj(2)-IPlU)Pl<  (/-l n). 


j 
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are  known.  It  is  obvious,  after  the  third  step/pitch  they  are 
determined  analogously: 

P,  (3)-£M2)P„,  <27) 

and  generally  after  the  k step/pitch: 

Pi  (*)  - 2 Vi  (*— 1)  P*  0-1 ")•  I2-®) 

M 

Thus,  the  probabilities  of  states  Pi(*)  after  the  k step/pitch 
are  deternined  by  recursion  formula  (2.6)  through  the  probabilities 
of  states  from  (•k  - 1)  step;  those,  in  turn,  - through  the 
probabilities  of  states  after  (k  - 2)  step  and,  etc. 

Fage  191. 

Example  1.  On  some  target/purpose  is  conducted  shooting  four 
shots  at  the  moment  of  time  tlf  t2,  t3,  t4. 

The  possible  states  of  target/pur p cse  (system  S) : 

S,  - target/purpose  is  unharmed; 

S 2 - target/purpose  is  insignificantly  injured; 

Sj  - target/purpose  will  outain  essential  damages; 


S 4 - target/purpose  is  completely  struck  (it  cannot  function). 

i -I 


U 
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The  labeled  graph/count  ot  the  states  ot  system  is  shown  cn  Fig. 
4.9. 

At  initial  moment  tar gct/purpcse  is  located  in  states  S,  (it  is 
not  injured).  To  determine  the  probati  litics  ot  the  states  of 
target/purpose  after  tour  shots. 


Solution.  From  the  graph  of  states  we  have: 

Pa-  0.4;  Fu-0,2)  />„-0.1  and  Fu-l_(Pl,  + F1J+Pu)-0,3 

Analogously  we  find: 

F.,-0;  F»,-0.4;  /»m-0.4;  P14-0.2) 
h F«-0;  P»-0.3;  Pu~0,h 

Pm- Pu-0i  Pu-Ql  F«.-l 

Thus,  the  matrix/die  ct  transient  probabilities  taxes  the  form: 

1 0,3  0,4  0,2  0,1 
0 0,4  0,4  0,2 

0 0 0,3  0,7 

0 0 0 1 

Since  at  the  initial  moment  t arget/pur  { cse  S is  located  in  state  £lt 

then 

*<o>  - t- 


IPijI- 


The  probabilities  ot  states  atter  the  first  step/pitch  (shot) 

are  taken  fron  the  first  latrix  row 

*(1)  - 0.3;  p,(l)  - 0.4;  p,(l)  - 0.2;  p,(l)  - 0,». 

Probabilities  of  states  after  the  second  step/pitch: 

Pi  (2)-p,  (l)  Pa -0,3.0,3-0,09; 

Pi  (2)  — pi  (I)  P„+Pi  (I)  Fm-0.3  0.48-0.4.0,4-0.28; 

A (2)-P,  (I)  P,t+P,0)  P*+Pi  0)  P.-O.S-O^  + O^.O^+O^  O.S-O^; 

A<2)-p,(l)PM+*(l)P*  + Mt)P»,  + Ml>P*.- 

-0.3.0.l+0.40,2+0.2-0.7+0,».l-0.35. 
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Fig.  4.9. 
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Probabilities  of  states  after  the  third  step/pitch: 

Pi  (3)  — p,  (2)  P„- 0,09 -0.3  - 0.027. 

Pi  (3)  — Pi  (2)  Pjt  + Pti  2)  Pw-Q,09  0,4+0,28-q,4=<y48; 

P»  (3)  - p,  (2)  P„  + p,(2)P„  + p,  (2)P„- 
- 0,09-0,2 + 0,28-0,4  + 0,28  0,3  — 0,214, 

P,  (3)  * Pi  (2)  P„  + P,  (2)  Pu  + p,  (2)  Pu  + P«  (2)  PM  — 

-0,09.0,1  -f-0,2$.Cl2-t-0.28-0.7-t-0,35  1 - Q.611. 

Probabilities  of  states  after  the  fourth  step/pitch: 

Pi  (4)-p,  (3)  P„  -0,0081; 

p,(41-p,  (3)  P„  + pt  (3)  P„  — 0.27- 0.4 -1-0.148.0,4  - 0,0700, 

P.  (4)  - Pi  (3)  + Pt  (3)  P„  + ps  (3)  P„  - 

- 0,027  • 0,2  + 0. 1 48  • 0,4  + 0,2 1 4 • 0,3  - 0,1288; 

Pi  (4)  ■ Pi  (3)  P ii  + Pj(3)  Pu  tP»  (3)  P$ 4 + Pi  (3)  Pu  ■ 

-0.027.0J  + 0 J 48  -0,2 + 0«2 1 4 >0,7  +0#61 1 • I -Q,7931. 

Thus,  you  obtained  the  probabilities  of  all  issues  of  the 
fcoabardaent  of  tar get/purpcse  (four  shots): 


target/purpose  is  not  injured:  p,l4) 


0.006; 
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- target/purpose  will  obtain  the  insignificant  damages;  p2(4)  & 
C.  070; 

- target/purpose  will  obtain  the  essential  damages:  p3(4)  s 
0. 129; 


- target/purpose  was  struck  completely:  p4(4)®  0.793. 

Me  considered  the  uniform  Markov  chain,  for  which  transitional 
probabilities  from  one  step/pitch  to  the  next  do  not  vary. 

Let  us  consider  now  the  general  case  - heterogeneous  Markov 
chain  for  which  the  probabilities  of  transition  plt  vary  from  one 
step/pitch  to  the  next.  Let  us  designate  />**'  - the  transitional 
probability  of  system  from  state  Si  into  state  Si  at  the  k 
step/pitch,  i.  e.,  the  conditional  probability 

/$?*-»). 

Let  us  assume  that  to  us  are  assigned  the  matrix/dies  of 
transitional  probability  at  each  step/pitcb.  Then  the  probability  of 
the  fact  that  system  S'  after  k of  the  step/pitches  will  ae  located  in 
state  St,  will  be  expressed  by  the  formula; 

(<  = 1 n). 


(2.9) 
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which  it  differs  from  analogous  formula  (2.fy  for  the  uniform  Harkov 
chain  only  by  the  fact  that  in  it  they  figure  transitional 
probabilities,  which  depend  on  the  riumter  cf  step/pitch  k. 
Calculations  on  formula  (2.9)  not  a bit  are  not  more  complex  than  in 
the  case  of  uniform  circuit. 

Fage  193. 


Example  2.  Are  produced  three  shots  on  the  target/purpose 
which  can  be  into  the  same  four  states  St , s2,  S3,  S*,  as  in  previous 
example,  but  transitional  probability  fcr  three  consecutive  shots  are 
different  and  assigned  by  three  matrix/dies; 


KT 


m= 


0,3  0.4  0.2  0.1 

0 0,4  0.4  0,2 

0 0 0,3  0,7 

0 0 0! 


0,1  0.4  0.3  0,2 

0 0,2  0,5  0,3  ' 

0 0 0,2  0.8  |* 

0 0 0 1 

0,05  0.3  0.4  0.25 

0 0.1  0,6  0,3 

0 0 0.1  0.9 

0 0 0 1 


At  initial  moment  target/purpose  is  lccated  in  state  S,.  To  find 
the  probabilities  of  states  after  three  shcts. 


Solution.  He  have: 


> 


I 
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p,  (I) -.0,3;  p,(l)  = 0,4;  p,(l)-0,2;  p4(l>— 0,1; 

• Pl(2)-P,(»P1iV-0.3  0.l  -0,03; 

p,  (2)  -p,  (1)  P\V  + P,  0)  PiV  =0,3 -0,4  +0.4  0,2  - MO; 

P,  (2)  - P,  (1)  Pi*’  +P.  <»  Pis  *►  P,  < » PiV  - 
= 0,3  • 0,3  + 0,4  • 0,5  + 0,2  ■ 0,2  = M3; 

P,(2)  = P,  (•)  Pti'  + P.OJPiV  + PiWPlV  P4  + (»  PiV-w-w  + 

+ 0.4-0.3  + 0.2-0.8  + 0.I -1  = 0,44. 

p,  (3l  = p,  (2)  P\V  = 0.03  • 0.05  » 0,002; 

p,  (3)  = p,  (2)  /><!»  + P,  (2)  P$  - 0.03- 0.3  + 0.20  0.1  = 0*029; 

p,  (3)  - Pt  (2)  P'.V  + P,  (2)  P$  + Pt  (2)  P‘sV  = 

= 0,3 -0,4  -f  0,20  0,6  + 0,33  0,1  = 0.165; 

P,  (3)  - p,  (2)  P\V  + P,  (2)  P + P,  (2)  P'jV  + P«  <2)  PiV  - 
= 0,03-0.25  + 0,20-0,3  + 0,33-0,9  + 0,4*- 1 » 0.804. 

Thus,  the  probability  cf  states  after  three  shots: 

p,  (3)  st  0.002,  p,(3)-Q,029;  p,(3)-(^l65;  p,  (3)  * 0,804. 


! 


I 


J 
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3.  Markov  process  with  discrete  states  and  continuous  time.  Equations 
of  Kolaogorov  for  the  probabilities  of  states. 

In  the  previous  paragraph  ve  examined  Barkov  chain,  i.e. ( the 
ra>ndoa  process,  taking  place  in  the  systea  which  randomly  can  pass 
fron  state  into  state  only  at  soae  previously  specific, 
fixed/ recorded  aonent  of  tiae. 

In  practice  considerably  aore  frequently  are  encountered  the 
situations  when  the  transitions  of  systea  froa  state  into  state  occur 
not  into  those  fix/recorded,  but  at  the  randoa  aoaent  of  tiae  which 
to  previously  indicate  is  iapossible  - transition  it  can  be  carried 
out,  generally  speaking,  at  any  aoaent.  Bor  exaaple,  breakdown 
(failure)  of  any  cell/eleaent  of  eguipaent  can  occur  at  the  any 
aoaent  of  tiae;  the  teraination  of  the  repair  (restoration/reduction) 
of  this  cell/eleaent  also  can  occur  into  previously  the  not  fixed 
torgue/aoaent,  etc. 


JJ 
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* or  describing  such  processes  in  a series  of  the  cases,  can  be 
successfully  used  the  diagraa  of  the  Markovian  process  ( by  discrete 
states  and  continuous  tine,  which  we  will  for  brevity  call  continuous 
Harkov  chain. 

Let  us  show  how  are  expressed  the  probabilities  of  states  for 
this  process. 

Let  there  be  a series  of  the  discrete  states: 

S\.  S|i  • S„; 

the  transition  ( junp/nigratioa)  of  systen  S fron  state  into  state  can 
be  realized  at  the  any  aoaent  of  tiae.  The  graph/count  of  the  states 
of  systen  is  represented  in  Fig.  4.10.* 


F /ig.  HJO. 
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Let  us  designate  pM  - probability  that  at  torgue/aoeent  t 
systee  s will  be  located  able  (i  ■ 1,  ...,  n)  . it  is  obvious,  for 

any  aoaent  t,  the  sua  of  the  probabilities  of  states  is  egual  to  one: 

n 

= (3.1) 

/—  i 

since  the  events,  which  consist  of  the  fact  that  at  torgoe/aoaent  t 
the  systea  is  in  states  Sa,  S*,  ...,  S„,  are 
inconpatible/inconsistent  and  fora  fall/totsl/coaplete  group. 

Let  us  assign  aission  - to  deteraine  for  any  t of  the 
probability  of  the  states: 

Pi  (0.  Pt  (O’  » Pa  (O' 

For  finding  of  these  probabilities,  it  is  necessary  to  know  the 
characteristics  of  process,  analogous  to  transient  probabilities  for 
Harkov  chain.  In  the  case  of  process  «ith  continuous  tine  for  us  it 
is  not  necessary  to  assign  those  defined,  different  froa  aero, 
transient  probabilities  Ptfi  the  probability  of  transiting 
( juap/aigration)  the  systea  froa  state  into  state  accurately  at 
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torque/aoaent  t will  be  equal  to  zero  (just  as  the  probability  of  any 
separate  value  of  continuous  randoa  variable)  . Instead  of  transient 
probabilities  Pit  se  will  introduce  into  the  examination  of  the 
probability  density  of  transition  1 u ■ 


Let  systea  S at  torque/aoaent  t is  be  in  state  St.  Let  us 
consider  the  eleaentary  tiae  interval  At*  which  adjoins  torque/aoaent 
t (Pig.  4.11). 


Let  us  name  the  probability  density  of  transition  ktJ  the  limit 
of  relation  the  transitional  probability  of  systea  for  tiae  At  froa 

state  St  into  state  Sj  to  the  length  of  iaterval/qap  At: 

itf-lim  (3.2) 

Af-oO  Af 


where  Ptj(M)  - probability  that  the  systea*  which  was  being  located 
at  torque/aoaent  t in  state  S„  for  tiae  At  will  pas?  froa  it  into 
state/^(probability  density  of  transition  it  is  determined  only  for  j 

f i). 


proa  formula  (3.2)  it  follows  that  with  snail  At  the  probability 
of  transition  PtA&Q  (eith  an  accuracy  to  inf initesiaal  higher 
orders)  is  equal  to 

P,j(\0  « ku  M. 


If  all  the  probability  densities  of  transition  kt)  to  not  depend 
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on  t (i.e.  froa  that,  at  which  torgue/aoaent  it  begins  eleaentary 
section  At),  Harkov  process  is  called  ooifora;  if  these  densities 
represent  by  theaselves  soae  functions  of  tine  l,//).  process  it  is 
called  heterogeneous. 
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Pig.  4.11. 


Page  96. 

Sith  the  use  of  the  abbreviated  naae  "continuous  Harkov  chain"  ue 
also  will  distinguish  unifora  and  heterogeneous  circuits. 

let  as  assuae  that  to  us  are  know?  to  the  probability  density  of 
transition  Kj  for  all  pairs  of  states  S(,  S,. 

tat  us  construct  the  graph/count  of  the  states  of  systea  S and 
against  each  arrow/pointer  will  write  the  appropriate  probability 
density  of  transition  (Fig.  4.12). 

This  graph/count,  with  the  written  of  arrow/pointers  probability 
densities  of  transition,  we  will  call  the  labeled  graph/couat  of 


states. 
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It  proves  to  be*  knowing  the  labeled  graph/count  of  states*  it 
is  possible  to  define  the  probabilities  of  tbe  states: 

Pi  (*)•  ft  (0i  •••  * Pn  (0  (3.3) 

as  functions  of  tine.  Haaely*  these  probabilities  satisfy  the 
specific  fora  of  differential  equations*  the  so-called  equations  of 
Kolnogorov.  Solving  these  equations*  we  will  obtain  probabilities 
(3-3)- 


Let  us  deaonstrate  the  aethodology  of  the  derivation  of  the 
equations  of  Kolnogorov  for  the  probabilities  of  states  based  on 
specific  exaaple. 

Let  systea  S have  four  possible  states: 

Si,  S|i  S*,  S4; 

the  labeled  graph/coant  of  the  states  of  systea  is  shown  on  Pig. 
4.  13. 


Let  us  assign  to  itself  the  aissicn:  to  find  one  of  the 
probabilities  of  the  states*  for  exanple*:  pt(t).  This  be  probability 
that  at  torque/nonent  t the  systea  will  be  located  able  St. 

Let  us  give  t a snail  increase  At  and  will  find  probability  that 
at  torque/nonent  t * At  the  systea  will  be  it  is  located  able  S t. 

■oe  this  event  it  can  oeearP 
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Pig.  4. 13. 


Pag*  197. 


It  is  obvious,  by  two  methods: 


- at  torgue/soaent  t systea  was  already  abl*  S„  but  for  tia* 
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At,  it  did  not  leave  this  state  or 

- at  torque/aoaent  t systea  Mas  with  state  s,,  but  £or  tiae  At, 
it  passed  froa  it  into  S*. 

The  probability  of  the  first  version  let  us  find  as  product  of 
probability  pt (t)  that  that  at  torgue/aeaent  t the  systea  vas  able 
Sa;  to  conditional  probability  that,  being  in  state  st,  systea  for 
tiae  At  it  Mill  not  pass  froa  it  into  S2.  This  conditional 
probability  (vith  an  accuracy  to  infinitesinai  higher  orders)  is 
equal  to  1 - Xt2At. 

It  is  analogous,  the  probability  of  the  second  version  is  equal 
to  the  probability  of  the  fact  that  at  torque/aoaent  t the  systea  Mas 
able  Sj,  aultipliad  by  the  conditional  probability  of  transition  for 

tiae  At  into  state  Sts  . 

4 p,(/)X„A/. 

Employing  the  rule  of  addition  of  probabilities,  we  obtain: 

Pi  U + A/)  ™Pi  (f)  (1  — ii*  Af)  p,  (/)  A t. 

Let  as  discover  brackets  in  right  side,  let  as  transfer  p,(t) 
into  left  and  let  us  divide  both  parts  of  the  equality  on  At;  Me  Mill 
obtain  > 

- -x,, p,  (/) +1^, (/). 

Iom  let  us  direct  At  to  aero  and  aild  pass  to  the  liait: 

l«m  ft (/  + l£l  L‘L  » — X,,  p,  {()  -+  Xw  p,  (t). 

V-»0  A/ 


DOC  * 78068710 


PAGE 


\ 

1 

j j 

j 

| 1 

| 


f 


Left  side  is  nothing  else  but  derivative  pt (t) : 

= — ^itP\  (0  +■  Pi  (0*  (3.4) 

at 

Thus,  deduced  differential  equaticn  which  aust  satisfy  function 
Pi(t)«  Analogous  differential  equations  can  be  deduced,  also,  for  the 
re  saining  probabilities  of  the  state:  p2(t),  p 3 (t ) , p4 (t) . 

Let  us  consider  the  second  state  S2  and  will  find  p2(t  ♦ At)  - 
the  probability  of  the  fact  that  at  torgue/aonent  (t  ♦ At)  systea  S 
will  be  located  able  S2.  This  event  can  occur  by  the  following 
aethods: 

- at  torgue/aoaent  t systea  was  already  able  S2,  but  for  tine 
At,  it  passed  froa  it  either  in  S3  or  in  S4; 

- at  torque/aoaent  t system  was  able  St,  but  for  tiae  At,  it 
passed  froa  it  into  S2;  or 

- at  torque/aoaent  t systea  was  able  S4,  but  for  tiae  At,  it 
passed  froa  it  into  S2. 


# 
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The  probability  of  the  first  version  is  computed  as  follows: 
p2(t)  it  is  aultiplied  by  conditional  probability  that  the  system 
after  At  will  pass  either  in  S3  or  in  S4. 

Page  198. 

Since  the  events,  which  consist  of  transition  for  tine  At  of  s2  of  s, 
and  of  S2  of  S4#  are  incoapatibl e/inconsistent , then  is  probability 
that  to  be  carried  out  one  of  these  transitions,  is  equal  to  the  sun 
of  their  probabilities,  i.e.«  X23At  ♦ X24At  (with  an  accuracy  to 
infinitesiaal  higher  orders)-  Probability  that  will  be  carried  out 
net  one  their  these  transitions,  is  equal  to  1 - h23At-X24 At.  Hence 
the  probability  of  the  first  version: 

Pi  (0  0 — ^*»  ^ 


Adjoining  here  the  probability  of  the  second  and  third  versions, 

m nil  1 obtain : * 

Pt  (t  + AO  «pt  (0  (1  Af-l*  A t)  + 

+Pi(t)hito+P*V)Kito- 

Transferring  p2 (t)  to  left  side.  Dale  op  At  and  passing  to  liait,  we 
will  obtain  differential  equation  for  p2(t): 

- -Ki  Pt  V) — h*  Pt  (0  + hi  Pi  V ) + *«.  Pi  (0-  (3-5) 

dt 

Discussing  analogoosly  for  states  S*,  S4,  we  will  obtain  as  a 
result  the  systea  of  the  differential  equations,  coaprised  according 
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to  type  (3.4)  and  (3.5).  Let  us  reject/throw  in  then  for  brevity 
argument  t of  functions  pt,  p2 , p3 # p4  and  will  rewrite  this  systes 


in  the  for  ■: 


* ^lt  Pi  + ^*1  Pl> 

~ = 1*8  Pi  1*4  Pi  + ^11  Pi  + I4*  Pit 

~ ^*1  Pt  ^’84  Pi  + 1*8  Pi’ 

^7  - — 1„  Pt  + XM  pt  + 1M  Pf 


These  equations  for  the  probabilities  of  states  are  called  the 
equations  of  Kolnogorov. 


Integration  of  this  systen  of  equations  will  give  to  us  the 
unknown  probabilities  states  as  of  function  of  tine.  Initial 

> 

conditions  are  taken  depending  on  was  bow  the  initial  state  of  systen 
S.  For  exaaple,  if  at  zero  tine  (with  t = 0)  systen  S was  in  state 
St;  then  it  is  necessary  to  take  the  initial  conditions: 


with  t =0  pi  = l,  P»  = Pt  = P4=“0- 


Let  us  note  that  all  fcur  equations  for  pl#  p*,  ps,  p 4 it  would 
be  passible  and  not  to  write;  real/act ually,  P»  * Pv  ♦ Pi  ♦ p«  * 1 
for  all  t,  and  any  of  the  probabilities  p* , p2 , p,#  p4  it  is  possible 
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to  express  by  three  others.  For  exasple  p4  it  is  possible  to  express 
by  Pi#  P*#  Pa  in  the  fora 

P«  = l — iPi+Pt  + Pt) 

) 

and  to  substitate  ia  the  retaining  eqaatiops. 

Page  199. 

i 

, 

Then  special  eguation  for  probability  p4  it  is  possible  aad  not  to 
write.  However*  subsequently  to  us  it  will  aore  conveniently  use  the 
full/total/coaplete  systea  of  equations  of  type  (3.6). 

Let  us  focus  attention  on  the  structure  of  equations  (3.6).  They 
all  are  constructed  according  to  the  ccapletely  specific  rule  which 
can  be  foraulated  as  follows. 

On  the  left  side  of  each  equation  is  the  derivative  of  the 
probability  of  state*  and  right  side  contains  as  nany  aeabers,  as 
arrov/pointers  are  connected  with  this  state.  If  arrow/pointer  is 
directed  froa  state*  the  corresponding  tere  has  a sign  "Minus; " if  in 
state  - positive  sign.  Each  tern  is  equal  to  the  product  of  the 
probability  density  of  transition*  which  corresponds  to  this 
arrow/pointer*  aultiplied  to  the  probability  of  that  state  fron  which 
proceeds  the  arrow/pointer. 

L 1A 


I 
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This  rale  of  the  composition  of  differential  equations  for  the 


probabilities  of  states  is  coaaon/general/tot al  and  it  is  correct  for 


any  continuous  Harkov  chain;  with  its  aid  it  is  possible  completely 


mechanically,  without  any  reasonings,  to  record/write  the 


differential  equations  for  the  probabilities  of  states  it  is  direct 


on  the  labeled  graph/count  of  states. 


equations  of  Kolmogorov  and  initial  conditions  for  the  solution  of 


this  system,  if  it  is  known  that  at  the  initial  moment  the  system  is 


in  state  S 


sol at  ion.  The  system  of  equations  of  Kolmogorov  takes  the  form: 


— —(*11  + ^u)  P* 


dpf 


~~  ” — (X.J2  + Pii+^U  Pi  +^»l  P*’ 
al 


dp* 

— — — Pi  + P * 

at 


+ Pf 


Initial  conditions: 


Example.  The  labeled  graph/count  of  the  states  of  system  S takes 


the  fora  shown  on  Fig.  4.  14.  To  write  the  system  of  the  differential 


with  t - 0,  Pi  - 1,  P,  - Pi  - P«  - p«  - O'. 
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Pig.  4.  W. 


Page  200. 

4.  Plow  of  events  the  simplest  flow  and  of  its  property. 

In  the  examination  of  the  randos  processes,  which  take  place  in 
systess  with  discrete  states  and  continuous  tine,  freguently  it  is 
necessary  to  seet  the  so-called  "flows  cf  events". 

The  flow  of  events  is  called  the  sequence  of  the  unifora  events^ 
following  one  after  another  into  soae,  generally  speaking,  randoa 
aoaents  of  tine. 


t 
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Bxa spies  they  can  be: 

- floe  of  calls  at  exchange; 

• the  flow  of  the  inclusions  of  instraaents  in  everyday  electric 
syatea; 

- the  flow  of  the  cargo  conpositicns,  which  enter  railroad 
station; 

• the  flow  of  the  nalfunctions  (short  duration  failures)  of 
coaputer; 


- the  flow  of  the  shots,  directed  to  target/purpose  and,  etc. 


in  the  examination  of  the  processes,  which  take  place  in  systen 
with  discrete  states  and  continuous  tine,  frequently  there  is  to 
convenient  visualise  the  process  in  the  Banner  that  as  if  the 
transitions  of  systen  froa  state  into  state  occur  under  the  action  of 
soae  flows  of  events  (flow  of  calls,  the  flow  of  nalfunctions,  the 
flew  of  clains  for  naintenance,  the  flow  of  visitors,  etc.). 

Therefore  has  sense  to  exaaine  in  aore  detail  the  flows  of  events  and 
their  property. 


1 
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Let  as  represent  the  floe  of  events  as  the  sequence  of  points  on 
tiee  axis  Ot  (Pig.  4.15).  Osing  this  iaage,  it  is  not  necessary  to 
forget,  that  the  position  of  each  point  on  the  axis  of  abscissas  is 
ra ndoa. 

The  flow  of  events  is  called  regular,  if  events  follow  one 
anether  through  strict  specific  interval  of  tiae.  This  flow 
coaparatively  rarely  is  encountered  in  practice,  but  represents  a 
definite  interest  as  Uniting  case. 

During  operations  research,  aore  frequently  it  is  necessary  to 
neet  the  flows  of  the  events,  for  which  and  the  torque/aoaents  of 
occurrence  of  an  event  and  tine  intervals  between  then  are  randoa. 

In  this  paragraph  we  will  consider  the  flows  of  events,  which 
possess  soae  especially  siaple  properties.  For  this,  let  us  introduce 
a series  of  deterninatiens. 

1.  Flow  of  events  is  called  staticnary,  if  hit  probability  of 
one  or  the  other  nuaber  of  events  to  section  of  tiae  of  long  r (Fig. 
4.  15)  depends  only  on  length  of  sectiop  and  does  not  depend  upon 
where  precisely  on  axis  Ot  is  arrange/located  this  section. 


r ic^.  H-jf. 
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2.  Flow  of  events  is  called  floe  without  aftereffect,  if  for  any 
nonintersecting  sections  of  tile  nunber  of  events,  which  fall  to  one 
of  then,  does  not  depend  on  that,  how  aany  events  hit  to  another  (or 
others,  if  is  examined  aore  than  two  sections) . 

3.  Flow  of  events  is  called  ordinary,  if  hit  probability  to 
elementary  section  of  two  or  aore  events  is  negligible  in  coaparison 
with  hit  probability  of  one  event. 

Let  us  exaaine  in  aore  detail  these  three  properties  of  flows 
and  will  look,  to  which  physical  conditions  they  correspond  and 
because  of  what  can  be  broken. 

The  stability  of  flow  indicates  its  unifornity  on  the  tine:  the 
probabilistic  characteristics  of  this  flow  aust  not  vary  depending  on 
tine.  In  particular,  the  so-called  intensity  (or  "density")  of  the 
flow  of  events  - the  average  nuaber  of  events  per  unit  tine  - for  a 
stationary  flow  aust  reaain  constant.  This,  it  goes  without  saying, 
not  that  aeans  that  the  actual  nuaber  of  events,  which  appear  per 
unit  tine,  constantly  - no,  flow  can  have  local  condensation  and 
resolutions.  It  is  important  that  for  a stationary  flow  these 
condensation  and  evacuation/rarefactions.  It  is  iaportant  that  for  a 


1 


f 


N. 

' 


1 
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stationary  flow  these  condensation  and  evacuation/rarefactions  do  not 
bear  regular  character,  but  the  average  nuaber  of  events,  which  fall 
to  the  single  section  of  tine,  renains  constant  for  entire  considered  j 
period. 

In  practice  frequently  are  encountered  the  flows  of  the  events 
which  (at  least,  on  the  United  section  of  tine)  can  be  considered  as 
stationary.  For  exaaple,  the  flow  of  the  calls,  which  enter  exchange, 
let  us  say,  that  in  range  fron  12  to  13  hours,  it  can  be  considered 
stationary.  The  sane  flow  during  whole  days  will  be  no  longer 
stationary  (by  night  the  intensity  of  flow  of  calls  is  nuch  less  than 
in  the  daytiae) • Let  us  note  that  so  Ja  is  the  natter  also  with  the 
aajority  of  the  physical  processes  which  »e  call  "stationary"  - in 
actuality  they  are  stationary  only  on  the  liaited  section  of  tine, 
and  the  propagation  of  this  section  to  ii^finity  - only  the  convenient 
aethod,  used  for  the  purpose  of  sinplif ication. 

The  absence  of  aftereffect  in  flow  neans  that  the  events,  which 
fora  flow,  appear  at  successive  noaents  of  tine  independently  of  each 
other*.  For  exaaple,  the  flow  of  the  passeqgers,  entering  to  netro 
station,  can  be  considered  flow  without  aftereffect,  because  the 
reasons,  which  stipulated  separate  passeniger's  arrival  precisely  at 
given  torgue/aoaen t,  but  not  into  other,  as  a rule,  are  not  connected 
aith  analogous  reasons  for  other  passeegers.  If  this  dependence 
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appears#  the  condition  of  the  absence  of  aftereffect  proves  to  be 
broken. 


Let  us  consider,  for  ezaspie,  the  flow  of  the  freight  trains, 
which  go  over  the  siding.  If,  according  to  safety  conditions,  they 
caqnot  follow  one  another  nore  fregoently  than  through  the  tine 
interval  r0,  then  between  events  in  flow  there  is  dependence,  and  the 
condition  of  the  absence  of  aftereffect  is  broken.  If  interval  r0  is 
snail  in  conparison  with  the  average/aean  interval  between  trains  r, 
this  disturbance/breakdown  is  unessential,  but  if  interval  ra  we 
conpare  with  F,  it  it  is  necessary  to  consider. 

Page  202. 

The  ordinariness  of  flow  aeans  that  the  events  in  flow  cose  one 
by  one,  bat  not  by  pairs,  by  sets  of  three,  etc.  For  exaaple,  the 
flow  of  the  clients,  who  are  directed  for  barbershop,  virtually  can 
be  considered  as  ordinary,  what  it  is  canqot  about  the  flow  of  the 
clients,  directed  to  ZAGS  £civil  registry  office]  for 

recording  the  reject.  The  flow  of  the  attacks  of  destroyers  on 
boaber,  which  is  located  above  eneay  territory,  is  ordinary,  if  they 
attack  target/purpose  one  by  one,  and  it  is  not  ordinary,  if  they  go 
into  attack  in  pairs  or  sets  of  three. 

1 I 
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If  in  the  nonordinary  flow  of  event  they  occur  only  by  pairs, 
only  by  sets  of  three  and  sc  forth,  theq  can  be  it  considered  as 
ordinary  "flow  vapor",  the  "flow  of  sets  of  three",  etc.  sosewhat 
■ore  complexly  is  Batter,  if  the  nuaber  of  events,  which  fora 
"package"  (group  of  the  siaultaneously  incoaing  events)  is  randoa. 
Then  it  is  necessary  together  with  the  flow  of  packages  to  exaaine 
randoa  variable  X - nuaber  cf  events  in  package,  and  the  aatheaatical 
aodel  of  flow  becones  falser:  it  represents  by  itself  not  only 
sequence  of  the  onsets  of  packages,  but  also  the  sequence  of  randoa 
variables  - nuaber s of  events  in  each  package  (Fig.  4.16),  where  xt, 
x2,  .v.,  xt,  ...  - value,  taken  by  randoa  variable  X in  the  first, 
second  and  so  forth  packages.  An  exaaple  of  the  nonordinary  flow  of 
events  with  the  randoa  nuaber  of  events  in  package  - flow  of  coaches, 
which  arrive  to  the  sorting  station  ("package"  is  train). 


* 

i 


Let  os  consider  the  flow  of  events,  which  possesses  all  three 
properties:  stationary,  without  aftereffect,  ordinary.  This  flow  is 
called  siaplest  (or  stationary  Poisson)  flow.  Naae  "siaplest"  is 
connected  with  the  fact  that  the  aatheaatical  description  of  the 
events,  connected  with  the  siaplest  flews,  proves  to  be  3iaplest.  Let 
us  note  that  by  the  way  that  "idle  tiae  itself",  it  is  on  first 
glance,  regular  flow  froa  strict  constant  intervals  between  events, 
ia  not  in  any  way  "protozoan"  in  the  sense  of  the  word  naaed  above: 
it  possesses  pronounced  aftereffect,  since  the  onsets  of  events  are 
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connected  by  rigid  functional  dependence.  Specifically*  due  to  this 
aftereffect  the  analysis  of  the  processes*  connected  with  regular 
floes*  proves  to  be*  as  a rule*  it  is  sore  difficult*  but  not  nore 
easily  in  coaparison  with  protozoa. 


The  sinplest  floe  plays  anong  other  floes  special  role.  Vaaely* 
it  is  possible  to  deaoastrate  ehich  with  superposition  (nutual 
in position)  is  sufficient  large  nuaber  of  floes*  which  possess  the 
aftereffect  (provided  they  eere  stationary  and  were  ordinary)*  is 
foraed  the  total  flow*  which  can  be  considered  sinplest*  and  thereby 
it  is  note  precise*  than  the  larger  nuaber  of  flows  store/adds  up1. 


FOOT VOTE  1 . For  this*  it  is  additionally  required  so  that  the 
store/added  up  flows  would  be  congruent  in  intensity*  i.  e.  * so  that 
anong  then  it  would  not  be*  let  us  say*  that  one*  that  exceeds  in 
intensity  the  son  of  all  others.  BMDPOOTMOTE. 
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If  the  flow  of  events  does  not  have  an  aftereffect,  it  is 
ordinary,  but  it  is  not  stationary,  it  is  called  unsteady  Poisson 
flow.  In  this  flow  intensity  X (average  nuaber  of  events  per  unit 
tine)  depends  on  the  tine: 

1-MO. 

whereas  for  the  siaplest  flow 

X«  const. 

The  Poisson  flow  of  events  (both  stationary  and  unsteady)  is 
closely  related  with  the  known  Poisson  distribution.  Maaely,  the 
nuaber  of  events  of  flow,  which  fall  tc  any  section,  is  distributed 
according  to  the  law  of  Poisson. 


Let  ns  explain,  that  this  indicates.  He  will  consider  on  axis 
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Ot 4 where  is  observed  the  flow  of  events,  certain  section  of  the  tiwe 
of  length  r (see  Pig.  4.17),  that  begins  at  torque/aoaent  tQ  and 
fiqishing  at  torgae/soaent  t0  ♦ r.  it  is  not  difficult  to  demonstrate 
(proof  is  given  in  all  courses  of  the  probability  theory)  that  the  hit 
probability  to  this  section  unifora  t events  is  expressed  by  the 


formula: 


P.-T-r*  (m— 0,  1, ...), 

ml 


•here  a - average  number  of  events,  which  is  necessary  to  section  r. 


For  a stationary  (simplest)  Poisson  flow  value  a is  equal  to  the 
intensity  of  flow,  multiplied  by  the  length  of  the  interval: 

m«Xi. 

i.e.  on  it  depends  upon  where  on  axis  Ot  is  undertaken  section  r.  For 
an  unsteady  Poisson  flow  value  a is  expressed  by  the  formula: 


and,  which  means,  that  it  depends  on  that,  at  which  point  t0  begins 
the  section  r. 


Let  us  consider  on  axis  Ot  the  simplest  flow  of  events  with 


intensity  X (Fig.  4.18) 


Page  204. 

Os  it  Mill  interest  tiae  interval  T bet  seen  adjacent  events  in  this 
flow,  it  is  obvious,  T to  eat  a value  is  randoa;  let  us  find  its  lav 
of  distribution.  Let  us  first  find  the  distribution  function: 

F(t)  = P(T<t). 

i.e.  probability  that  value  T will  take  value  is  less  than  t.  Let  us 
plat  fron  the  beginning  of  interval  T (point  t0)  segnent  t and  will 
find  probability  that  interval  T will  be  lesser  than  t.  F or  this,  it 
is  necessary  that  to  the  section  of  length  t,  which  adjoins  point  ta, 
wonld  hit  at  least  one  the  event  of  flow.  Let  us  coapute  probability 
cf  this  F ( t)  through  the  probability  of  the  opposite  event  (to 
section  t will  hit  not  one  events  of  flew): 

F (/)-!-/>,. 

Probability  P0  let  us  find  fron  f crania  (1.4),  set/assuaing 

7*  * O: 


In  order  to  find  the  density  of  distribution  f(t)  of  randon 
variable  T , let  ns  differentiate  expression  (4.2)  on  t: 

f(0-Xe-^  (/  > 0).  (4.3) 

The  law  of  distribution  with  density  (4.3)  is  called  exponential 
(or  exponential).  Its  graph  takes  the  fora,  presented  in  Pig.  4.19. 
Value  x is  called  the  paraaeter  of  exponential  law. 


The  exponential  law  of  distribution,  as  we  will  see  further, 
plays  large  role  in  the  theory  of  the  Markovian  processes. 


Let  us  find  the  nunerical  characteristics  of  raados  variable  T - 
aatheaatical  expectation  (average  value)  m,  and  dispersion  Dt.  He 
have: 

oo  oc 

m,- j tf(()di  = kj/e-k,dt. 

Integrating  in  parts,  we  will  obtains 

(4.4) 


1 
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Fig.  4.  18. 
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The  dispersion  of  value  T let  us  fin,d  through  the  second  initial 

torfae/aoaeat: 

Dt  = J t*i  (0  dt-mf  = | jj  - 


whence,  again  integrating  in  parts,  we  Jill  obtain: 


Taking  the  root  square  froa  dispersion,  let  us  find  the 


roct-aean- square  deviation  of  randoa  variable  T: 


ot  =\rT)t  = — . (4.6) 


Thus,  for  exponential  distribution  natheaatical  expectation  and 


roct-aean- square  deviation  are  equal  to  each  other  and  are  reverse  to 
the  paraaeter  X. 


I 
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It  is  concealed  by  fora,  tracing  the  structure  of  the  sinplest 
flow  of  events,  we  they  arrived  at  the  conclusion:  tine  interval  T 
between  adjacent  events  in  the  sinplest  flow  was  distributed 
according  to  exponential  law;  its  average  value  and  root-aean- square 
deviation  were  equal  to  1/X,  where  X - an  intensity  of  flow. 

For  unsteady  Poisson  flow  the  law  ef  the  distribution  of 
interval/gap  T will  be  no  longer  exponential;  the  fora  of  this  law 
will  depend,  in  the  first  place,  froa  that,  where  on  axis  Ot  is 
arrange/located  the  first  of  the  events,  and,  in  the  second  place, 
froa  the  fora  of  dependence  X (t) , that  characterizes 
alternating/variable  intensity  of  flow.  However,  if  X(t)  varies 
coaparatively  slowly  and  its  change  for  tiae  between  two  events  is 
snail,  then  the  law  of  the  distribution  of  tiae  interval  between 
events  it  is  possible  to  appro xiaately  count  index  (4.3), 
set/assuaing  in  this  foraula  value  X equal  to  average  value  X(t)  on 
that  section  which  us  interests. 


In  conclusion  of  this  paragraph  let  us  deduce  expression  for  the 
so-called  "probability  eleaent  of  appearing  the  event". 

Let  us  consider  on  axis  Ot  the  sinplest  flow  of  events  with 
intensity  X and  the  eleaentary  section  At,  adjacent  at  point  t (Fig. 
4.20). 


J 
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Let  as  find  probability  that  on  section  At  will  appear  sone 
event  of  flow,  i.a.,  section  will  not  be  •eepty".  Since  flow  is 
ordinary,  the  probability  of  appearance  on  section  At  nore  than  one 
event  can  be  disregarded. 


i 
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Page  206. 

Let  us  designate  P0(At)  probability  that  on  section  At  there  will  not 
be  the  events,  but  Pt(At)  - probability  that  on  it  will  appear  one 
event.  On  the  basis  force  of  the  ordinariness  of  the  flow 

P,  (A/)  * 1 — P#(A/), 

and  probability  Ps  (At)  we  conpate  on  foraala  (1.1): 


P,  l A/)  - e—  - e-*  - e-**'. 


whence 


01 


P,  (AO  » 1 — e-**'. 


Expanding  in  n series  according  to  degrees  XAt  and 

disregarding  the  snail  higher- order  quantities,  we  will  obtain: 

P,< A/)*  l— (1— id/)- 


1 


i.«.  the  probability  of  appearance  on  the  eleaentary  section  of  the 
tine  At  of  soae  event  of  flow  is  approziaately  equal  to  XAt,  where  X 
- an  intensity  of  flow-  This  probability  we  will  call  the 
"probability  eleaent  of  appearing  the  event". 

It  is  obvious,  the  sane  foraula  will  be  valid  also  for  an 
unsteady  Poisson  flow,  with  that  difference,  that  value  X aust  be 
taken  equal  to  its  value  at  that  point  t,  which  borders  on  the 
section  At: 

Pa(A/) 

5.  Plows  pals.  Erlang's  flows. 

The  flow  of  events  is  called  flow  pala  (or  by  flow  with  the 
United  aftereffect),  if  tine  intervals  between  the  consecutive 
events: 

T*|f  Tt,  •••*  «•. 

represent  by  thenselves  independent,  equally  distributed  randon 
variables  (Fig.  4.21). 


The  sinplest  flow  there  is  a special  case  of  flow  the  pala:  in 


Let  us  consider  an  exaeple  of  floe  pale.  Certain  cell/eleaent  of 
technical  equip aent/de vice  (for  exaaple«.  electron  tube)  works 
continuously  to  its  failure  (breakdown) , after  which  it  is  instantly 
substituted  new.  The  life  of  cell/eleaent  is  accidental. 
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If  the  separate  copies  of  cell/elenents  go  out  of  order  independently 
of  each  other*  then  is  the  flow  of  failures  (or  the  "flow  is 
restored*"  since  failure  and  restoraticn/reduction  they  occur  at  one 
and  the  sane  torque/aonent)  it  represents  by  itself  flow  pain.  If 
aoreover  life  of  cell/eleaent  is  distributed  according  to  exponential 
law*  flow  pain  is  converted  into  the  siaplest  (stationary  Poisson) 
flow. 

inother  exaaple:  the  group  of  aircraft  goes  in  coabat  fornation 
"coluaa"  (Fig.  4.22)  with  an  identical  for  all  aircraft  speed  of  V. 
lach  of  then*  except  that  lead*  is  due  to  withstand  systea*  i.e.*  to 
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be  held  at  the  assigned  distance  froa  in  frcnt  of  that  go.  This 
distance,  neasured  by  range  finder,  it  is  withstood  with  errors.  The 
torgue/nonents  of  the  intersection  with  the  aircraft  of  the  assigned 
border  under  these  conditions  fors  flow  pain,  since  randon  variables 
Tt  * Lt/¥;  Tg  = Lg/V;  ...  are  independent.  Let  us  note  that  the  sane 
flow  will  not  be  flow  the  pain,  if  aircraft  atteapt  to  aaintain  the 
assigned  distance  not  fron  soseda,  bat  fron  which  leads  entire 
colusa. 


Many  flows  of  events,  which  are  encountered  in  practice, 
although  they  are  not  in  accuracy  flows  pain,  can  be  by  then 
approxiaately  replaced. 


The  iaportant  for  practice  specinen/sanples  of  flows  pain  are 
Erlang's  so-called  flows.  These  flows  are  foraed  as  a result  of  the 
"sifting"  of  the  sinplest  flows. 


let  us  consider  on  axis  0t  of  sinplest  flow  of  events  (Pig. 

A.  23)  and  will  preserve  in  it  not  all  points,  but  only  each  the 
second;  the  others  let  os  reject  (in  Pig.  0.23)  the  preserved  points 
are  shown  heavily) . As  a result  of  this  operation  "of  cutting"  or 
"sifting"  is  foraed  again  the  flow  of  eveqts;  it  is  called  the  flow 
of  Erlang  of  second  order. 
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is  obtained,  if  we  in  the  sinplest  flow  preserve  each  k-th  point,  and 
the  others  to  reject. 

For  exanple,  Fig.  4.24  shows  the  for sation/education  of  Erlang's 
flow  of  the  4th  or  der  3^  (three  points  of  the  sinplest  flow  are 
rejected,  and  the  fourth  is  retained). 

It  is  obvious,  the  sinplest  flow  represents  by  itself  a special 
case  of  Erlang's  flow,  and  precisely  the  flow  cf  Erlang  of  1st  order 

*»- 


The  period  of  tine  T between  adjacent  events  in  Erlang's  flow  of 
the  k order  represents  by  itself  sun  k cf  independent  rand  on 
quantities  - distances  between  events  of  the  initial  sinplest  flow: 

T = Tl  + Tt+...  + Tk*=YTi. 

Each  of  these  randon  variables  is  distributed  according  to  the 
exponential  law: 

The  lew  of  the  distribntion  of  interval  of  T between  adjacent  events 
in  flow  3*  is  called  the  law  cf  Erlang  of  k order. 

Let  us  find  expression  for  the  density  of  distribution  of  this 
law;  let  us  designate  it  fn(0-  For  this,  let  us  consider  os  axis  (Fig. 
4.25)  the  sinplest  flow  with  intensity  X,  in  which  the  events  are 
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diti&ad  by  intervals  T(f  T,  , . ..,  and  let  us  find  probability  eleaent 
fk(i)dt  - probability  that  interval  T~2T,  »ill  render/shov  within 

4-1 

the  liaits  of  eleaentary  section  (t,  t ♦ dt). 

For  this,  in  the  first  place,  to  section  with  a length  of  t aust 
hit  exactly  k - 1 points  of  the  siaplest  flow;  the  probability  of 
this  event,  according  to  fornula  (4.1),  is  egnal  to 


(A- 1)1 


<*-!>! 


Furthernore,  last/latter  (the  k-tb)  point  aust  hit  to  eleaentary 
section  (t,  t ♦ dt)  - the  probability  of  this  is  equal  to  Xdt  (see 
fornula  (4.7)).  Multiplying  these  probabilities,  we  will  obtain: 


whence 


I 
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Fig-  4.24. 
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Jt  is  obvious*  with  k * 1 * is  obtained  the  usual  exponential 


distribution: 


MO-Xe-"  (f>0). 


Let  us  find  the  characteristics  of  Erlang's  las  of  the  k order: 
his  aathenatical  expectation  mt<k)  and  dispersion  fV*’.  land  os  variable 
T,  distributed  according  to  the  lav  of  Erlang  of  k order*  is  obtained 
by  addition  k of  the  independent  randoa  quantities: 

r-ir,, 

tml 

where  each  of  values  T,  is  distributed  according  to  exponential  law 
(5.2)  «ith  aathenatical  expectation  1/A  and  dispersion  1/A * (see 
fornulas  (4.4)  and  (4.5)).  lpplying  the  theoreas  of  the  addition  of 
natheaatical  expectations  and  dispersions*  we  have 
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Extracting  fron  last/latter  expression  sguare  root,  let  us  find 
the  root-nean- sguare  deviation: 


Thus,  we  found  nathenatical  expectation,  dispersion  and  the 
root-nean- square  deviation  of  the  interval  between  adjacent  events  in 
Erlang *s  flow  of  k order: 


Let  us  note  that  both  the  lav  of  distribution  MO.  and  all  the 
its  characteristics  are  expressed  not  through  the  intensity  of 
Erlang's  very  flow  3*.  bat  through  the  intensity  x of  his  generating 
siaplest  flow  which  underwent  cutting  through.  It  is  of  interest  to 
express  then  through  the  intensity  (average  nnnber  of  events  per  unit 
tine)  of  Erlang's  very  flow  3k.  Let  ns  designate  A„  - an  intensity 
of  fles  3k- 


Fig.  4.25. 


Page  210. 

It  is  obvious 

A h = klk;  X «=  kAK, 

since  fros  initial  sisplest  flov  with  intensity  X is  taken  only  k 
past. 


Substituting  expression  x through  A*  in  focaula  (5.1),  we  will 

obtain 


f (kAj)  I)  1 

= ~ (k-W  ’ 


or 


L ( t ) = -{kA»)L  e"*** ' (/>0). 

(* — i)i 


(5.5) 


flatheaatical  expectatioa,  dispersion  and  the  root- sea n- square 
deviation  of  this  lae  sill  be: 


* aT:  D‘“’  " *A**  ; 0,<*> " yT\k 


(5.6) 


jJ 


I 
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Mow  let  us  assute  that,  retaining  constant/invariable  intensity 


of  flow  Ak: 


Ak  = A = const, 


we  will  vary  only  order  k of  Erlang's  law.  its  aatheaatical 
expectation  will  reaaia  constant: 

(5.7) 

and  dispersion  and  root-aeaa>sgnare  deviation  will  vary: 


*a*  /Fa 


Fron  foraulas  (5.8)  it  is  evident  that  with  k 


• and  the 


dispersion,  and  root-nean-sguare  deviation  vanish.  But  that  this  does 


»anT  This  aeans  that  with  k 


• the  flow  of  Erlang  of  assigned 


intensity  A anliaitedly  they  approach  regular  flow  with  the 
constant  interval  between  the  events: 


T — const  = — , 
A 


This  property  of  Erlang's  flows  conveniently  in  practical 
applications  Bakes  it  possible,  being  assigned  by  different  k,  to 
obtain  the  flows,  which  possess  different  aftereffect  - fron  the 
full/total/coaplete  absence  of  aftereffect  (k  = 1)  to  the  rigid 
functional  connection  between  the  onsets  of  events  (k  * •)  . Thus,  the 

order  of  Erlang's  flow  k can  serve  in  soae  degree  as  the  "aeasure 

aftereffect" . 
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For  the  purpose  of  sinplif ication  it  is  frequently  to  convenient 
approx iaat ely  replace  the  real  flow  of  events  - by  Erlang's  flow  with 
the  sane  aftereffect.  This  are  nade*  natahing  the  characteristics  of 
real  flow  - nathenatical  expectation  and  the  dispersion  of  the 
interval  between  events  - with  the  sane  characteristics  of  Erlang's 
substituting  flow. 

I 

Page  211. 

I 

Exanple.  As  a result  of  statistical  processing  of  tine  intervals 
between  events  in  certain  flow  are  obtained  the  following 
characteristics: 

- average  value  of  interval  m«  - 2 nin, 

- the  root>aean-sguare  deviation  of  interval  o,  - 0.9  sin. 

It  is  required  to  select  Erlang's  flow,  which  possesses 
approxiaatel y the  sane  characteristics*  to  find  his  intensity  a end 
order  k. 

I 

Solution.  Intensity  a there  is  the  value*  reciprocal  to  the 

1 

\ ] 

- J 


r 
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average  interval  between  the  events: 

a=  i/m,- 1/2  =-o.5  (event/a  in.')  . 

Proa  foraula  (S.8)  we  find  the  order  of  Brlang's  flow  k: 

Choosing  as  k near  integer  we  obtain 

* - 5. 

Thus*  this  flow  can  be  approxiaat cl;  replaced  with  the  flow  of 
Erlang  of  5th  order  with  a density  of  the  fora  of: 


or 


MO-4, l<«e-s5'  (/  > 0). 


(5.9) 


The  fora  of  the  curve  of  distribution  (5.9)  is  shown  on  Pig. 
4.26),. 

The  special  attention*  given  here  to  the  flows  of  Brlang  in 
coaparison  with  other  flows  pala  (with  the  arbitrary  law  of  tiaing 
between  adjacent  events)  is  explained  by  the  fact  that  with  the  help 
of  these  flows  it  is  possible  to  reduce  non-Harkov  processes  to 
Harkov.  As  this  is  aade*  we  will  see  later*  in  §§10*  11  of  present 


J 


f 
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chapter,  and  also  in  §6  of  chapter  5. 


By  Erlang's  flow  are  very  conveniett  for  the  approximate 
representation  of  flows  the  pa  la  of  any  £ora,  since  the  flows  of 
Bnlang  of  different  orders  fora  whole  gaaaa,  which  gives  gradual 
transition  froa  the  siaplest  flow  (f ull/total/coaplete  absence  of 
aftereffect)  to  flow  with  regular  intervals  (f  ull/total/coaplete, 
rigid  aftereffect)  . The  possibility  of  the  approximate  representation 
of  any  flows  pain  by  flews  cf  Erlang's  type  they  are  even  aore 
widened,  if  we  use  "generalized  Erlang's  laws",  which  they  are 
obtained  during  the  additiop  of  several  random  variables,  distributed 
according  to  exponential  laws  with  the  different  parameters  (for 
example,  see  [8]),  and  Brlang's  also  "nixed  generalized  laws",  which 
they  are  obtained,  if  we  sui  several  Erlang's  generalized  laHs  with 
the  coefficients  ("weights"),  which  fora  in  sua  one. 


o\  t 1 3 #7 


//<3-  H. 


r 
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6«  Poisson  flows  of  events  and  continuous  Markov  chains. 


Page  212. 


Let  us  consider  certain  physical  system  s with  the  discrete 
states  S a , S 2«  ... « which  passes  from  state  into  state  under  the 

effect  of  some  random  events,  for  example,  calls  at  exchange, 
breakdowns  (failures)  of  the  cell/elements  of  apparatus,  the  shots, 
directed  along  tar get/purpcse,  etc. 


Let  us  this  visualize  so,  as  if  the  events,  which  translate 
systea  froa  state  into  state,  represent  by  themselves  some  flows  of 
events  (flows  of  calls,  the  flews  of  failures,  the  flows  of  shots, 

etc. ) . 


let  systea  S with  the  graph/count  of  states,  shown  on  Fig.  4.27, 
at  torque/ moment  t is  be  in  state  and  can  pass  from  it  into  state 

^ j under  the  effect  of  some  Poisson  flew  of  events  with  an  intensity 
of  A,,:  as  soon  as  it  appears  the  first  event  of  this  flow  systea 
instaatly  passes  (it  jumps)  from  in  . As  we  know  tnat  this 


As  we  know  tnat  this 


DOC  = 78068711 


PAGfc 


transitional  probability  for  elementary  tiae  interval  At  (probability 
eleneot  of  transition)  is  equal  to  Thus,  tne  probability 

density  of  transition  i-n  in  continuous  Markov  chain  represents  by 
itself  nothing  else  but  the  intensity  of  flow  of  events,  which 


translates  system  on  the  appropriate  at row/pointer. 


If  all  flows  of  events,  which  translate  system  S from  state  into 


state,  Poisson  (stationary  cr  unsteady  - are  unimportant),  then  the 


process,  which  takes  place  in  system,  will  be  Marnov.  It  is 


real/actual,  Poisson  flow  possesses  the  absence  ot  aftereffect. 


therefore,  in  the  assigned  state  of  system  at  given  torque/moment. 


its  transitions  into  other  states  in  the  future  are  caused  only  by 


the  appearance  of  some  events  in  Pcisscn  flows,  but  the  probabilities 


cf  appearing  these  events  do  not  depend  on  the  "prehistory"  of 


process. 


In  the  future,  examining  Markov  processes  in  systems  with 


discrete  states  and  continuous  time  (continuous  Markov  cuains),  to  us 


is  convenient  will  be  in  all  cases  to  ccnsiuer  the  transitions  of 


systea  from  state  into  state  as  occurring  under  the  effect  of  some 


flows  of  events,  at  least  in  actuality  these  events  were  single.  For 


exaaple,  the  working  technical  equipment/device  we  will  consider  as 


feting  located  under  the  action  of  the  flow  cf  failures,  although 


actually  it  can  refuse  only  one  time.  It  is  real/actual,  if 


i 
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equipment/de vice  it  rejects  at  that  torqu e/moment  when  comes  the 


first  event  of  flow*  then  completely  nevertheless  - is  continued 


after  this  the  flow  of  failures  or  it  ceases:  the  fate  of 


equipment/device  on  this  no  longer  depends.  For  us  it  will  more 


conveniently  deal  precisely  with  the  flews  cf  events. 


Thus,  is  examined  system  s,  in  which  the  transitions  from  state 


into  state  occur  under  the  action  of  the  Pcisson  flows  of  events  with 


the  specific  intensities.  Let  us  write  these  intensities  (probability 


density  of  transitions)  cn  the  yraph/count  of  the  states  of  system  of 


appropriate  rifleman/gunner.  We  will  obtain  the  labeled  graph/count 


of  states  (Fig.  4.27);  on  which,  using  the  rule,  formulated  into  §3, 


it  is  possible  to  immediately  register  the  differential  eq.uations  of 


Kolmogorov  for  the  probabilities  of  states. 


Page  213. 


Example  1.  The  technical  system  S consists  of  two  assemblies:  I 


and  If;  each  of  them  independent  of  other  can  reject  (go  out  of 


order).  The  flow  of  the  failures  of  the  first  assembly  - Poisson, 


with  intensity  X,;  the  second  - also  Poisson,  with  intensity  *n  Bach 


assembly  right  after  failure  begins  to  be  overhauled  (to  b< 


restored).  Flow  of  restoration/reducticns  (terminations  of  the  repair 


of  the  overhauled  assembly)  for  both  assemblies  - Poisson  with 

intensity 
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To  comprise  the  graph/count  of  the  states  of  system  and  to  write 
the  equations  of  Kolmogorcv  for  the  prckabilities  of  states.  To 
deteraine,  under  which  initial  conditions  it  is  necessary  to  solve 
these  equations,  if  at  the  initial  moment  (t  = 0)  system  works 


exactly. 


Solution.  States  of  the  system  * 


- both  assembly  are  exact. 


Sai  - first  assembly  it  is  overhauled,  the  second  is  exact, 

S 1 2 " the  first  assembly  it  is  exact,  the  second  is  overhauled. 


Saa  ~ both  assembly  are  overhauled. 

The  labeled  graph/count  of  the  states  of  system  is  shown  on  Fig. 

4.26. 

The  intensities  of  flow  of  events  on  Fig.  4.28  are  written  from 
following  considerations.  If  system  s is  in  state  Stl,  then  on  it 
function  two  flows  of  events  the  flow  cf  the  malfunctions  of 
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node/unit  I with  intensity  "■  which  translates  it  into  state  S21, 
and  the  flow  of  the  naif unctions  of  node/unit  II  with  intensity 
that  translates  it  into  S12.  Let  new  the  system  is  be  in  state  S2t 
(node/unit  I is  overhauled,  node/unit  II  is  exact).  From  this  state 
the  system  can,  in  the  first  place,  return  to  £tl  (this  occurs  under 
the  action  of  the  flow  of  restoration/reductions  with  intensity  X) ; 
in  the  second  place,  - to  pass  into  state  S22  (when  the  repair  of 
node/unit  I is  not  still  finished,  but  node/unit  II  meanwhile  left 
the  system);  this  transition  occurs  under  the  action  of  the  flow  of 
the  failures  of  node/unit  II  with  intensity  Intensities  of  flow 

at  remaining  rifle nan/g unner  are  enter/written  analogously. 


1 
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Page  2 14. 

Designating  the  probabilities  of  states  p,,,  p2l,  pl2  and  plt 
and  by  using  the  rule,  formulated  into  §J,  let  us  register  the 
equations  of  Kolmogorov  for  the  probabilities  of  the  states: 


dt 

dPi  i 
dt 

dl 

d£n 

dt 


— (ii+inJPu  + ipjj  + Ap,,. 
— (M-in)Ptl  + i|  P„  + ^PM, 

—(*•  + M pu'+^ii  Pu  + ^P»». 

— 2Apw+A|i  Pt,  +i|  P,t. 


(6.1> 


The  initial  conditions  under  Mhich  it  is  necessary  to  solve  this 
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system: 

with  t = 0 pH  = 1,  pn  = PI2  = p22  = 0. 

Let  us  note  that,  using  the  condition 

A*  + *««  + Pi,  + P,:  - 1. 

it  would  be  possible  to  decrease  the  nuxber  of  eguations  on  one.  It 
is  real/actual,  any  of  the  probabilities  pI1#  p21l  p12,  p2  2 can  be 
expressed  by  the  others  and  substituted  into  equations  (6.  1),  but  the 
equation,  which  contains  on  the  left  side  tne  derivative  of  this 
probability  of  - reject/throwing. 

Let  us  note  that  besides  the  fact  that  equations  (6.1)  are  valid 
both  for  the  constant  intensities  of  Poisson  flows  *»•  *■».  V and  for 
variables 

ii-i|<0:  A|.  «1„  (0;  A-.A«). 

Example  42  2.  Group  in  the  composition  of  five  aircraft  in  line 
asters  ( Fig.  4.29)  accomplishes  coating  on  the  territory  of  enemy. 
Front/leading  aircraft  (leading)  is  jaxmer;  until  it  is 
biased/beaten,  the  following  it  aircraft  cannot  be  discovered  and  are 
atitacked  by  the  air  defense  weapons  of  enemy.  Attacks  undergoes  only 
jammer.  Plow  of  attacks  - pcisson,  with  intensity  x (attacks/hour)- 


* t 


mm  | ■ 
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As  a result  of  attack  jammer  is  surprised  with  probability  p. 

If  jammer  is  struck  (it  is  biased/beaten),  then  following  after 
it  aircraft  are  discovered  and  undergo  attacks  PVO;  for  each  of  them 
(until  it  is  struck)  it  is  directed  the  Poisson  flow  of  attacks  with 
intensity  by  each  attack  aircraft  is  surprised  with  probability  p. 
When  aircraft  is  struck,  attacks  on  it  cease,  tut  to  other  aircraft 
they  are  not  transferred. 

To  write  the  equations  of  Kolmogorcv  for  the  probabilities  of 
the  states  of  system  and  to  indicate  initial  conditions. 
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Solution.  Let  us  label  the  states  of  system  with  respect  to  the 


group 


all  aircraft  are  whole 


jammer  is  biased/leaten,  remaining  aircraft  whole 


jammer  and  one  bomber  are  biased/beaten , remaining  aircraft 


whole} 
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Sj  - jammer  and  two  bombers  are  tiased/beaten,  remaining 

aircraft  whole; 

S|  - jammer  and  three  bombers  are  fciased/beaten,  one  aircraft  is 

whcle; 


S o - all  aircraft  are  tiased/beate  n. 

States  we  differ  from  each  other  by  the  number  of  preserved 
bombers,  but  not  on  that,  which  precisely  cf  them  was  preserved, 
since  all  bombers  according  to  the  conditions  cf  problem  were 
equivalent  - they  attack  with  identical  intensity  they  are  surprised 
with  identical  probability. 

The  graph/count  of  the  states  of  system  is  shown  on  Fig.  4.30. 

In  order  to  label  this  graph/count,  let  us  determine  the  intensities 
of  flow  of  the  events,  which  translate  system  from  state  into  state. 

From  state  S5  into  S4  the  system  translates  the  flow  of  the 
daaaging  (or  "successful")  attacks,  i.e.,  those  attacks  which  lead  to 
the  defeat  of  producer  (it  goes  without  saying  that  if  it  was  not 
earlier  struck).  The  intensity  of  flow  cf  attacks  is  equal  to  X,  but 
not  all  they  - damaging;  each  cf  them  proves  to  be  damaging  only  with 
probability  p.  It  is  obvious,  intensity  of  the  flow  of  the  danaging 
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attacks  is  equal  to  Xp;  this  intensity  is  written  as  X54  of  the  first 
to  the  left  arrow/pointer  cn  qraph/ccunt  (Fiq.  4.J0). 


He  will  be  occupied  following  arr cw/pcinter  and  will  find 
intensity  X43.  System  is  in  state  S4,  i.e.,  are  whole  and  can  be 
attacked  four  aircraft,  it  will  pass  irto  state  S3  for  tine  At,  if 
for  this  tine  of  any  of  the  aircraft  (nevertheless,  which)  will  be 
tiase d/beaten.  Let  us  find  the  probability  of  opposite  event  - in 
time  At  not  cne  aircraft  it  will  not  be  biased/ beateu: 


(1 XpA<)  (1— XpAf)  (1  -Xp  AO  (1  -Xp  AO  - U -Xp  AO*  ® » ~«XP  Af 


Are  here  reject/thrown  the  members  of  the  higher  order  of  smallness 
relative  to  At.  Subtracting  this  probability  from  unit,  we  will 
obtain  transitional  probability  from  S4  in  S3  for  time  At 
(probability  element  of  transition): 


whence 


X»»  ■ 4Xp. 

that  also  is  written  of  the  second  to  the  left  arrow/pointer.  Let  us 
note  that  the  intensity  of  this  flow  of  events  is  simply  equal  to  the 
sum  of  the  intensities  of  flow  of  the  damaging  attacks,  directed 
toward  separate  aircraft.  Discussing  visually,  it  is  possible  to 
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obtain  this  conclusion/derivation  as  fellows:  system  S of  state  s4 
consists  of  four  aircraft;  for  each  of  them,  functions  the  flow  of 
the  damaging  attacks  with  intensity  Xp ; means  to  system  as  a whole  it 
functions  the  total  flow  of  the  damaging  attacks  with  intensity  4Xp. 

With  the  help  of  analogous  reasonings  are  enter/written  the 
intensities  of  flow  of  events  at  reaainiqg  rifleman/gunner. 


Fr^  'y.'bO 


Page  216. 


Ihe  equations  of  Kolmogorov  for  the  probabilities  of  states  take 
the  form: 


?£i  Von 

— XPP* 


— *Xpp.  + XPP», 

a i 


dp* 

— 3Xpp,  + 4Xpp„ 


■—  as  — 2\pp2  4*  3 hppj, 

al 


dp\ 

— — — XpPi  + 2 Xpp*. 
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Since  at  the  initial  moment  (with  t * 0)  all  aircraft  are  whole, 
initial  conditions  will  be: 

with  i-o  p.-l,  p4-p,-pl-pl.p)(.o. 


Cxa  np le  4B  J.  The  conditions  the  sane  as  into  exaaple  HE  2,  but 
intensity  X is  related  to  the  comaon/gene rai/total  flow  of  attacks, 
directed  to  entire  group.  While  jammer  is  whole,  all  these  attacks 
are  directed  for  it;  when  it  is  biased/teaten,  attacks  are 
distributed  evenly  between  the  remaining  aircraft,  so  that  to  one 
aircraft  it  comes  on  the  average  X/k  (attacks/hour) , where  k - a 
number  of  preservad  aircraft.  To  comprise  graph  of  states,  to  label 
it  and  to  register  the  eguations  of  Kolmogorov  for  the  probabilities 
of  states. 


Solution.  The  labeled  graph/count  cf  states  is  shown  on  Pig. 

4.31. 


Equations  of  Kolmogorov! 

dp, 
dt 
dp, 
dt 
dp, 
dt 
dp, 
dt 
dp i 
dt 
dp* 

dt 


Page  217. 

Let  us  note  that  in  this  paragraph  we  cnly  wrote  out 
differential  equations  for  the  probabilities  of  states,  but  they  were 
not  oacupied  by  the  solution  of  these  equations. 

In  regard  to  this  it  is  possible  tc  note  following.  Equations 
for  the  probabilities  of  states  represent  by  themselves  linear 
differential  equations  with  constant  or  variable  coefficients  - 
depend lag  on  that,  are  constant  or  alternating/variable  intensities 
A.,,  of  the  flows  of  the  events,  which  translate  system  froa  state 


into  state. 
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The  systen  ot  sevoc.il  linear  differential  equations  of  such  typo 
only  in  rare  cases  can  be  inteqrated  in  the  quadratures:  usually  this 
systea  it  is  necessary  to  solve  numerically  - either  by  hand  or  in 
analog  computer  (AVM) , or  finally  by  ETsVH.  All  these  Methods  of  the 
solution  of  the  systeos  of  the  differential  equations  of  difficulties 
do  nojk  supply/deliver;  therefore  the  meet  essential  - to  be  able  to 
register  systen  of  equations  and  to  foriulate  tor  it  initial 
conditions,  than  ne  were  bounded  here. 

7.  Haximum  probabilities  of  states. 


Let  there  be  the  physical  systen  S with  the  discrete  states: 

$»•  Sn, 

in  which  proceeds  the  Harkovian  process  with  continuous  tine 
(continuous  Harkov  chain).  The  graph/ccunt  of  states  is  shown  on  Fig 

h.  32. 


Let  us  assune  that  all  the  intensities  of  flow  of  the  events, 
which  translate  systen  fren  state  into  ctate,  are  constant: 

—const, 

in  other  words,  all  flows  of  events  - the  simplest  (stationary 
Poisson)  flows. 
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Fig.  4.32. 


After  registering  the  system  of  the  ditferential  equations  of 
Kolmogorov  for  the  probabilities  of  states  and  after  integrating 
these  equations  under  the  assigned  initial  conditions,  va  will  obtain 
the  probabilities  of  states  as  functions  of  time,  i.e.,  n of  the 
f uncticns: 

Pi  (0.  Pt  <0 P»  V), 

vith  any  t of  those  giving  in  sum  one 

ip,  «)-i. 

i.i 

Let  us  raise  now  the  following  question:  that  will  occur  with 
systea  S with  t -*  -?  Will  functions  pj  (t)  , ...»  p^(t)  approach  some 
limits?  These  limits,  if  they  exist,  are  called  the  maximum  (or 
"final")  probabilities  of  states. 
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Jt  is  possible  to  demonstrate  the  following  general 
consideration.  If  the  nusber  of  states  cf  system  S certainly  and  fron 
each  state  is  possible  tc  aove  (for  cne  or  the  other  nuaber  of 
step/pitches)  into  each  another,  then  the  aaxisua  probabilities  of 
states  there  exist  and  they  do  not  depend  cu  the  .initial  state  of 
systea. 


On  Fig.  4.33,  is  shown  the  graph/ccunt  of  states,  who  satisfies 
the  placed  condition:  from  any  state  the  systea  can  sooner  or  later 
pass  into  any  another.  On  the  contrary,  for  the  system  the 
graph/count  of  states  of  which  is  shewn  on  Fig.  4.34,  condition 
satisfied.  It  is  obvious  that  it  the  initial  state  of  such  of  systeas 
St,  then,  for  exaaple,  state  S4  with  t - can  be  reached,  and  if  the 
initial  state  S2  - cannot. 


Let  us  assune  that  the  placed  condition  is  satisfied,  and 
taxiaua  probabilities  exist: 


! !£Pi«>-Pi  (1-1,2 n). 

Haxiaum  probabilities  we  will  designate 

p2,  ••«,  } that  also  very  probabilities  or 

raise  this  tine  variable  values  (function  of 
7l*m  bit's. 


(7.1) 

by  the  sane  letters  pt, 
states,  understanding 
tine),  but  constant 
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Pig.  4.33. 


Fig.  4.34. 


Page  219. 


It  is  obvious,  the  maximum  probabilities  of  states,  just  as 
pre-linit,  in  sun  nust  give  the  unit: 


Thus,  with  t -9  - in  system  S is  establish/installed  not  which 
naxinen  steady  state:  it  lies  in  the  fact  that  the  systen  randomly 
varies  its  states,  but  the  probability  of  each  of  them  no  longer 
depends  on  the  tine:  each  of  the  states  is  realized  with  certain 
constant  probability,  which  sense  of  thi9  probability?  It  represents 
by  itself  nothing  else  but  the  mean  relative  retention  tine  of  systen 
in  this  state.  For  example,  if  of  system  S three  of  the  possible 


i 

1 
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state  St,  S 2 And  Sj,  aorecvec  their  maximum  pr cbauilit ies  are  equal 
to  0.2,  0.3  and  0.  5,  this  leans  that  after  transition  to  the 
staady-state  condi t ions/aode  system  S in  of  nean  two  tenth  tiae  will 
be  located  in  state  St,  three  tenth  - in  state  S2  and  the  half  of 
tiae  - in  state  S3.  Does  arise  the  question;  hew  to  compute  the 
maximum  probabilities  of  states  p1#  p,,...,  pn  • 

It  turns  out  that  for  this  in  the  system  of  equations  of 
Kolmogorov,  which  describe  the  probabilities  of  states,  it  is 
necessary  to  assuae  all  left  sides  (derivatives)  equal  to  zero. 

It  is  real/actual,  in  maximum  (beinq  steady)  conditions/mode  all 
probabilities  of  states  are  constant,  which  means,  that  their 
derivatives  are  equal  tc  zero. 

If  all  the  left  sides  cf  the  equations  of  Kolaoqorov  for  the 
probabilities  of  states  are  assumed  equal  tc  zero,  then  the  systen  of 
differential  equations  will  be  converted  into  the  system  of  linear 
algebraic  equations.  Toqether  with  the  condition 

n 

2 Pt  - 1 (7.2) 

(the  so-called  "normalizing  condition")  these  equations  make  it 
possible  to  cospute  all  the  maxinum  probabilities 
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Example  1.  The  physical  system  S has  the  possible  states  S , , S- 
SJ#  S % whose  labeled  yraph/count  is  given  cu  Fig.  4.35  (of  each 
ar row/pointer  placed  numerical  value  of  the  corresponding  intensity) 
To  compute  the  maximum  probabilities  of  states  p(,  p2,  p3 , p* . 


Solution.  Vie  write  the  equations  cf  Kolmogctov  for  the 
pc-obabilit ies  of  the  states 


dfh 

dt 

dp, 

dt 

dp, 

dl 

dp, 

dt 


-Spi+P* 

— P»  + 2Pi  +•  2Pa, 

— 3ps  + 3pi  + 2p4, 
-2p,  + Pt- 


(7.3) 


Fage  220. 

Set/assuming  left  sides  egual  to  zero,  we  will  obtain  the  system  of 
algebraic  equations  for  the  maxisun  probabilities  of  the  states: 

0-  — Spj+p*, 

o - — P»  + 2p,  4-  2p* 

0 — — 3pi+ 3pi +2p«. 
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Equations  (7.4)  - t ho  so-called  homogeneous  equations  (without 
absolute  ten)  . As  is  known  tioa  algebra,  these  equations  determine 
wal  ues  plf  p2,  pj,  p,  cnly  with  an  accuracy  to  constant  factor, 
fortunately,  of  us  exists  the  normalizing  condition: 


which,  toqether  with  equations  (7.4),  it  makes  it  possible  to  find 


all  unknown  probabilities! 


It  is  real/actual,  it  is  expressed  from  (7.4)  all  unknown 
Frcbabilit ies  throuqh  cue  ot  then,  for  exaaple,  through  pt . From  the 


first  equation: 


P,  — 5ft. 


Substituting  in  the  second  equaticn,  we  will  obtain 


ft  - 2ft  + 2ft  - 2ft  + 10ft  - 12ft. 


Fourth  equation  gives 


«ft 

Substituting  all  these  expressions  fot  p2,  pJ#  p4  under 
normalizing  condition  (7.5),  we  will  ottain 


ft  + **ft+*ft+ 6ft-b 


I 


r 
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He  nee 


24p>”  '•  p,-l2p,-»/t. 

*-*«-*/.* 


Thus,  the  maximum  probabilities  of  states  are  obtained,  they 
equal  to 

P,-*/*.  *-'/«•  t7.6) 


This  means  that  in  the  maximum,  steady-state  conditrons/mode 
system  S will  carry  out  able  S,  on  the  average  one  twenty  fourth  part 
of  the  time,  able  S2  - half  of  time,  able  S3  - five  twenty  fourth  and 
able  S « - one  fourth  of  time. 


a 
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Fig-  4.35. 


Fig.  4.36. 


Fig-  4.37. 


Page  221. 

Let  us  note  that  solving  this  problem,  we  in  no  way  used  one  of 
equations  (7.4)  - by  the  third.  It  is  not  difficult  to  ascertain  that 
it  is  the  corollary  of  three  others:  stcre/adding  up  all  the  four 
equations,  we  will  obtain  identical  zero.  With  an  equal  success, 
solving  system,  we  could  reject/throw  any  of  four  equations  (7.4). 

The  used  by  us  method  of  the  comp csit ion  of  algebraic  equations 
foe  the  maximum  probabilities  of  states  was  reduced  to  following:  to 
first  write  differential  equations,  and  then  to  place  in  them  left 
sides  equal  to  zero.  However,  it  is  possible  to  register  the 
algebraic  equations  for  maximum  probabilities  and  it  is  direct. 


I 
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without  passing  through  the  stage  cf  differential.  Let  us  illustrate 
this  based  on  example. 


Example  ^ 2.  The  graph/count  of  the  states  of  system  is  shown 
on  Fig.  4.36.  To  write  algebraic  equations  for  the  maximum 
probabilities  of  states. 

! i 

Solution.  Hithout  record/writing  differential  equations,  we 
openly  write  the  appropriate  right  sides  and  we  equate  to  their  zero; 
in  order  not  to  deal  with  negative  terns,  is  immediately  transferred 
to  them  another  part,  reversing  the  sign: 

p»  + 1»i  p»™(lii+lu)  Pi. 

^li  Pt  *“  (1*3  + 1*«)  Pt. 
lj3  Pi  + l».t  Pt + Pi  “ lit  Pi. 

Ijt  Pi  “ la  Pi- 

In  order  subsequently  to  immediately  write  such  equations,  it  is 
useful  to  memorize  the  following  mnemonic  rule:  "which  flows,  then 
also  it  escape/ensues",  i.  e. , for  each  state  the  sum  of  the  terms, 
which  correspond  entering  tc  ar rcw/pointer s,  it  is  equal  to  the  sun 
of  the  terms,  which  correspond  outgoing;  each  term  is  equal  to  the 
intensity  of  flow  of  events,  which  translates  system  on  this 
arrow/pointer,  multiplied  by  the  probability  of  that  state  which 
leaves  the  arrow/pointer. 


\ 1 
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Example  fltf  3.  To  write  algebraic  equations  for  the  maximum 
probabilities  of  the  states  of  system  S#  the  graph/count  of  states  of 
which  is  given  on  Fig.  4.37.  To  solve  these  equations. 


Solution.  We  write  algebraic  equations  for  the  maximum 
probaltilit ies  of  the  states: 


KtPi-KiPt,  | (7.8) 

Pi  — ^*i  Pr  > 


Normalizing  condition: 

Pi  + P.  + Pj-I-  t**  ' 

Is  expressed  with  the  help  of  first  two  equations  (7.8)  p2  and 
Pm  through  pt: 


p. 


Pi- 


Pi. 


(7. 10) 


Let  us  substitute  into  them  normalizing  condition  (7.9) 
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: 


JJZ& 

Tcfy 


whence 


Pt  ■ 


■ t *22-+  *21. 


Further#  from  (7.  10)  we  will  obtain 


Page  222. 

8.  Process  of  "death  and  of  multiplication". 

In  the  previous 

paragraph  we  ascertained  that  by  knowing  the  labeled  graph/count  of 
the  states  of  system#  it  is  possible  tc  imiediately  write  algebraic 
equations  for  the  maximum  probabilities  of  states.  Thus#  if  two 
continuous  chains.  Markov  have  the  identical  graphs  of  states  and  are 
distinguished  only  by  the  values  of  intensities  Thea  there  is 


A 


no  necessity  to  find  the  maximum  probabilities  of  states  for  each  of 
the  graph/counts  individually:  sufficient  to  comprise  and  to  solve 
for  the  literal  form  of  eguation  for  cne  of  them,  and  then  to 
substitute  for  the  corresponding  values-  For  graph/counts* s 

many  frequently  encountered  forms,  linear  equations  easily  are  solved 
in  literal  form. 

In  this  paragraph  we  will  be  intrcduceu  to  one  very  typical 
pattern  of  continuous  Markov  chains  - the  sc-called  "set-up  of  death 
and  multiplication " l. 

FOOTNOTE  *.  The  origin  of  term  "set-up  of  death  and  multiplication" 
originates  from  the  biological  problems  where  by  a similar  set-up  is 
described  the  process  cf  changing  the  number  of  population. 
ENDFOOTNOTE- 

Harkov  continuous  chain  is  called  the  "prccess  of  death  and 
multiplication",  if  its  graph/count  of  states  takes  the  form, 
presented  in  Fig.  4.38,  i.e.,  all  states  it  is  possible  to  draw  out 
into  one  chain/network  in  which  each  of  the  average  states  (S2,  ..., 

$ ) is  connectad  by  direct/str aiyht  and  feedback  with  each  of  the 

adjacent  states,  and  end  states  (S , only  with  one  adjacent 


state. 
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Fig.  4.38. 


Page  223. 

Example  1.  Technical  eguipment/dev ice  consists  of  three 
identical  assemblies;  each  of  them  can  go  cut  cf  order  (reject);  fro 
the  seemed  assembly  immediately  begins  to  te  restored.  The  states  of 
system  we  label  according  tc  the  number  of  defective  assemblies: 

S a - all  three  assemblies  are  exact; 

St  - one  assembly  refused  (it  is  restored),  two  corrected: 

5 2 ~ two  assemblies  are  restored,  cne  it  is  exact; 

53  - all  three  assemblies  are  restored. 

The  graph/count  of  states  is  shown  on  Fig.  4.39.  From  graph  it 
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is  evident  that  the  process,  which  takes  place  in  system,  represents 
by  itself  the  process  of  "death  and  multiplication". 

The  set-up  of  death  and  multiplication  very  frequently  is 
encountered  in  the  most  diverse  practical  problems;  therefore  has 
seqse  to  previously  consider  this  set-up  in  general  form  and  to  solve 
the  matching  system  of  algebraic  equations  with  the  fact,  in  order 
subsequently,  meeting  the  ccncrete/specif ic/actual  processes,  which 
take  place  according  to  this  set-up,  net  to  solve  problem  each  time 
anew,  but  to  use  already  prepared/tinishe d solution. 

Thus,  let  us  consider  the  random  process  of  death  and 
multiplication  with  the  graph/count  of  states,  presented  in  Fig. 

4.40. 


Let  us  write  algebraic  equations  fer  the  probabilities  of 
states.  For  the  first  state  s, , we  have: 

X.*-*.*.-  <8» 

Tor  the  second  state  Sp  the  sums  of  the  terms,  which  correspond 
to  the  entering  and  outgoing  arrow/pointers,  are  equal  to: 

M Pi  + Pt  — *■»  Pi  + IV 

But,  by  force  (8.1),  it  is  possible  tc  shorten  to  the  right  and 


± 


i 
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to  the  left  equal  to  each  ether  members  Xt2j-t  and  \2tp2;  we  will 
obtain: 

and  further,  in  perfect  analogy. 
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Pig.  4.39. 


*g 

*■11, 

V* 

M — 

L_J 

S, 

rX77 

St 

Xh 

Sj 

•lai  J . , 

sk 

lv.  - 

Sn-t 

0 

Sn 

Fig.  4.4  0. 
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In  JiMord,  for  the  circuit  of  death  and  multiplication  members. 
Mho  correspond  confronting  above  each  cthec  to  arrow/pointers,  are 
equal  to  each  other: 

i*_i.  *p*—  i “"k*.  *—  i Pk» 

where  k takes  all  values  frcm  2 to  n. 


Thus,  the  maxinum  probabilities  of  states 
any  set-up  of  death  and  multiplication  satisfy 


f-i*  P2# 

the  equations  "• 


in 
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^*1*  Pi  “ ^>*1  P»> 

^*»  P*  *■  ^s»  ft. 

P • = Pv 

(••••a,,,, 

^*—1.  *Pk—i  = 1*.  *— i p*. 

^•"  — 1,  n Pi— I "Lit,  n— I PB 


(8.3) 


and  the  normalizing  condition: 


Pi+P»  + ...+pn«l. 


(8.4) 


Let  us  solve  this  system  as  follovs;  from  first  equation  (7.3) 
it  is  expressed  p2: 

<8-5' 

y 

fron  the  second,  talking  into  account  (8.5)  , we  will  obtain: 

f 

(8.6) 


fron  the  third,  talcing  into  account  (8.6)  : 


and  generally 


r Sr»- *i« 
l i r- 

*.  *-i  **-i.  A»i 


Pi- 


(8.7) 
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This  formula  is  valid  for  any  k frcm  2 to  n. 


Let  us  focus  attention  on  its  structure.  In  numerator  stands  the 
product  of  all  probability  densities  of  transition  (intensities) 

that  stand  of  the  arrow/pointers,  directed  froa  left  to  right, 
fro*  beginning  and  up  to  that  that  goes  into  state  Sk;  in  denominator 
- product  of  all  intensities  *</>  which  stand  of  the 
arrow/pointers,  which  go  frcm  right  to  left,  furthermore,  froe 
beginning  and  up  to  the  art cw/pointer , thicn  proceeds  from  state  Sh. 
Kith  k » n in  numerator,  it  will  stand  the  product  of  intensities 
which  stand  at  all  r if  leman/gunner , that  go  from  left  tc 
right,  and  in  denominator  - at  all  rifleman/g unner,  that  go  from 
right  to  left. 


Fage  225. 


Thus,  all  probabilities  plr  p2,  ...,  are  expressed  through 

one  of  then:  pt.  Let  us  substitute  these  expressions  under  the 
noraalizing  condition  p i ♦ p2  ♦ .. . ♦ pn  = 1.  He  will  obtain 
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*n  _ , „ , 


S-l.  4-t 


*■*.  4—1  *4—1.  4—2 
A—i..*— i •••*»«.. 

+ » » x ^ 

S.  »-l  *•-«.  '•■  T* 


•••  S* 


I. 


whence 


0i 


a*i 


i 


*4-1.  4-1  •••  \«  + _j_  >'"~1  • » 

A*.  4—1  ^4—  I.  *— »•  ■•^tl  1 


Regaining  probabilities  are  expressed  as  pt: 


X,. 

Pt  = r!p.. 

fc«i 

its  At! 


p»  = 


ij;  i»l 


Pi. 


P*  = 


^4-1.  *• 


?‘4.  4-1  • • •*»! 


P I. 


A j „ . . .A|t 
0-  — — Pi- 


(8.9) 


g - ..  ” 

f 
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7h  us,  the  problem  of  "death  and  multiplication"  is  solved  in 
general  form  are  found  the  maximum  prolabilities  of  states. 


Example  4k  2.  To  find  the  maximum  profabilities  of  states  for 
the  process  of  death  and  multiplication  whose  graph/count  is  shown  on 
Fig-  4.41. 


Solution.  On  formulas  (8.8)  and  (8.9)  we  have 


*f4l 


Pa*)<  aao. 

Example  ^ J.  Instrument  consists  cf  three  assemblies;  the  flow 
of  failures  - simplest,  the  mean  time  of  the  failure-free  operation 
of  each  assembly  is  equal  tc  >**.  The  refused  assembly  immediately 
begins  to  be  overhauled;  the  mean  time  cf  the  repair 
(restoration/reduction)  of  assembly  is  equal  to  V the  lav  of  the 
distribution  of  this  time  exponential  (flow  of  restoratiom/reductions 
- simplest).  To  find  the  average  efficiency  of  instrument,  if  with 
three  working  assemblies  it  is  equal  tc  lOOo/o,  with  two  - 50o/o,  and 
with  cne  and  less  - an  instrument  not  at  all  it  works. 


i 


Li 
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Solution.  The  enumeration  of  the  states  of  system  and  the 
graph/count  of  states  already  were  given  in  an  example  of  1 this 
paragraph.  Let  us  label  this  graph/ccunt,  i.e.,  let  us  write  at  each 
arrow/pointer  appropriate  intensity  (see  Fig.  4.42). 

Since  the  flow  of  the  failures  of  each  assembly  - simplest,  then 
time  interval  between  failures  in  this  flow  is  distributed  according 
to  exponential  law  with  parameter  >.  — l/lo,  where  average  the 

time  of  the  failure-free  operation  of  assembly. 

On  arrow/pointers  to  the  right  the  system  translates  failures. 

If  system  is  in  state  S0,  then  work  three  assemblies;  each  of  them 
undergoes  the  flow  of  failures  with  an  intensity  of  J/ifc  that  means 
that  the  flow  of  failures,  which  functicns  cn  entire  system,  three 
times  is  more  intensive:  — a //* 

If  system  is  in  state  St,  then  work  two  assemblies;  the 
commoo/general/total  flow  cf  failures  has  the  intensity:  A,,  - 2/Jr 
is  analogous 


On  arrow/pointers  to  the  left  the  system  translates  repairs 
(restoration/reductions).  Mean  recovery  time  of  assembly  is  equal  to 


r 
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~tp.  which  leans,  that  the  irtensity  cf  flow  of 
restoration/ red  actions,  which  functions  on  one  restorable  assembly, 
is  eqnal  to  h— i /Tp.  to  two  assembly  - 2/7p,  to  three  assembly  - 


3//„ 


These  values  Xt0,  X21,  x,2  are  written  cq  Fig.  8.5  of  the 


arrow/poin ters,  which  lead  to  the  left. 


Using  the  obtained  above  general  solution  cf  the  problem  of 


death  and  nultiplication,  we  have  (placing  p0  instead  of  pt): 


p-3(i)’ 
’‘-(iJ'* 


Pol 


let  us  assign  cone  rete/specif  ic/actual  values  ?n=io  (hour),  *p  **5 


(hour)  . Then  ~—o.5  and 


|+»/,  + »/4  + i/t  Pl-V/.T-1’/*.  Pi-'/.-'/b-'/i,. 


The  average  efficiency  of  instrument  in  the  steady-state 


1 


P 
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cand it ions/a ode: 


l 
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Fig.  4.42. 


Page  227. 


9.  Cyclic  process. 

The  Markovian  process,  which  takes  place  in  system,  is  called 
cyclic,  if  states  are  connected  into  ring  (cycle)  with  tae  one-sided 
transitions  (see  Fig.  4.43  cn  page  228). 

Let  us  write  algebraic  equations  fcr  the  maximum  probabilities 

of  the  states: 

» P»  * Pv 
P»  P»* 

X*_i.  kPk-\  *+i  Pk> 


K—i,mPm—l  I Pm' 
K.  I Pm  ™ *l»  P»» 


f 


PAGE  4*2- 
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plus  the  normalizing  condition 


Pi  ~h  Pi  -f-  •••  + A,  ■■ 


from  equations  (9.1),  after  re ject/t hrowi ng  the  latter,  it  is 
expressed  all  probabilities  px,  p ^ through  pt: 


'w  „ in  i»>  _ . i|» 


Pt^r^Pi. 


• • • 


Pk 


'n 


x»,  *+' 


Pu 


X. . 


Page  228. 
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Substituting  these  expressions  in  (9.2),  Me  will  obtain: 


. • 4 

ft+l"(c+c  + -"  +i)'>''1' 


whence 


Pi 


l 


Pi  «=  ~ Pi 

xtf 

P$  - IT  ft 


> + Mrf  r 

\ Ata 


p»  — • * * i . 

**.  » + 1 


p„=  ~ p, 


;)' 


(9.2) 


Voraulas  (9.2),  which  express  the  maximum  probabilities  of 
states  for  a cyclic  process,  can  be  led  to  more  convenient  and  more 
demonstrative  form,  if  we  pass  from  intensities  to  the  mean 

tines  of  the  stay  of  system  (in  a row)  in  state  S»  (i  * 1 , ..., 

n)  . 


It  is  real/actual,  let  from  state  Sh  «■  it  takes  place  in 
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cyclic  set-up,  proceeds  only  one  arrcw/pointer  (Fig.  4.44).  Let 

systea  S is  be  in  state  S*  .Let  us  tind  the  mathematical  expectation 

of  time  T"^  > which  it  still  will  stay  in  this  state.  Since  process  is 

Harkov  process,  the  law  of  time  allocation  of  does  not  depend  on 

that,  how  long  system  already  stayed  in  state  Sj;  that  means  it  the 

saae,  which  it  would  be,  if  systex  recently  arrived  into  state  S;  , 

i- «. , represents  by  itself  nothing  else  but  the  exponential  law  of 

the  distribution  of  time  interval  T between  adjacent  events  in  the 

simplest  "flow  of  the  attendance/depar t tresM  of  systea  from  state  5; 

The  parameter  of  this  law  is  equal  to  k/.<+i.  and  the  aean 

retention  time  of  system  in  state  S.^  (if  it  in  it  already  is 

located)  equally  to  (i  ^ f~ ■ — . Hence  JL  ««  J_  for  all  i = 1,  2, 

*1 

--w,  n - 1.  For  i = n,  we  will  obtain  (fcy  the  force  of  cyclic 
recurrence)  A,„t,  = JL 


78068711 


After  substituting  these  expressions  into  formulas  (9.2)  after 
elementary  transformations  we  will  obtain: 


*»  + <*+  •••  ■+■  *n 
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i.«.  the  maximum  probabilities  of  states  in  the  cyclic  set-up  belong 
as  sean  retention  times  of  system  in  a row  in  each  of  the  states. 

Example  1.  Electronic  digital  computer  can  be  located  in  one  of 
the  fplloving  states: 

S i — exact,  it  works. 

$2  — defective,  stopped;  is  conducted  the  search  of 
Ba If unction. 

s3  “ malfunction  it  is  localized;  is  conducted  repair. 

S4  - repair  it  is  finished;  is  conducted  launch  preparation  of 

sachine. 

Ill  flows  of  events  - simplest.  The  Bean  time  of  the 
failure-free  operation  ETsVH  (in  a row)  is  equal  to  0.5  (days).  For  a 
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repair  Machine  it  is  necessary  to  stop  on  the  average  at  6 hours.  The 
search  of  Malfunction  lasts  on  the  average  of  0.5  hours.  After  the 
termination  of  repair,  the  Machine  is  prepared  for  launching/starting 
cn  the  average  1 hour.  To  find  the  laxiiun  probabilities  of  states. 

Solution.  The  graph/count  of  states  tares  the  fora  of  cyclic 
set-up  (Fig.  4.45). 

Let  us  deterniue  mean  retention  tine  Elsvn  iu  a row  in  each 
state: 

?»—*/«.  (days)  , 

whence,  on  formulas  (9.3): 


Pi- 


V.  4-  '/*  4-  V.  + •/« 


■**/».  * “ ‘/m  Pi  — l,/». 


or,  in  decimal  fractions. 


*-0.616;  P,  — 0,036,  *-0, 


061. 


j 
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Thus,  if  process  is  reduced  to  simple  cyclic  with  one-sided 
transitions,  the  maximum  probabilities  of  states  are  located  very 
simply:  from  the  r elat icnship/ratic  cf  mean  retention  times  (in  a 
[Ok)  in  each  of  the  states. 

Jn  many  instances  of  practice,  it  is  necessary  to  deal  with  the 
branching  cyclic  process  where  the  graph/ccunt  of  states  in  separate 
units  forms  branchings  off. 

Example  of  2.  ETsVH  can  be  located  in  the  following  states: 

S4  — exact,  it  works; 

52  — defective,  stopped;  is  conducted 

53  —malfunction  rendec/showed  insigniticant  and  it  is  removed 


by  local  resources; 


DOC  = 7806871 2 PA  (it  SH 

5 4 - Malfunction  render/showed  serious  and  he  is  removed  by  the 
brigade  of  the  specialists; 

5 5 - launch  preparation 


Process#  which  takes  place  in  system  - Markov  (all  flows  of 
events  - simplest).  The  mean  time  of  the  exact  work  of  machine  is 
equal  in  a row  tl#  the  mean  retrieval  time  of  malfunctions  - t2#  the 
mean  time  of  repair  by  local  resources  - t3,  the  mean  time  of  repair 
by  the  brigade  of  the  specialists  - t4,  the  mean  time  of  preparation 
ETsVH  for  lauqchin g/starting  - t5. 

Malfunction  ETsVM  can  be  eliminated  by  local  means  with 
probability  9,  and  with  probability  1 - 9 requires  the  call  of  the 

brigade  of  the  specialists.  Brigade's  work  is  paid  in  size/dimension 
of  k (rubles/h). 

It  is  required  to  find  the  maximum  prebabilities  of  states  and 
to  determine  the  average/mean  expenditure/consumption#  which  goes  for 
the  payment  of  the  work  of  maintenance  crew  per  unit  time  (in  a 24 

hour  period) . 


Solution.  Me  construct  the  labeled  graph/ccunt  of  states  (Fig. 
4.-46) . If  the  state  leaves  only  one  ar rew/pointer,  then  the  intensity 
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of  flow  of  events,  which  stands  of  this  ar rcw/pointer,  is  equal  to 
unity,  divided  into  lean  retention  time  (in  a row)  in  this  state.  If 
the  state  leave  not  one  arrcw/pointer , tut  two,  then  the 
coaaon/qeneral/total  intensity,  equal  to  unity,  divided  into  Bean 
retention  time  (in  a row)  in  this  state,  is  multiplied  for  each 
arrow/pointer  to  probability  that  the  transitioc  will  be  completed 
precisely  on  this  arrov/pcinter. 


equations  for  the  maximum  probabilities  of  states  take  the  fora: 


(94) 


plus  the  noraalizing  condition: 

hi+Pi  + Pi  + P,+  p,—  l.  f9.S) 

Of  equations  (9.4)  one  as  we  know  that  it  is  possible  to 
reject/throw;  let  us  reject/throw  the  test  complex  - the  fourth, 
while  froa  the  others  is  expressed  p*,  pJ#  p4 , p9,  through  pt: 


* 
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(1  -&)i. 


•1 


7, 

A _ *7. 

7,  *— r*- 

» n. 

(«-^)74  t. 

?.  t P‘ 

Substituting  in  (9.5) ^ we  have; 

Jt  + ± + lk  + l Lzflli+i).,. 


Hence 


p G ( 

p £f» 

7,  + 7,+#’7,  + (i-.y>)7<+fi  ’ 

p <»-*><« 

* 7i +4, +**/«+(!  — *>/,+/,  ’ 

p 6 

r,+F,+^r,+(i-^)t.+ri ' 

The  average  fraction  of  time  which  the  system  carries  out  (in 
the  steady-state  conditions/mode)  in  state  S4  (repair  by  the  brigade 
of  the  specialists)  is  egual  to  p4.  That  means  that  per  hour  the 
systea  carries  out  in  this  state  on  the  average  p4  hours.  Multiplying 
this  value  on  24k,  we  will  obtain  the  average  expenditure  of 
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resources  for  the  payment  of  the  brigade  of  the  specialists  for  the 
days:  C = 24kp4. 


Let  us  turn  attention  to  the  structures  of  probabilities  pl#  p2, 
ps  in  the  pattern  of  the  branching  cycle.  They,  so  KA  and  in  the 
case  of  siaple  cycle,  represent  by  themselves  the  ratios  of  mean 
retention  tines  (in  a row)  in  states  tc  the  sun  of  all  such  tines, 
with  that  difference,  that  tor  the  state,  wcich  lies  on  "branch", 
what  aean  tine  is  aultiplied  to  transitional  probability  on  this 
"branch"  (&  or  1 - Using  this  rule,  it  is  possible  to 

iaaediately  write  the  naximum  probabilities  of  states  for  left 
branching  cyclic  circuit. 


. iJ 
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Fig.  4.46. 


Page  232. 

10.)  Approximate  information  cf  not-  Markov  processes  to  Markov. 
Method  of  "pseudostates n. 


In  practice  we  almost  never  deal  with  Markov  processes  in  the 
pure  form:  real  processes  almost  always  possess  one  or  the  other 
aftereffect.  For  a Markov  process  the  retention  time  of  system  in  any 
state  is  distributed  in  a row  according  to  exponential  law;  in 
reality  this  hardly  ever  is  thus.  For  example,  if  the  flow  of  events, 
which  translates  system  frcm  state  into  state  is  a flow  of  the 
failures  of  some  unit,  then  it  is  more  logical  to  assume  that  the 
remaining  time  of  the  failure-free  operation  of  unit  depends  on  that, 
how  lorg  unit  already  worked.  In  this  case,  the  retention  time  of 
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concerning  that,  is  it  possible  to  approximately  substitute  not- 
Poisson  flows  - Poisson  and  to  which  errors  in  the  maximum 
probabilities  of  states  can  bring  a siailar  replacement.  For  this,  it 
is  necessary  to  be  able  at  least  to  approximately  trace  the  randoa 
processes,  which  take  place  in  systeas  with  aftereffect. 

Let  us  consider  certain  physical  system  S,  in  which  proceeds  the 
randoa  process,  directed  by  sene  net-  Pcisson  flows  of  events.  If  we 
try  for  this  process  to  write  the  equations,  which  express  the 
probability  states  as  of  function  of  time,  we  will  see,  that  in  the 
general  case  this  to  us  does  not  accomplish.  It  is  real/actual,  for  a 
Harkov  system  we  computed  probability  that  at  tergue/moaent  t ♦ At 
th«  system  will  be  able  Si,  taking  intc  account  only  that,  in  which 
state  system  was  at  torgue/aoaent  t,  and  without  taking  into  account 
that  how  long  it  was  in  this  state.  For  a not-Hamov  system  this 
method  is  already  unsuitable:  computing  transitional  probability  from 
one  state  into  another  for  time  At,  we  must  let  us  consider  that  how 
loqg  system  already  led  in  this  state.  This  is  brought,  instead  of 
the  ordinary  differential  equations,  tc  equations  with  the  partial 
derivatives,  i.  e.  , to  the  much  more  ccaplex  mathematical  vehicle 
with  the  help  of  which  only  in  rare  cases  it  is  possible  to  obtain 
necessary  results. 


Does  arise  the  question:  a it  is  not  possible  whether  to  reduce 
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artificially  (at  least  approximately)  a not-  Harkov  process  to 
Harkov? 

It  turns  out  that  in  certain  cases  this  is  possible:  namely,  if 
th«  number  of  states  of  system  not  is  very  great,  but  differing  from 
protozoa  the  flows  of  events,  which  participate  in  problem,  represent 
fcy  themselves  (it  is  accurate  cr  approximately)  Erlang's  flows.  Then, 
introducing  into  the  circuit  of  the  possible  states  of  sys,tem  some 
fictitious  "pseudostates",  to  reduce  a not-Markov  process  to  Markov 
and  it  is  possible  to  describe  it  with  the  nelp  of  the  ordinary 
differential  equations  which  with  t — 7 - pass  into  algebraic 

equations  for  the  maximum  protabilit ies  of  states. 

Let  us  explain  the  idea  of  the  method  cf  "pseudostates"  based  on 
specific  example. 

Page  233. 

Example  1.  is  examined  S - technical  eguipment/devrce  system, 
which  can  go  out  of  order  under  the  eftect  of  the  simplest  flow  of 
mailf unctions  with  intensity  x.  The  refused  equipment/device 
immediately  begins  to  be  restored.  Reccvery  time  (repair)  T is 
distributed  not  according  to  the  exponential  law  (as  must  so  that  the 
process  will  be  Harkov) , but  according  to  the  law  of  Erlang  of  3rd 


r 
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(10.1) 


It  is  required  to  reduce  this  not-  Harkov  process  to  Harkov  and 
to  find  for  it  the  maximum  probabilities  of  states. 

Solution.  Random  variable  T (recovery  tine)  is  distributed 
accordinq  to  the  lav  of  Erlanq  and,  which  ncans,  that  it  represents 
by  itself  the  sua  of  three  random  variables  I,,  T*,  TJ#  distributed 
accordinq  to  the  exponential  lav  (see  £ 5 cnapters  4)  with  the 
parameter  p: 

MO-pe-v  (/  > 0).  (10.2) 

The  true  states  of  system  a total  cf  two: 

S } - equipnent/device  is  exact; 

S 2 - equipnent/device  is  restored. 

The  qraph/count  of  these  states  is  shown  cn  Fiq.  4.47  £Ls 
related  to  cyclic  circuit). 

However,  considering  that  the  transition  cq  arrow/pointer  Sg  -> 
Sj  takes  place  under  the  effect  of  not  the  simplest,  and  Erlanq  flow 
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of  events,  the  process,  which  ccculs  in  system,  Martov  is  not,  and 
for  it  we  cannot  write  either  differential,  or  algebraic  equations. 


Xn  order  to  artificially  reduce  this  process  to  Harkov,  let  us  f 

introduce  into  the  chain/network  of  states,  instead  of  one  state  S2, 

i 

three  consecutive  "pseudostate". 


- repair  begins; 

S[*>  - repair  is  continued; 

SiS)  - repair  is  finished, 

i 

i.  e.  let  us  divide  repair  into  three  stage  or  "phase",  moreover  the 
retention  time  of  system  in  each  of  the  phases  let  us  consider 

- 

distributed  according  to  exponential  law  (10.2).  The  graph/count  of 
states  will  take  the  form,  shewn  on  Pig.  4.48,  where  the  role  of  one 
state  Sg  they  will  play  three  pseudostates  $<*>,  Sp  and  Si*>.  The 
process,  which  takes  place  in  this  systen,  will  be  already  Harkov. 

Let  us  designate  p^>,  p^\  - saxiaum  probabilities  of  the 

stay  of  system  in  pseudostates  sV\  Si1’.  Si**;  than 

I 
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Desig  na ting 


?«  — 1/X.  It  • l/ii. 


we  can  immediately  write  (as  for  a usual  cyclic  circuit)  aaxiaua 
probability  of  the  states: 


„ — u . 

<.  + * 

p,  - + /*•>  + ^ V - *• 

<•  + *. 


Page  234. 


Let  us  note  that  value  3t 2 represents  Ly  itself  nothing  else  but 
aean  recovery  tiae  (repair)  - it  egual  to  the  sum  mean  retention 
tiaes  of  system  in  each  phase  cf  repair. 

Passing  in  formulas  for  pt,  p2  frcui  the  aean  tiaes  tt,  t2  to 
intensities  of  flow,  on  formulas  t,  = 1/X,  t2  = 1/p,  we  will  obtain: 


p,»|i/(|i  + 3X),  p,-3i/0i+3i). 


(10.3) 


Similarly  is  obtained  the  conclusion/derivation:  for  our 
eleaeetary  example  the  probability  of  the  stay  in  each  of  two  states, 
as  for  a Harkov  cycle,  it  is  egual  to  relative  aean  retention  tiae  in 
a row  in  each  of  state. 


W 
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A following  example  there  will  be  soaewhat  aore  complex. 

dxaaple  etf  2.  The  technical  egu ipxent/device  S consists  of  two 
identical  assemblies  each  of  which  can  go  cut  cf  order  (reject)  under 
the  effect  of  the  simplest  flow  of  malfunctions  with  intensity  X.  The 
refused  node/unit  immediately  begins  tc  be  overhauled.  The  tine  of 
repair  T is  distributed  according  to  the  law  of  Srlang  of  second 
order: 

/.(O-p'/e- ■“  </>0). 

It  is  required  to  find  the  maxinum  probabilities  of  the  states 
cf  system. 

Solution.  The  true  states  of  system  three  (we  label  then 
according  to  the  number  cf  refused  ncde/units)  . 

5 0 - both  node/unit  work; 

5 1 - one  node/unit  works,  another  is  cverhauled; 

5 2 - both  node/unit  are  overhauled. 

Let  as  divide  conditionally  repair  into  two  phases:  the  repair 
is  began  end  repair  is  finished. 


Pig.  4.47.  Fig.  4.48. 


Page  235. 

The  duration  of  each  phase  let  us  consider  distributed  according  to 
exponential  law  (10.2).  The  process,  which  occurs  in  system,  is  led 
to  Markov,  if  we  introduce  these  pseudcsta tes: 

S\"  - one  node/unit  works,  another  begins  to  be  overhauled; 

| I 

S\*>  “ one  node/unit  works,  another  ends  tc  be  overhauled; 

I 

both  node/unit  begin  tc  be  repaired; 

- one  node/unit  begin  tc  be  repaired; 

£1*.*)  - both  node/unit  end  to  be  overhauled. 

I 1 

4 

. ] 
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The  graph/count  of  the  states  of  system  with  pseudostates  is 
shown  on  Fig-  Ir  4.49.  on  the  ar rcw/pointers,  which  lead  fcon  S{'  >> 
in  $<'•*»  and  fcon  s<*  *>  in  it  is  written  2p,  but  not  p,  because 

to  pass  during  the  following  phase  of  repair  (termination  of  repair) 
can  any  of  two  node/units. 

Equations  for  the  oaxiium  probabilities  of  states  tney  take  the 

tors : 


2V0 

wT  +2w^»- »» - (i+ 

uoti.*)  — 2udI*-,) 


<10.4> 
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Pig.  4.49. 
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Proa  third,  fifth  and  sixth  equations  (10.4)  we  have: 


**• »— j-Pi*-*'. 
*,,-7*. 


(10.5) 


that  it  aakes  it  possible  tc  decrease  the  number  of  unknowns: 
substituting  (10.5)  in  regaining  three  equations  (10.4),  we  will 
obtain: 


2Xp,  + np‘,'  •*>  = <X  + n)p<", 


m 
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Sobst  itutin<j  this  in  (10. 8) , it  is  expressed  and  probability 
t\'n  through  p0: 


2i* 

H* 


(10.10) 


By  now  let  us  substitute  (10.9)  and  (10.10)  under  normalizing 
condition  (10.7): 

a , a , y , 3X*^ 


, a , a . p , »*\  . 

Pt  ( 1 + — +—+  — +—  = 1 
V »*  M t»*  )»*  / 


whence 


P»- 


JiL 


) 4-  + «1Vm*  h,  + 4Xh  + 4X’ 


(10.11) 


After  this  let  us  find  all  the  reaaiaing  aaxiaua  probabilities: 
froa  (10.9),  (10.10) 


n<"  =*- 

u*  + 4Xu  + 


l»«  + 4Xn  + 4X‘’  2 M*+ <>•!».+ 4X* 


froa  <10.5): 


2Xfi 
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M*  + 4X|j  + 4X* 
Pi*»  = 


..  4< 


1. 1) . 


1* 


:.*+  4X|i  4 4X»  * 


A* 


|i*  + 4Xji  + 4X* 


After  are  found  the  probabilities  of  pseudostates,  it  is 
possible  to  find  the  probabilities  of  the  states: 


n,_ K! n « p(M  + o(*)  _ **£ ; 

" pt-MX^X*  ’ ' ' m*+4Xm+4A*’ 

Pt  f Pi  TF,  (4»+U(1  + 4X. 


\ I 
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for  example,  when  A = 1,  p = 4 (in  steady  state)  probability  that 
both  node/unit  they  work,  it  is  equal  tc  p0  = 16/25  = 0.64; 

probability  that  one  node/unit  is  overhauled  p4  = • . 8/25  = 0.  32; 
probability  that  both  node/unit  are  overhauled  p2  - 1/25  = 0.04. 

Let  us  note  that  the  method  of  pseudostates  admits  comparatively 
simple  solution  of  problem  only  in  the  simplest  cases  when  the  number 
of  states  of  reference  system  is  small.  However,  sometimes  it  is 
possible  to  use  this  method,  also,  to  the  problems  where  the  number 
of  states  not  is  very  small;  in  any  case,  to  obtain  if  not  literal, 
then  numerical  approximate  solution  cf  the  matching  system  of  linear 
algebraic  equations. 

The  possibilities  of  the  method  of  pseudostates  substantially 
are  widened,  if  we  use  as  the  flows  of  events  net  some  Erlang  flews 
alone  in  pure  form,  but  alsc  by  the  generalized  Erlang  and  mixed 
generalized  Erlang  distributions  which  it  was  mentioned  at  the  end 


